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Preface 


This book covers the basic principles of the 
Part 1, Part 2 and much of the Part 3 Engineering 
Mechanics syllabuses of degree courses in 
engineering. The emphasis of the book is on the 
principles of mechanics and examples are drawn 
from a wide range of engineering applications. 

The order of presentation has been chosen to 
correspond with that which we have found to be 
the most easily assimilated by students. Thus, 
although in some cases we proceed from the 
general to the particular, the gentler approach is 
adopted in discussing first two-dimensional and 
then three-dimensional problems. 

The early part of the book deals with the 
dynamics of particles and of mgid bodies in 
two-dimensional motion. Both two- and three- 
dimensional statics problems are _ discussed. 
Vector notation is used initially as a label, in 
order to develop familiarity, and later on the 
methods of vector algebra are introduced as they 
naturally arise. 

Vibration of single-degree-of-freedom systems 
are treated in detail and developed into a study of 
two-degree-of-freedom undamped systems. 

An introduction to automatic control systems 1s 
included extending into frequency response 
methods and the use of Nyquist and Bode 
diagrams. 

Three-dimensional dynamics of a particle and 
of a rigid body are tackled, making full use of 
vector algebra and introducing matrix notation. 
This chapter develops Euler’s equations for rigid 
body motion. 

It 1s becoming common to combine the areas 
usually referred to as mechanics and strength of 
materials and to present a single integrated course 
in solid mechanics. To this end a chapter 1s 
presented on continuum mechanics; this includes 
a study of one-dimensional and plane stress and 
strain leading to stresses and deflection of beams 
and shafts. Also included in this chapter are the 
basic elements of fluid dynamics, the purpose of 
this material is to show the similarities and the 
differences in the methods of setting up the 
equations for solid and fluid continua. It is not 
intended that this should replace a text in fluid 


dynamics but to develop the basics in parallel with 
solid mechanics. Most students study the two 
fields independently, so it is hoped that seeing 
both Lagrangian and Eulerian co-ordinate sys- 
tems in use in the same chapter will assist in the 
understanding of both disciplines. 

There is also a discussion of axial wave 
propagation in rods (12.9), this is a topic not 
usually covered at this level and may well be 
omitted at a first reading. The fluid mechanics 
sections (12.10—16) can also be omitted if only 
solid mechanics is required. 

The student may be uncertain as to which 
method is best for a particular problem and 
because of this may be unable to start the 
solution. Each chapter in this book is thus divided 
into two parts. The first is an exposition of the 
basic theory with a few explanatory examples. 
The second part contains worked examples, many 
of which are described and explained in a manner 
usually reserved for the tutorial. Where relevant, 
different methods for solving the same problem 
are compared and difficulties arising with certain 
techniques are pointed out. Each chapter ends 
with a series of problems for solution. These are 
graded in such a way as to build up the confidence 
of students as they proceed. Answers are given. 

Numerical problems are posed using SI units, 
but other systems of units are covered in an 
appendix. 

The intention of the book is to provide a firm 
basis in mechanics, preparing the ground for 
advanced study in any specialisation. The 
applications are wide-ranging and chosen to show 
as many facets of engineering mechanics as Is 
practical in a book of this size. 

We are grateful to The City University for 
permission to use examination questions as a 
basis for a large number of the problems. Thanks 
are also due to our fellow teachers of Engineering 
Mechanics who contributed many of the ques- 
tions. 


H.R.H. 
T.N. 


July 1993 
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Co-ordinate systems and position vectors 


1.1. Introduction 
Dynamics is a study of the motion of material 
bodies and of the associated forces. 

The study of motion is called kinematics and 
involves the use of geometry and the concept of 
time, whereas the study of the forces associated 
with the motion is called kinetics and involves 
some abstract reasoning and the proposal of basic 
‘laws’ or axioms. Statics is a special case where 
there is no motion. The combined study of 
dynamics and statics forms the science of 
mechanics. 


1.2 Co-ordinate systems 
Initially we shall be concerned with describing the 
position of a point, and later this will be related to 
the movement of a real object. 

The position of a point is defined only in 
relation to some reference axes. In_ three- 
dimensional space we require three independent 
co-ordinates to specify the unique position of a 
point relative to the chosen set of axes. 


One-dimensional systems 

If a point is known to lie on a fixed path — such as 
a straight line, circle or helix ~ then only one 
number is required to locate the point with 
respect to some arbitrary reference point on the 
path. This is the system used in road maps, where 
place B (Fig. 1.1) is said to be 10 km (say) from A 
along road R. Unless A happens to be the end of 





Figure 1.1 


road R, we must specify the direction which is to 
be regarded as positive. This system is often 
referred to as a path co-ordinate system. 


Two-dimensional systems 

If a point lies on a surface — such as that of a 
plane, a cylinder or a sphere — then two numbers 
are required to specify the position of the point. 
For a plane surface, two systems of co-ordinates 
are in common use. 


a) Cartesian co-ordinates. In this system an 
orthogonal grid of lines is constructed and a point 
is defined as being the intersection of two of these 
straight lines. 

In Fig. 1.2, point P is positioned relative to the 
x- and y-axes by the intersection of the lines x = 3 
and y = 2 and is denoted by P(+3, +2). 


O 
Figure 1.2 





b) Polar co-ordinates. In this system (Fig. 1.3) 
the distance from the origin is given together with 
the angle which OP makes with the x-axis. 

If the surface is that of a sphere, then lines of 
latitude and longitude may be used as in 
terrestrial navigation. 
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Figure 1.3 


Three-dimensional systems 
Three systems are in common use: 


a) Cartesian co-ordinates. This is a simple 
extension of the two-dimensional case where a 
third axis, the z-axis, has been added. The sense is 
not arbitrary but is drawn according to the 
right-hand screw convention, as shown in 
Fig. 1.4. This set of axes is known as a normal 
right-handed triad. 


-_ 
— * 
-_ 





Figure 1.4 


b) Cylindrical co-ordinates. This is an extension 
of the polar co-ordinate system, the convention 
for positive @ and z being as shown in Fig. 1.5. It is 
clear that if R is constant then the point will lie on 
the surface of a right circular cylinder. 


— _ 





' PR, 8,2) 


Figure 1.5 


c) Spherical co-ordinates. In this system the 
position is specified by the distance of a point 
from the origin, and the direction is given by two 
angles as shown in Fig. 1.6(a) or (b). 


a 


P (r, 6,0) 


P(r, 6,0) 





Figure 1.6 


Note that, while straight-line motion is one- 
dimensional, one-dimensional motion is not 
confined to a straight line; for example, path 
co-ordinates are quite suitable for describing the 
motion of a point in space, and an angle is 
sufficient to define the position of a wheel rotating 
about a fixed axis. It is also true that spherical 
co-ordinates could be used in a problem involving 
motion in a straight line not passing through the 
origin O of the axes; however, this would involve 
an unnecessary complication. 


1.3 Vector representation 

The position vector 

A line drawn from the origin O to the point P 
always completely specifies the position of P and 
is independent of any co-ordinate system. It 
follows that some other line drawn to a 
convenient scale can also be used to represent the 


position of P relative to O (written OP). 

In Fig. 1.7(b), both vectors represent the 
position of P relative to O, which is shown in 
1.7(a), as both give the magnitude and the 
direction of P relative to O. These are called free 
vectors. Hence in mechanics a vector may be 
defined as a line segment which represents a 
physical quantity in magnitude and direction. 
There is, however, a restriction on this definition 
which is now considered. 


y 
P P Fa 
O Oo 
O (a) = Cb) 
Figure 1.7 


Addition of vectors 

The position of P relative to O may be regarded 
as the position of Q relative to O plus the position 
of P relative to Q, as shown in Fig. 1.8(a). 

The position of P could also be considered as 
the position of Q’ relative to O plus that of P 
relative to Q’. If Q’ is chosen such that OQ’PQ is 
a parallelogram, i.e. OQ’ = QP and OQ = Q'P, 
then the corresponding vector diagram will also 
be a parallelogram. Now, since the position 
vector represented by oq’, Fig. 1.8(b), is identical 
to that represented by gp, and og is identical to 
q'p, it follows that the sum of two vectors is 
independent of the order of addition. 

Conversely, if a physical quantity is a vector 
then addition must satisfy the parallelogram law. 
The important physical quantity which does not 
obey this addition rule is finite rotation, because it 
can be demonstrated that the sum of two finite 





Figure 1.8 


rotations depends on the order of addition (see 
Chapter 10). 

The law of addition may be written symbolic- 
ally as 


OP = 00+ OP = 


Vector notation 

As vector algebra will be used extensively later, 
formal vector notation will now be introduced. It 
is convenient to represent a vector by a single 
symbol and it is conventional to use bold-face 
type in printed work or to underline a symbol in 
manuscript. For position we shall use 


OP=r 


The fact that addition is 
demonstrated in Fig. 1.9: 


OP+00 (1.1) 


commutative 1S 


r=rjt+mn=mtr, (1.2) 
Unit vector 

It is often convenient to separate the magnitude 
of a vector from its direction. This is done by 
introducing a unit vector e which has unit 
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Figure 1.9 


magnitude and is in the required direction. Hence 
r may be written 


(1.3) 


where r is the magnitude (a scalar). The modulus, 
written as |r|, is the size of the vector and is 
always positive. In this book, vector magnitudes 
may be positive or negative. 


r=re 


Components of a vector 

Any number of vectors which add to give another 
vector are said to be components of that other 
vector. Usually the components are taken to be 
orthogonal, as shown in Fig. 1.10. 





Figure 1.10 













i c 


In Cartesian co-ordinates the unit vectors in the 
x, y and z directions are given the symbols i, j and 
k respectively. Hence the components of A 
(Fig. 1.11) may be written 


A= A,i+ Ayj+Azk, (1.4) 


where A,, A, and A, are said to be the 
components of A with respect to the x-, y-, z-axes. 
It follows that, if B = B,i+ Byj+ B_k, then 
A+B=(A,+B,)i+(A,+B,)j 
+(A,+B,)k 


O 
Figure 1.11 


(1.5) 
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It is also easily shown that 
(A+B)+C=A+(B+C) 
and also that 
aA = aA,it+aA,j+aA_,k 


where a 1s a scalar. 
Notice that 


. 


(1.6) 


Le. 


B 
+ B 
Figure 1.11 B + 


because A and B are free vectors. 


Scalar product of two vectors 

The scalar product of two vectors A and B 
(sometimes referred to as the dot product) is 
formally defined as |A||B|cos6, Fig. 1.12, where 
6 is the smallest angle between the two vectors. 
The scalar product is denoted by a dot placed 
between the two vector symbols: 


A-B=|A\||B|cosé (1.7) 
It follows from this definition that A-B = B-A. 





Figure 1.12 


From Fig. 1.12 it is seen that |A|cos@ is the 
component of A in the direction of B; similarly 
|B|cos@ is the component of B in the direction of 
A. This definition will later be seen to be useful in 
the description of work and power. If B is a unit 
vector e, then 


A-e =|A|cosé (1.8) 


that is the scalar component of A in the direction 
of e. 
It is seen that 


i-i=jjok-k=1 
and i-j=i-k=j-k=0 


Direction cosines 

Consider the vector A=A,it+tA,j+A,k. The 
modulus of A is found by the simple application of 
Pythagoras’s theorem to give 


|A|=V(AZ+A,+A,’) (1.9) 
The direction cosine, /, 1s defined as the cosine 


of the angle between the vector and the positive 
x-axis, i.e. from Fig. 1.13. 





O 

Figure 1.13 
l=cos(ZPOL) =A,/|A| —_(1.10a) 
similarly m=cos(ZPOM)=A,/|A|{ — (1.10b) 
n=cos(ZPON) =A,/|A| —_(1.10c) 


From equations 1.3 and 1.10, 
A... Ag. . dys. Ag 
¢=—— =I JT 
JA] [A] |Al" [A] 

= lit+ mj+nk 


that is the direction cosines are the components of 
the unit vector; hence 


?+m?+n*=1 (1.11) 
Discussion examples 
Example 1.1 


See Fig. 1.14. A surveying instrument at C can 
measure distance and angle. 

Relative to the fixed x-, y-, z-axes at C, point A 
is at an elevation of 9.2° above the horizontal (xy ) 
plane. The body of the instrument has to be 
rotated about the vertical axis through 41° from 
the x direction in order to be aligned with A. The: 
distance from C to A is 5005 m. Corresponding 
values for point B are 1.3°, 73.4° and 7037 m. 

Determine (a) the locations of points A and B 
in Cartesian co-ordinates relative to the axes at C, 
(b) the distance from A to B, and (c) the distance 
from A to B projected on to the horizontal plane. 





Figure 1.14 





Figure 1.15 


Solution See Fig. 1.15. For point A, 7 = 5005 m, 
g@= 41°, d6=9.2°. 

z=rsing = 5005sin9.2° = 800.2 m 

R= rcos@ = 5005cos9.2° = 4941.0 m 

x = Rcos@ = 4941 cos41° = 3729.0 m 

y = Rsin 6 = 4941 sin 41° = 3241.0 m 


so A is located at point (3729, 3241, 800.2) m. 
For point B, r= 7037m, 6=73.4°, @ = 1.3°; 
hence B is located at point (2010, 6742, 159.7) m. 


Adding the vectors CA and AB, we have 
CA +AB = CB 
or AB=CB-CA 
= (2010i + 67427 + 159.7k) 


~ (37295 + 3241j + 800.2k) 
= (—1719i + 3501j—640.5k) m 


The distance from A to B is given by 
|AB| = V[(—1791)? + (3501)? + (—640.5)7] 
= 3952 m 
and the component of AB in the xy-plane is 
V[(-1719)? + (3501)?] = 3900 m 
Example 1.2 


Point A is located at (0,3,2) m and point B at 
(3, 4,5) m. If the location vector from A to C is 
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(—2, 0,4) m, find the position of point C and the 
position vector from B to C. 


Solution A simple application of the laws of 
vector addition is all that is required for the 
solution of this problem. Referring to Fig. 1.16, 


C 


O 
Figure 1.16 


=—_—> sei rv—"-— > 
OC = OA+AC 
= (37+ 2k) + (—2i+ 4k) 
= —2i+3j+ 6k 
Hence point C is located at (—2, 3, 6) m. 
Similarly OC = OB + BC 


so that 
BC = OC-OB 
= (-2i+ 37+ 6k) — (3i+ 474+ 5k) 
= (—Si-lj+1k)m 
Example 1.3 


Points A, B and P are located at (2, 2, —4) m, (5, 
7, —1)m and (3, 4, 5) m respectively. Determine 
the scalar component of the vector OP in the 
direction B to A and the vector component 
parallel to the line AB. 


Solution To determine the component of a 
given vector in a particular direction, we first 
obtain the unit vector for the direction and then 
form the dot product between the unit vector and 
the given vector. This gives the magnitude of the 
component, otherwise known as the _ scalar 
component. 


—_>— 
The vector BA 1s determined from the 
relationship 


=—=—>—s=sn'\>_—so > 
OB+BA=OA 
thus BA = OA—OB 


= (21+ 2j—4k) — (Sit 7j— 1k) 
= —(3i+ 5j+3k) m 


The length of the vector BA is given by 
BA = |AB| = V(32+52+32) = V43 m 


and the unit vector 
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—> 
_BA _ —Git+5j+3k) 
BA V43 
The required scalar component is 


OP -e = (31+ 47+ 5k) 

-(—3i— 5f-—3k)/V.43 
—(3X34+4x54+5x3yV43 
—6.17 m 


The minus sign indicates that the component of 
OP (taking the direction from O to P as positive) 
parallel to BA is opposite in sense to the direction 
from B to A. 

If we wish to represent the component of OP in 
the specified direction as a vector, we multiply the 
scalar component by the unit vector for the 
specified direction. Thus 


—(3i+ Sj+ 3k)(—6.17)/V'43 
= (2.825 + 4.70j + 2.82k) m 


e 


Example 1.4 

See Fig. 1.17. Points C and D are located at 
(1,2, 4) m and (2, —1, 1) m respectively. Deter- 
mine the length of DC and the angle COD, where 
O is the origin of the co-ordinates. 





x 
Figure 1.17 


Solution If we first obtain an expression for CD 
in vector form, then the modulus of this vector 
will be the required length. 


From the rule for vector 


OC+CD = OD, so that 
CD = OH -0€ 
= (2i-1j+ 1k) — i+ 2j+ 4k) 
= (li-37-—3k)m 
and |CD| = V[12+(—-3)?+ (-3)"] = V19 
= 4.36 m 


addition, 


The scalar or dot product involves the angle 


between two vectors and we can use the property 
of this product to determine this angle. By 
definition of the scalar product, 


OC- OD = (OC)(OD)cos(ZCOD) 
therefore cos(ZCOD) 
_OC-Ob 
(OC)(OD) 

(di+ 27+ 4k) -(2i—1j+ 1k) 
1x24+2(-1)+4x1 4 
“V2 V6~*«V'126 

= 0.3563 m 
and ZCOD = 69.12° 


As a check, we can determine ZCOD from the 
cosine rule: 


OC? + OD?—- CD? 


ZCOD) = 
cos(ZCOD) OCOD) 
_ 6421-19 
~ 2V6 V21 
4 

=——— as before. 

\/126 aS Derore 
Problems 


1.1. A position vector is given by OP = (31+ 2j+ 1k) 
m. Determine its unit vector. 


1.2 A line PQ has a length of 6 m and a direction 
given by the unit vector 3i+4j+4k. Write PQ as a 
vector. 


1.3. Point A is at (1, 2, 3) m and the position vector of 
point B, relative to A, is (6i+3k) m. Determine the 
position of B relative to the origin of the co-ordinate 
system. 


1.4 Determine the unit vector for the line joining 
points C and D, in the sense of C to D, where C is at 
point (0, 3, —2) m and D is at (5,5, 0) m. 


1.5 Point A is located at (5, 6, 7) m and point B at 
(2, 2, 6) m. Determine the position vector (a) from A to 
B and (b) from Bto A. 


1.6 P is located at point (0, 3, 2) m and Q at point 
(3, 2,1). Determine the position vector from P to Q 
and its unit vector. 


1.7. Ais atthe point (1, 1, 2) m. The position of point 
B relative to A is (2i+3j+ 4k) m and that of point C 


relative to B is (—3i—2j7+2k) m. Determine the 
location of C. 


1.8 The dimensions of a room at6mxX5mx4mM, as 
shown in Fig. 1.18. A cable is suspended from the point 
P in the ceiling and a lamp L at the end of the cable is 
1.2 m vertically below P. 





Figure 1.18 


Determine the Cartesian and cylindrical co-ordinates 
of the lamp L relative to the x-, y-, z-axes and also find 
expressions for the corresponding cylindrical unit 
vectors @g, @g and e, in terms of i, 7 and k (see 
Fig. 1.19). 





Figure 1.19 x 


1.9 Show that the relationship between Cartesian and 
cylindrical co-ordinates is governed by the following 
equations (see Fig. 1.19): 


x=Rcosé@, y=Rsin6é, 
R=(x?+y’)'?, @=arctan(y/x) 


I = COS ep — sin Oe, , 


j=sin0er+cos0eg, k=e- 
€r = cos#i+ sin GF, 


€g = —sin@i+cosj, e.=k 


& 
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1.10 See Fig. 1.20. The location of an aircraft in 
spherical co-ordinates (r,6,q@) relative to a radar 
installation is (20000 m, 33.7°, 12.5°). Determine the 
location in Cartesian and cylindrical co-ordinates. 


z 


GIS is 


1.11 What are the angles between the line joining the 
origin O and a point at (2, —5, 6) m and the positive x-, 
y-, Z-axes? 





Figure 1.20 


1.12 In problem 1.7, determine the angle ABC. 


1.13. A vector is given by (2i+ 37+ 1k) m. What is the 
component of this vector (a) in the y-direction and (b) 
in a direction parallel to the line from A to B, where A 
is at point (1, 1, 0) m and B is at (3, 4,5) m? 


1.14 Find the perpendicular distances from the point 
(5, 6, 7) to each of the x-, y- and z-axes. 


1.15 Points A, B and C are located at (1,2, 1) m, 
(5,6, 7) m and (—2, —S, 6) m respectively. Determine 
(a) the perpendicular distance from B to the line AC 
and (b) the angle BAC. 
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Kinematics of a particle in plane motion 


2.1 Displacement, velocity and 
acceleration of a particle 

A particle may be defined as a material object 
whose dimensions are of no consequence to the 
problem under consideration. For the purpose of 
describing the kinematics of such an object, the 
motion may be taken as being that of a 
representative point. 


Displacement of a particle 
If a particle occupies position A at time f, and ata 
later time f it occupies a position B, then the 
displacement is the vector AB as shown in 
Fig. 2.1. In vector notation, 





Figure 2.1 


ra =ratAr 
or Ar=rg-Tra (2.1) 
Here the symbol A signifies a finite difference. 

If the time difference At = t, —t, is small, then 
lim,,.o/Ar| = ds, an element of the path. 


Velocity of a particle 
The average velocity of a particle during the time 
interval At is defined to be 

Ar 


Vaverage — At 


This is a vector quantity in the direction of Ar. 
The instantaneous velocity is defined as 
i (= dr 
v = lima; .o| — } = — 
peo ONAE edi 


If e, is a unit vector tangential to the path, then 
as At—0, Ar— Ase, 


As ds 
so v= limy,,; .o a meget 


The term ds/dt is the rate of change of distance 
along the path and is a scalar quantity usually 
called speed. 


(2.2) 


Acceleration of a particle 
The acceleration of a particle is defined (see 
Fig. 2.2) as 


Av dv dr 
= lim,, .9| — |] = — = 2.3 
ae race (Z) dt dt? Ge) 
2 
t v, ¥, v 


fy 
y 


Figure 2.2 


The direction of a is not obvious and will not be 
tangential to the path unless the path is straight. 


Having defined velocity and acceleration in a 
quite general way, the components of these 
quantities for a particle confined to move in a 
plane can now be formulated. 

It is useful to consider the ways in which a 
vector quantity may change with time, as this 
will help in understanding the full meaning of 
acceleration. 

Since velocity is defined by both magnitude and 
direction, a variation in either quantity will 
constitute a change in the velocity vector. 

If the velocity remains in a fixed direction, then 
the acceleration has a magnitude equal to the rate 


of change of speed and is directed in the same 
direction as the velocity, though not necessarily in 
the same sense. 





Figure 2.3 


If the speed remains constant, then the 
acceleration is due solely to the change in 
direction of the velocity. For this case we can see 
that the vector diagram (Fig. 2.3) is an isosceles 
triangle. In the limit, for small changes in time, 
and hence small changes in direction, the change 
in velocity is normal to the velocity vector. 


2.2 Cartesian co-ordinates 
See Fig. 2.4. 


y 


Jy 





Figure 2.4 
Ar = (x2—%1)i+ (Y2-yi 
= Axi+ Ayj 
Ar Ax, Ay, 
— = 
At At At 
Ar\ dx, dy 
=i — | =—i+—j 2.4 
o=limse oS )= Fit] 4) 
From Fig. 2.5 it is clear that 
|v] = V(r +5") 
(2.5) 


where differentiation with respect to time is 
denoted by the use of a dot over the variable, 1.e. 


dx/dx = x. 
Uv ° 
4} 


Figure 2.5 x 
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The acceleration is equally easy to derive. Since 


v=xit+y 
then 
vt+Av= (x+Axr)i+(yt+Ay)j 
giving 
Av = Axi+ Ayj. 
a= mao = limy, +0 S i+ =) 
At At At 
a= SiS (2.6) 
= Xit+ yj 
and |a| = V(#?+ 57) (2.7) 


Let us consider two simple cases and describe 
the motion in Cartesian co-ordinates. 


1) Motion in a straight line with constant 
acceleration 

Choosing the x-axis to coincide with the path of 
motion, we have 


xXx=a 
Intregration with respect to time gives 
fxdt = f(do/dt) dt = v = fadt = at+C, (2.8) 


where C;, is a constant depending on v when t = 0. 
Integrating again, 

fodt = {(dx/dt) dt = x = f(at+ C,)dt 

= tat? +Citt+O© (2.9) 


where C, is another constant depending on the 
value of x at t= 0. 


11) Motion with constant speed along a 
circular path 
For the circular path shown in Fig. 2.6, 


x2+y? = R? (2.10) 


Figure 2.6 
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Differentiating twice with respect to time gives 
2xx +2yy =0 
and 2x¥+2x*+2yy+2y? =0 
Since 2x7 + 2p? = 207, 


x¥+yy = —v? (2.11) 
We see that, when y = 0 andx = R, 
¥=-vVI/R 
also, when x = O and y= R, 
y=—-v7/R 


or, in general (Fig. 2.7), the component of 
acceleration resolved along the radius is 
a, = Xcosa+ysina 
= Xx/R+Yy/R 





Figure 2.7 


Using equation 2.11 we see that 
a, = —v/R 
Resolving tangentially to the path, 
a, = Ycosa—Xsina 
= yx/R—Xy/R 
Differentiating x?7+)? =v 
time, we have 


* with respect to 


2xX + 2yp¥ = 0 
hence 
y/x¥ = —x/y 


and from the differentiation of equation 2.10 we 
have 


ylx = —xly 
giving 
ylx = —x/ly = y/x 


Thus we see that a, = 0. 

This analysis should be contrasted with the 
more direct approach in terms of path and polar 
co-ordinates shown later in this chapter. 





Figure 2.8 
(Av),€, 


Av 
WO) y(t AIK YO 
6 





(Av),e, 





Figure 2.9 


2.3 Path co-ordinates 

The displacement Ar over a time interval Af is 
shown in Fig. 2.8, where As is the elemental path 
length. Referring to Fig. 2.9, the direction of the 
path has changed by an angle A@ and the speed 
has increased by Av. Noting that the magnitude of 
v(t+At) is (v+Av), the change in velocity 
resolved along the original normal is 


(v+ Av)sin A@ 
hence the acceleration in this direction 1s 


(v+Av))\. 
a, = lima; +0 (ex sin A@ 
For small A@, sin AO— A@; thus 


i vA@ AvdAé dé 
= lima;59| — + —— |] = v— 
ie neat aay dt 
and is directed towards the centre of curvature, 
i.e. in the direction of e,. 
If p is the radius of curvature, then 


ds = pdé 
hence 
ds _ dé 
dt at 
therefore 
1 z 
a, = pee (2.12) 
pdt p 


The change in velocity resolved tangentially to 
the path is 


(v+ Av)cosA@—v 


hence the acceleration along the path is 


hima; 0 aes = = = a, (2.13) 
Summiarising, we have 

v= ve, = — (2.14a) 

a et oe en (2.14b) 

= Tete, (2.14c) 


We will now reconsider the previous simple 
cases. 


1) Straight-line motion with constant 
acceleration 
a=dae, (e, fixed in direction) 


or d*s/dt*? =a (2:15) 


The solution is the same as before, with x 
replaced by s. 


11) Motion ina circle at constant speed 
a=(v*/p)e, | (vandpare constant) (2.16) 


2.4 Polar co-ordinates 

Polar co-ordinates are a special case of cylindrical 
co-ordinates with z=Q0Q, or of spherical co- 
ordinates with ¢@ = 0. 





Figure 2.10 


Referring to Fig. 2.10, it can be seen that 


Ar = [(r+ Ar) cosA@—rl]e, 
+ (r+ Ar)sin Ade, 


hence the velocity is given by 


Ar 
v = lima:.o At 
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e)saftfocie 
=| J/é, Tr|— jég = re, tree 
dt 0 re 0 


Resolving the components of Av along the e, 
and é,g directions (Fig. 2.11) gives 


(2.17) 


(r+ Ar\(6+ Ad) 





Figure 2.11 
Ar = [(7 + Ar) cos A@— (r+ Ar) 
xX (0+ AG@)sinAd—7]e, 
+[7r+ Ar)sinA6 + (r+ Ar) 
x (0+ A@)cosA0— rO] eg 


For small angles, sin A@— A@ and cos A@— 1; thus 


. (=) 2 i) 
a = limy; .0 res Sa 6 e; 


At} \dt . dt 
(ia eae, 
"de. dt de 


a = (F—r7)e,+(r6+ 278 )e, (2.18) 


An alternative approach to deriving equations 
2.17 and 2.18 is to proceed as follows. 


€¢ 





Figure 2.12 


Consider the orthogonal unit vectors e, and ég 
which are rotating at an angular rate w= @ as 
shown in Fig. 2.12. The derivative with respect to 
time of e, is 


é, = lim (%:) 
r Atr-—0 At 


where Ae, is the change in e, which occurs in the 
time interval Ar. During this interval e, and eg 


12 Kinematics of a particle in plane motion 





Figure 2.13 Aé 


have rotated through the angle A@, as shown in 
Fig. 2.13, so that they become the new unit 
vectors e’, and e’,. The difference between e’, 
and e, is Ae, = e’, —e,. The magnitude of Ae, for 
small A@ is 1x A@ since the magnitude of e, 1s 
unity, by definition. For vanishingly small A@, the 
vector Ae, has the direction of eg, 


hence 
é, = lima; aeso (=) = lima:—o (Pee = be, 
At At (2.19) 
Similarly it can be shown that 
é, = —6e, (2.20) 


The velocity v 1s the derivative with respect to 
time of the position vector r = re,. From the chain 
rule for differentiation we obtain 


. _d , 
v= rae Wer) = re,+re, 


a re, +reég 


from equation 2.19, which is the result previously 
obtained in equation (2.17). 

The acceleration a can also be found from the 
chain rule, thus 


d * 
—- po —(? Se 6 
a=y ue r0é, ) 


= Fe, +re,+7Oe,+ rhe, + be, 
Substituting from equations (2.19) and (2.20) we 
arrive at the result given in equation (2.18). (The 


differentiation of rotating vectors is dealt with 
more fully in Chapter 11). 


As before we consider the two simple cases. 


i) Motion in a straight line 
d=0 for all time 
a=fe, (2.21) 


ii) Motion in a circle at constant speed 


r = constant for all time 
v= reg 


Because r and v are constant, @ is constant; so 
a= —ré’e, = —(vVir)e, (2.22) 


We may also consider another simple example, 
that of a fly walking at a constant speed along a 
radial spoke of a wheel rotating at a constant 
speed. In this case 


a = [-r6* Je, + 27be, 


so we see that there is a constant component of 
acceleration, 270, at right angles to the spoke, 
independent of r. This component is often called 
the Coriolis component, after the French 
engineer Gustav-Gaspard Coriolis. 


2.5 Relative motion 
In this section we shall adopt the following 
notation: 


rg/a = position of B relative to A 
rpa = Velocity of B relative to A, etc. 


From Fig. 2.14, 
rpio = Taio t+ TBA (2.23) 

Differentiation with respect to time gives 

(2.24) 


(2.25) 


Taio = Tao t lpia 


and reo =Ffayot TBA 





Figure 2.14 


[The notation 7g and Fg may be used in place of 
rp/o and Fp/o for velocity and acceleration relative 
to the reference axes. | 

Consider now the case of a wheel radius r, 
centre A, moving so that A has rectilinear motion 
in the x-direction and the wheel is rotating at 
angular speed w = 6 (Fig. 2.15). The path traced 
out by a point B on the rim of the wheel is 
complex, but the velocity and acceleration of B 
may be easily obtained by use of equations 2.24 
and 2.25. 

Referring to Fig. 2.15, 





Figure 2.15 ot} x * 
rpio = xit (rweg) 
= xi+ (—rosin 6i + rwcos 6) (2.26) 
Similarly, 
Fao = Xi+ (—rw*e, + rweg ) 
= ti—rw* (cos i+ sin 6) 
+ ra (—sin 6i + cos &) 
= (¥—rw*cos@—rwsiné)i 
+ (—rw* sin @+ racos 6)j (2.27) 


A special case of the above problem is that 
of rolling without slip. This implies that when 
G= 37/2, rio = 0. Since 


then x= —rw 
Also, 
Taio = (¥+ rw)i+ (rw*)j 
but 
x= -rw 
therefore 
Taio =r wij 


Note that differentiating rg/9(@ = 37/2) does not 
give Fpo(6 = 37/2): @ must be included as a 
variable of the differentiation. 


2.6 One-dimensional motion 

The description ‘one-dimensional’ is not to be 
taken as synonymous with ‘linear’, for, although 
linear motion is one-dimensional, not all one- 
dimensional motion is linear. 

We have one-dimensional motion in path 
co-ordinates if we consider only displacement 
along the path; in polar co-ordinates we can 
consider only variations in angle, regarding the 
radius as constant. Let us consider a problem in 
path co-ordinates, Fig. 2.16, the location of P 
being determined by s measured along the path 
from some origin O. (This path could, of course, 
be a straight line.) 

Speed is defined as v = ds/dt, and dv/dt = rate 
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Figure 2.16 


of change of speed. This quantity is also the 
component of acceleration tangential to the path, 
but it is not the total acceleration. 
We may write 
dv _dsdv_ dv 


dr dt ds ds 
Hence we have 
dv d’s dv 
dt dt? ds 


Most problems in one-dimensional kinematics 
involve converting data given in one set of 
variables to other data. As an example: given the 
way in which a component of acceleration varies 
with displacement, determine the variation of 
speed with time. In such problems the sketching 
of appropriate graphs is a useful aid to the 
solution. 


(2.28) 


a= 


2.7 Graphical methods 
Speed-time graph (Fig. 2.17) 





Figure 2.17 
d /ds 
Sl f h=—|—]= 2.29 
ope of graph = — (= a, (2.29) 
bf ds 
Area under graph = | (ar 
= $5.= 37 (2.30) 
Hence, slope = rate of change of speed 
and area = change of distance 


If a, is constant, then the graph is a straight line 
and 
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area = 3(0,; + 2 )(@—t;) =52—8, (2.31) 
and slope = a, 
Distance-time graph (Fig. 2.18) 
5 2 
l 
Figure 2.18 f 
ds 
Slope = — = 2.32 
ope =e (2.32) 
Rate-of-change-of-speed-time graph 
(Fig. 2.19) 
Z 
do 
dt 
Figure 2.19 t 
t dv 
Area = | — dt= 2-2, (2.33) 
ty dt 
If a, is constant, then 
area = a,(t2—t,) = 2-2 (2.34) 


Rate-of-change-of-speed—displacement graph 
ne par Here we make use of equation 
2.28). 


vdv 
ds 
S 
Figure 2.20 
ef dv 1. 2 Le2 
Area = ua, ds = $Uo° — 32] (2.35) 
If a, is constant, then 

a, (s2—S,) = $v2°—430)° (2.36) 


Inverse-speed—distance graph (Fig. 2.21) 


s. ] s. dt 
Area = | —ds = | —ds=th-t, 


2.37 
. = a (2.37) 





Figure 2.21 


The advantages of sketching the graphs are many 
— even for cases of constant acceleration (see 
examples 2.2 and 2.3). 


Discussion examples 


Example 2.1 

A point P moves along a path and its acceleration 
component tangential to the path has a constant 
magnitude a,,. The distance moved along the 
path is s. At time t=0, s=0 and v=7%. Show 


that (a) v=w+tapt, (b) s=Vvott+4aot*, (c) 
v* = Uo + 2aos and (d) s = 3(vt+%)t. 
Solution 
a) Since a, = dv/dt, 
2 t 
and | dv =4y | dt since Qj 1s constant. 
D 0 
Therefore v—vp = aot 
or V=Upt+Aot (i) 
b) Since v= ds/dt, 


[as = | ‘ode = | (@o+aot)ae 
0 0 


0 
5S =Uotthayt? (ii) 
c) From (i), t = (v—vp)/ayq and substituting for ¢ 
in (it) gives 
VD = U9 + 2ayS (ii1) 


d) Also from (1), @i9 = (v—v)/t and substituting 
for ajo in (11) gives 


S=3(%t+v)t (iv) 


[As these equations for constant acceleration are 
often introduced before the case of variable 
acceleration has been discussed, it is a common 
mistake to try to apply them to problems dealing 
with variable acceleration. For such problems, 
however, the methods of section 2.7 should 
always be used (cf. example 2.3). ] 


Example 2.2 

The variation with time of the tangential 
acceleration a, of a vehicle is given in Fig. 2.22. At 
time t = 0 the speed is zero. Determine the speed 
when t= 6. 





Figure 2.22 


Solution Each portion of the graph represents 
constant acceleration and so we can use the 
appropriate formula (equation 2.34), a,(—t,) = 
V2 —,, for each portion, using the final speed of 
one part as the initial speed of the next. 


Time 0 to ¢,: 
V3—-VU=A,(t4—-%), M=aAt 

Time ft, to ty: 

V2 = Ay(t2—t)) +2, 


= a,(2-t) +a 


V2 — V1 = A)(b—-h), 


Time f, to t;: 


V3 — V2 = 43(—-t), V3 = 03(t3-—t,) + 2% 


C= a3(t3 — ty) + ay(b—-t)) + ayt, 


Alternatively we can dispense with the con- 
stant-acceleration formulae and obtain the same 
result more rapidly by noting that the speed 
change 1s equal to the area under the graph of 
tangential acceleration versus time (see equation 
2.33), so that the speed at t= t, can be written 
down immediately. 


Example 2.3 

An accelerometer mounted in a vehicle measures 
the magnitude of the tangential acceleration a,. 
At the same time the distance travelled, s, is 
recorded with the following results (see 
section 3.3): 


a./(ms~*) — s/m a,/(ms~*) — s/m 


1:2 0 —=41.3 25 
ZA 5 —0.8 30 
2.6 10 0.1 35 
Zak 15 0.9 40 
0.4 20 
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Given that the initial forward speed is 3.0 m/s 
and the acceleration varies smoothly with 
distance, find for s = 40 m (a) the speed and (b) 
the time taken. 


Solution 

a) We are given a, in terms of s and require to 
find v, therefore we must use an expression 
relating these three parameters. The constant- 
acceleration formulae are of course not relevant 
here. The basic definition a, = dv/dt cannot be 
used directly and we must use the alternative 
form a, = v(dv/ds), equation 2.28, which relates 
the three required parameters. Integration gives 


02 52 
| odo = | a, ds 


$5] 


or $(v>* — v,”) is equal to the area under the graph 
of a, versus s between s = 5; and s = sz, Fig. 2.23. 

Letting s; = 0 and s, = 40m, the area is found 
to be 32.0 (m/s)”. This area can be determined by 
counting the squares under the graph, by the 
trapezium rule, by Simpson’s rule, etc., depend- 
ing on the order of accuracy required. (The 
trapezium rule and Simpson’s rule are given in 
Appendix 3.) 





Figure 2.23 


Thus 3 (v49* — 37) = 32, 
V4q = V[2(32) + 37] = 8.54 m/s 


b) Given a, as a function of s, time cannot be 
found directly. We can, however, make use of the 
relationship v= ds/dt in the form dt= (1/v)ds 
provided we can first establish the relationship 
between wv and s. To find values of vw at various 
values of s, we can use repeated applications of 
the method of (a) above. 

It is useful to set out the calculations in tabular 
form: 
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v/(ms_') 
s/m area/(m?s-*) =([2(area+v97)]”? 
0-5 8.4 5.08 
0-10 20.2 7.03 
0-15 32.6 8.61 
0-20 39.4 9.37 
0-25 36.8 9.09 
0-30 31.2 8.45 
0-35 29.0 8.91 
0-40 32.0 8.54 


Since t, —t, = (1/v)ds, the area under the graph 
of I/v versus s will give the required time. 
Corresponding values are given below and are 
plotted in Fig. 2.24. 


= O39 

E 

= o2 

2 

z O-1 

Area = 5-6s 
Figure 2.24 a ” Sith 

(1/v)/ s/m (1/v)/ s/m 
(s m~*) (s m~*) 
0.333 0 0.110 25 
0.197 5 0.118 30 
0.142 10 0.122 35 
0.116 15 0.117 40 
0.107 20 


The time taken is found to be approximately 
5.65. 


Example 2.4 

At a particular instant, a point on a mechanism 
has a speed of 5.0 m/s and a tangential 
acceleration of magnitude 2.0 m/s*. If the 
magnitude of the total acceleration is 3.0 m/s’, 
what is the radius of curvature of the path being 
traced out by the point at this instant? 


Solution Choice of co-ordinates is not difficult 
for this problem since radius of curvature is 
featured only in path co-ordinates. In these 
co-ordinates the total acceleration a (see 
Fig. 2.25) is given by 


a= Ae, + ane, 


= §e,+(v7/p)e, (see equations 2.14) 





Figure 2.25 
The magnitude of a is V[s*+(v7/p)?] and 
substitution of the numerical values gives 


3.0 = V2? + (57/p)*] 
and p=11.18m 


Example 2.5 

See Fig. 2.26. The centre C of the wheel of radius 
0.5m has a constant velocity of 2.5 m/s to the 
right. The angular velocity of the wheel is 
constant and equal to 6 rad/s clockwise. Point P is 
at the bottom of the wheel and is 1n contact with a 
horizontal surface. Points Q and R are as shown 
in the figure. 





Figure 2.26 


Determine (a) whether or not the wheel is 
slipping on the surface, (b) the velocities and 
accelerations of the points P and Q and (c) the 
velocity and acceleration of the point R. 


Solution Usually the simplest way of dealing 
with the motion of a point on a wheel which is 
rotating and translating is to determine the 
motion of the wheel centre and add on the motion 
of the point relative to the centre. So for an 
arbitrary point A and centre C we can make use 
of 


VaA=UctVac (see equation (2.24) 
and a,=ac+a@,jc (see equation 2.25) 
a) If the wheel is not slipping then the velocity 
of point P must be the same as the velocity of the 
surface, namely zero. 


From equation 2.17, the velocity of P relative 
to C is given by 


Vpic = re,+ réeg 


where r is the length of the line CP and @ is the 
angle of the line CP measured from some datum 
in the plane of the motion. Since ry has a constant 
value (0.5m) then +=O0 and wpc has no 
component in the direction of CP. The angular 
velocity of the line CP is 6 in the anticlockwise 
direction (since 6 is defined as positive in this 
sense); thus @ = —6 rad/s, and [see Fig. 2.27(a)] 


er 


(a) 


€¢ 


(b) 





Figure 2.27 


Vpic = Veg = re, = 0.5(—6)i = —3i m/s 


The velocity of C is v = 2.5i m/s and the total 
velocity of P is 


Up = Uc t+ Upc 
= 2.5i—3i = —0.5i m/s 
The wheel is therefore slipping. 
b) See Fig. 2.27(b). For the radial line CQ we 


have e, = j and eg = —i. The velocity of Q relative 
to Cis 

Vorc = r€, — (—3)(-i) = 3i m/s 
so that 


Vo = Uct Vorc = 2. 5i+ 3i = 5.5i m/s 


From equation 2.18, the acceleration of Q 
relative to C is given by 


Gorc = (¥— 07) e, + (76+ 276) eg 
(—0.5)(—6)e, 
= —18j m/s” 


The total acceleration of QO is 
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49 = Act agic 
but vc is constant, and so ac = 0. Therefore 
Ag = —18j m/s” 
c) See Fig. 2.27(c). For the radial line CR, 
e, = sin30°% + cos 309 = 4i+4V3j 
and 
€g = —cos30% + sin309 = —3V3i4+ 4 
Upc = reg = 0.5(—6)(—4V 3i + 4) 
= (2.6i— 1.57) m/s 
and 
Ve =VUct Upc = 2.514 2.61-— 1.57 
= (5.1i—1.57) m/s 


The same result can be obtained from a velocity 
vector diagram, Fig. 2.28. Here vc and vpc are 
drawn to some appropriate scale in the correct 
directions and are added graphically to give up. 


VC or Ra . 
O R 


(5-32) 
UR 
Figure 2.28 


For the acceleration of R relative to C we have 
agic = —rbe, = —0.5(—6)*(4i + 4V'3/) 
= (91+ 15.6j) m/s” 


which is the total acceleration of R, since ac = 0. 


Example 2.6 

At the instant under consideration, the trolley T, 
Fig. 2.29, has a velocity of 4 m/s to the right and is 
decelerating at 2 m/s*. The telescopic arm AB has 
a length of 1.5 m which is increasing at a constant 
rate of 2 m/s. At the same time, the arm has an 
anticlockwise angular velocity of 3 rad/s and a 
clockwise angular acceleration of 0.5 rad/s’. 


O‘Srads” 





Figure 2.29 
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cos 20° 





sin 20° 


cos 20° 


Figure 2.30 


Determine for B (a) the velocity and speed, 
and (b) the acceleration and its magnitude. Give 
the vector quantities in terms of the unit vectors i 
and j. 


Solution Polar co-ordinates are again required, 
and we must first write down the expressions for 
e, and é, in terms of i and j (see Fig. 2.30). 


e, = cos20°% + sin 20° 
€g = —sin20°% + cos 20% 
From equation 2.17, 
Vpn = re, t+r0eg wherer=1.5 and7=2 
thus vpa = 2(0.940i + 0.3427) 


+ 1.5(3)(—0.342i + 0.940) 
= 0.3411+ 4.91 m/s? 


From equation 2.24, 
Vp = Vat UBA 


thus 
Vp = 4i+ (0.3414 4.01/) 


= (4.3414 4.917) m/s? 
The speed of B is the magnitude of vg: 


lop | = V(4.347 + 4.917) 
= 6.55 m/s 


The acceleration of B relative to A is, from 
equation 2.18, 


apa = (F—1b7)e, + (76+ 276) e, 
and # = 0 since ¢ is constant. 
apa = —1.5(3)*(0.940i + 0.342)) 
+ [(1.5)(—0.5) + 2(2)3] 
x (—0.342i + 0.9407) 
= —16.54i+ 5.96; m/s” 


From equation 2.25 


a3 >= 4a t+ apa 
= —2i+ (—16.54i+ 5.96;) 


= —18.541+ 5.96; m/s” 
and the magnitude of the acceleration of B is 
|ap| = [(—18.54)* + (5.96)?]"" = 19.47 m/s? 


A graphical solution is again appropriate, 
and somewhat quicker. For the velocity vector 
diagram we first draw, to scale, v, , the velocity of 
A, 4 m/s to the right (Fig. 2.31). The velocity of B 
relative to A, vga, having the components 7 = 2 
and r@=1.5(3) =4.5 in the appropiate direc- 
tions, is then added to vy, and the resultant is vp, 
which can be scaled from the figure. 





Figure 2.31 


For the acceleration vector diagram of Fig. 2.32 
we first draw a line to scale to represent the 
acceleration of A, a,. This is 2 m/s to the left. 
The acceleration of B relative to A, ap,a, is then 
added to a,. The components of apa are 
#—r0* = 0—1.5(3)? = —13.5 m/s? in the e, direc- 
tion and r6+276=1.5(—0.5)+2(2)3 = 11.25 
m/s? in the eg direction. The acceleration of B, 
ag, can be scaled from the figure. 





Figure 2.32 


Example 2.7 
A racing car B is being filmed from a camera 
mounted on car A which is travelling along a 
straight road at a constant speed of 72 km/h. The 
racing car is moving at a constant speed of 144 
km/h along the circular track, centre O, which has 
a radius of 200m. At the instant depicted in 
Fig. 2.33, A, B and O are co-linear. 

Determine the angular velocity and the angular 





Figure 2.33 


acceleration of the camera so that the image of B 
remains centrally positioned in the viewfinder. 


Solution In order to find the required angular 
velocity and angular acceleration, we shall first 
need to determine the velocity and acceleration of 
B relative to A in the given polar co-ordinates and 
then make use of equations 2.17 and 2.18. 

The velocity of B is perpendicular to the line 
AB, so that 


1000 
Vp = 144( Ot Jeo) = —40e, m/s 





3600 
The velocity of A is 
1000 
VA = 72 i = 20i m/s 


Resolving the unit vector i into the e, and ég¢ 
directions we have 


Va = 20(—cos 30° eg — sin 30°, ) 
= (—10e, — 17.32e,) m/s 
The velocity of B relative to A is 
Up/A = Vg — Va = 10e, — 22.68 eg (1) 
Also, from equation 2.17, 
Vpn = re, + rhe, (ii) 


Comparing equations (i) and (ii) and noting 
from Fig. 2.33 that 


r = (230/cos 30°) — 200 = 65.58 m 
we find 
r= 10 m/s 
and the angular velocity of the camera is 
6 = —22.58/65.58 = —0.346 rad/s 


The acceleration of B is most conveniently 
found from path co-ordinates (equations 2.14) 
and is 
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ap = 0eg+ e, = 8e, 


200 
Since car A is travelling at a constant speed 
along a straight road, 
aa = 0 


The acceleration of B relative to A is 


apa = Ap— a, = Be, (iil) 
Also, from equation 2.18, 
apa = (F107 )e, + (76+ 278) ey (iv) 


Comparing equations (iii) and (iv) we see that 
0 = r6+ 276 = 65.586 + 2(10)(—0.346) 
hence the angular acceleration of the camera is 
@ = 20(0.346)/65.58 = 0.106 rad/s? 


Problems 


2.1 The position of a point, in metres, is given by 
r= (6t—5t*)i+(7+8t7)j, where ¢ is the time in 
seconds. Determine the position, velocity and the 
acceleration of the point when t = 3s. 


2.2 The acceleration of a point P moving in a plane is 
given by a= 3t7i+ (4t+5)j m/s’, where ¢ is the time in 
seconds. When t= 2, the position and velocity are 
respectively (12i+ 26.3337) m and (10i+21/) m/s. 
Determine the position and velocity at ¢ = 1. 


2.3 A point A is following a curved path and at a 
particular instant the radius of curvature of the path is 
16m. The speed of the point A is 8m/s and its 
component of acceleration tangential to the path is 
3 m/s*. Determine the magnitude of the total accelera- 
tion. 


2.4 A point P is following a circular path of radius 5m 
at a constant speed of 10 m/s. When the point reaches 
the position shown in Fig. 2.34, determine its velocity 
and acceleration. 


D 
PA ome 
Figure 2.34 


2.5 A ship A is steaming due north at 5 knots and 
another ship B is steaming north-west at 10 knots. Find 
the velocity of B relative to that of A. (1 knot=1 
nautical mile/h = 6082.66 ft/h = 0.515 m/s.) 


2.6 <A telescopic arm AB pivots about A in a vertical 
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plane and is extending at a constant rate of 1 m/s, the 
angular velocity of the arm remaining constant at 
5 rad/s anticlockwise, Fig. 2.35. When the arm is at 30° 
to the horizontal, the length of the arm is 0.5m. 
Determine the velocity and acceleration of B. 


y 
Srad/s B 
ote 
x 
A 30° 
Figure 2.35 


2.7 Repeat problem 2.6 assuming that the velocity of 
point A is (7i+ 2j) m/s and its acceleration is (4+ 6s) 
m/s”. Also determine for this case the speed of B and 
the magnitude of its acceleration. 


2.8 For the mechanism shown in Fig. 2.36, determine 
the velocity of C relative to B and the velocity of C. 





Figure 2.36 


2.9 A point P moves along a straight line such that its 
acceleration is given by a = (6s7+3s +2) m/s”, where s 
is the distance moved in metres. When s = 0 its speed is 
zero. Find its speed when s = 4m. 


2.10 A point moves along a curved path and the 
forward speed v is recorded every second as given in 
the table below. 


tls 0 1 2 3 4 5 6 
vims~' 4.0 3.8 3.6 3.2 24 1.5 0.4 


It can be assumed that the speed varies smoothly with 
time. 

(a) Estimate the magnitude of the tangential 
acceleration at time t=3s and the distance travelled 
between ¢ = 0 and t= 6s. 

(b) If, at t=3s, the magnitude of the total 
acceleration is 1.0 m/s’, estimate the magnitude of the 
acceleration normal to the path and also the radius of 
curvature of the path. 


2.11 The forward (tangential) acceleration a, of the 
motion of a point is recorded at each metre of distance 
travelled, and the results are as follows. 


s/m 0 1 2 3 4 
a,/ms~? 2.0 2.1 25 2.9 3.5 


At s = 4m, the forward speed is 4.6 m/s. 


Estimate 
(a) the speed at s = 0 m, and 
(b) the time taken to travel from s = 0 tos = 4m. 


Further problems involving variable acceleration are 
given in Chapter 3, problems 3.3, 3.4, 3.6, 3.12, 3.14, 
3.15, 3.17, 3.18 and 3.19. 
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Kinetics of a particle in plane motion 


3.1 Introduction 

In the previous chapters we have studied the 
kinematics of a point moving in a plane; velocity 
and acceleration have been defined in various 
co-ordinate systems and for a variety of 
conditions. It is now necessary to consider the 
forces associated with the motion. 

The concept of force is useful because it 
enables the branches of mechanical science to be 
brought together. For example, a knowledge of 
the force required to accelerate a vehicle makes it 
possible to decide on the size of the engine and 
transmission system suitable as regards both 
kinematics and strength; hence force acts as a 
‘currency’ between thermodynamics or electro- 
technology or materials science. 


3.2 Newton’s laws of motion 
Newton’s laws define the concept of force in 
terms of the motion produced by the force if it 
acted alone — which is why we have yet to discuss 
Statics. 

We will first state the three laws in the form 
that is most common in current literature. 


First law 

Every body continues in a state of rest or of 
uniform rectilinear motion unless acted upon by a 
force. 


Second law 

The rate of change of momentum of a body is 
proportional to the force acting on the body and is 
in the direction of the force. 


Third law 
To each action (or force) there is an equal and 
opposite reaction. 


The term ‘momentum’ is prominent in the 
formulation of the laws of mechanics and a formal 
definition is given below, together with a 


definition of mass. The reader concerned with the 
philosophical implications of the definitions of 
mass, length and time should consult a text on 
pure physics. 


Momentum 
Momentum is defined simply as the product of 
mass and velocity. 


Mass 
Mass is a measure of the quantity of matter in a 
body and it is regarded as constant. If two bodies 
are made from the same uniform material and 
have the same volume then their masses are 
equal. 


The first law says that if a body changes its 
velocity then a force must have been applied. No 
mention is made of the frame of reference — 
whether a change in velocity occurs depends on 
the observer! This point will be considered in 
detail in section 3.6. 

The second law establishes a _ relationship 
between the magnitude of the force and the rate 
of change of momentum: 


d 
force x 7 (momentum) 


or Pe Ge) dv 
Ir — (mv ) = mM = 
dt ao. 


when all points on the body have the same 
acceleration. 


(3.1) 


Equivalance of mass 
If two objects made from different materials 
collide, then by Newton’s third law they receive 
equal but opposite forces at any given time and it 
follows that the momentum gained by one body 
must be equal to that lost by the other. 

If we conduct a simple collision experiment and 
measure the velocities of the bodies before and 
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after impact, then we may obtain an expression 
for the ratio of their masses. Thus, equating the 
momentum before impact to that after impact, 





after impact 


before impact 


Mm, Uy + My Un = M101, + My?V> 
hence mj,(v;—u,) = m2(u2— 22) 
mz 17% 
a1. SS 
mM, U2~ 02 
change in speed of mass 1 
= |= (3.2) 
change in speed of mass 2 


Therefore Newton’s laws provide, at least in 
principle, a means of measuring mass and also 
lead to the law of conservation of momentum (see 
section 8.3). 


3.3 Units 

At this stage it 1s convenient to consider the 

question of the units in terms of which the 

quantities encountered so far may be measured. 
A statement defining the length of an object 

requires two parts: a number and a unit. 


e.g. L=nm 
where L=symbol signifying length, 
n = pure number, 

m = a unit, such as metre. 


If other units are used, such as feet, then the 
length of the same object is 


L=pftt 
where p = a pure number 
and ft = feet. 
It is given that 


1 ft = 0.3048 m exactly (see Appendix 2) 
ft 

therefore — = 0.3048 
m 


(read as 1 ft+1m, not as ft per m) 


ft 
hence L= pit=p(=) m= 0.3048 m 


Note that in this treatment the symbol 
representing the unit is considered as a simple 
algebraic quantity. This approach simplifies the 
conversion from one system of units to another. 

When plotting a graph of length against time, 
for example, the axes should be labelled as shown 
in Fig. 3.1, since pure numbers are being plotted 
(see Appendix 2, reference 3). 







(t-0-25s, 
[=10000m) 


tis 





(t-200ms, 
L=10«10'm) 


fms 


Figure 3.1 


Time The unit for time is the second, symbol s, 
so that time t = gs, where gq is a pure number. 


Mass The unit for mass is the kilogram, symbol 
kg, in the SI and the pound, symbol Ib, in the 
‘British’ absolute system. 

It is given that 


1 Ib = 0.45359237 kg exactly (see Appen- 
dix 2) 


Ib 


— =().454 = 
Or ke 6 


Derived units 


Velocity vw=dr/dt, so that, in SI units, the 
magnitude of the velocity is 


m 
9" = (") ms 
qs q 


hence the unit for speed is m/s (metres per 
second) and similarly the unit for acceleration is 
m/s* (metres per second7). 

The dimensions of these derived units are said 
to be 


length (time)! 


and 


length (time)~? respectively. 


Force The unit for force is chosen so that when 
applying Newton’s second law the constant of 
proportionality is unity. From the second law, 


d 
force x a | (mass)veocity) 


= (Welociy) 
= MmMaSS/— (Velocl 
dt ¥ 


force « (mass)(acceleration) 
Using consistent units, 
F=ma 


that is, if the numerical values of mass and 
acceleration are unity then the numerical value of 
the force is also unity. In the SI, in which the basic 
units are kg, m and s, the unit of force is the 
newton, N, so that 


(p N) = (q kg)(r m/s*) 


where p, g and r are pure numbers. 
By definition, the numerical relationship is 


p=qr 
and the units are related by 


mm 
N = kg— 
BS 


We say that the ‘dimensions’ of the unit of force 
are kg ms? when expressed in terms of the basic 
units. 

A list of SI units appears in Appendix 2. 


3.4 Types of force 
The nature of force is complex, so it is best to 
consider force as a concept useful in studying 
mechanics. It plays a role in mechanics similar to 
that of money in trade in that it enables us to 
relate a phenomenon in one discipline to one in 
another discipline. For example, in the simple 
case of a spring and a mass (Fig. 3.2) the results of 
Newton’s second law and Hooke’s law may be 
combined. 

From Hooke’s law*, 


F=kx (k=constant) 


and from Newton’s second law, taking vectors 
acting to the right as positive 
d*x 
—-F= ms 
dt 
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Spring stiffness & 
Le Mass 
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Figure 3.2 


Eliminating F between the two equations gives 


d?x 
kx+m ar? v (3.3) 
which is a differential equation relating displace- 
ment x to time ¢. 

Note that force is used to represent the effect 
that one body has on the other. Let us now 
consider the definition of force. We need a formal 
definition to avoid ambiguity since not all writers 
mean the same thing when they use the term 
‘force’. 


Definition of force 

Force is the action of one body upon another 
which produces, when acting alone, a change in 
the motion of a body. (Newton’s law gives the 
means of quantifying this force.) 

It is convenient to group forces into two classes: 
(a) long-range forces and (b) short-range forces. 
Long-range forces are gravitational, electrostatic 
and magnetic forces and are also known as body 
forces. Short-range forces are the forces due to 
contact of two bodies. It might be argued that the 
latter are only special cases of the former, but in 
mechanical applications the distinction remains 
clear. 

The forces of contact are often sub-divided into 
normal forces — 1.e. normal to the tangent plane 
of contact — and tangential, shear or friction 
forces which are parallel to the plane of contact. 


Dry friction 

The friction force between two dry unlubricated 
surfaces is a quantity which depends on a large 
number of factors, but consideration of an ideal 


*Hooke’s law states that any deformation produced by a given 
loading system is proportional to the magnitude of the 
loading. A body obeying Hooke’s law is said to be hnearly 
elastic. 
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Figure 3.3 


case known as Coulomb friction is often regarded 
as adequate. In this case the friction force is 
assumed to take any value up to a maximum or 
limiting value. This limiting value is considered to 
be proportional to the normal contact force 
between the two surfaces, 


le. F=pN (see Fig. 3.3) (3.4) 


where 4 is called the cofficient of limiting friction. 

In practice yu is found to vary with sliding speed 
and often drops markedly as soon as sliding 
occurs. 

So far we have considered the contact forces 
acting at a point, although they are most likely to 
be distributed over a finite area, A. The intensity 
of normal loading defined by 


i AP dP 
iMas 077 = —=7 
MAO RA A 
is called ‘pressure’ or ‘normal stress’. 
It is conventional to speak of ‘pressure’ when 
dealing with fluids and ‘stress’ when dealing with 
solids. 


(3.5) 


3.5 Gravitation 
Isaac Newton was also responsible for formulat- 
ing the law of gravitation, which is expressed by 


Gm,m 


where F 1s the force of attraction between two 
bodies of masses m, and mp, separated by a 
distance d; G is the universal gravitational 
constant and has a value 


G = (6.670 0.005) x 107!! m? s~? kg™! 


The mass of the Earth is taken to be 5.98 x 1074 
kg and its mean radius is 6.368 x 10°m. From 
equation 3.6, the force acting on 1 kg mass at the 
surface of the Earth is 


(3.6) 


_ 6.670 x 107-1! x 5.98 x 1074 x 1 
(6.368 x 10°)? 


= 9.8361 N 


If this force acts alone on a unit mass, it follows 
that the acceleration produced will be 


9.8361 m/s? 


This quantity is often called the acceleration due 
to gravity and is given the symbol g; thus 


gravitational force = mass X g 


We prefer to regard g as the gravitational field 
intensity measured in N/kg. 
The declared standard values of g is 


2, = 9.80665 m/s? or N/kg 


This differs from the value calculated because the 
Earth is not a perfect sphere and also because 
the measured value is affected by the Earth’s 
rotation. 


Weight 
The weight W of a body is usually defined as the 
force on the body due to gravity (mg); however it 
is normally interpreted as ‘the force equal and 
opposite to that required to maintain a body at 
rest in a chosen frame of reference’, that is 
relative to the surface of the Earth or relative toa 
freely orbiting spacecraft in the sense of 
‘weightlessness’. The difference between the two 
definitions on the Earth’s surface is only 0.4 per 
cent. 

Using the latter definition, W = mass xg’, 
where g’ is the apparent field intensity. 

Unless otherwise stated, the value of g is taken 
to be gy. 


3.6 Frames of reference 

In the previous section the term ‘frame of 
reference’ was used. It is clear that in the 
interpretation of Newton’s first law we must have 
some reference frame from which to measure the 
velocity. For most elementary problems we 
consider the surface of the Earth to be a suitable 
frame, although we know that such a frame is 
rotating relative to the stars and is moving around 
the sun. 

Intuitively, we would guess that a frame having 
no acceleration relative to the sun and not 
rotating relative to the stars would be the best 
possible. Let us regard such a frame as ‘inertial’ 


or ‘Galilean’. It follows that any other frame 
moving with constant velocity relative to our 
Original inertial frame will also be an inertial 
frame, since Newton’s laws will be equally 
applicable. This is because force depends on rate 
of change of velocity, which will be the same 
when measured in either frame. 

If we cannot observe the entire universe, how 
can we be sure that we have an inertial frame? 
The simple answer is that we cannot. Consider 
conducting experiments in a lift, with no means of 
observing the outside world. Assume that the lift 
is accelerating downwards, in which case we have 
no means of telling whether the force of gravity 
has reduced or the lift is accelerating — even the 
use of the property of light travelling in straight 
lines would not help. Such considerations as these 
led Einstein towards the general theory of 
relativity. 

If we now consider experimenting on a rotating 
platform, we have the choice of assuming that the 
platform is rotating or, if this is denied, of 
inventing extra forces in order to explain the 
observed phenomena and preserve Newton’s 
laws. 


3.7 Systems of particles 

So far we have either considered only a single 
particle or tacitly assumed that there is a 
representative point whose motion may be 
described. However, any real object is an 
assembly of basic particles constrained by internal 
forces and acted upon by outside bodies and 
surface forces. 

Let us consider a collection of n particles of 
mass m; and position r;. The force acting on any 
typical particle may be due (a) to external body 
forces, (b) to internal forces of one particle on 
another, or (c) if the particle is at the surface, 
then a contact force 1s possible. 

For the ith particle (Fig. 3.4), 


k 


F; 


Figure 3.4 
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j 


where f;; is the force on particle i due to particle j. 
Thus 


external force + sum of internal forces 
= mass X acceleration 


Note that 
DSi Satie rasa Ti Peat (3.8) 
J 
By Newton’s third law, 
Sig = Si (3.9) 


and in most cases they are collinear. (Some cases 
exist in electromagnetic theory where the equal 
and opposite forces are not collinear; Newton’s 
law is then said to exist in its weak form.) 

If we now sum all equations of the form of 
equation 3.7, we obtain 


A+ DSH) > mF; (3.10) 


nm 


The double summation is in fact quite simple, 
since for every f; there is an fj, such that 


fi + Fi = 9. 
Hence we obtain 


3.8 Centre of mass 
The centre of mass (c.m.) of a body is defined by 
the equation 


m,n; = (m,)re = Mrg (3.12) 


where M is the total mass of the body and rg is the 
position of the c.m. as shown in Fig. 3.5. 


In scalar form, 
>, X; = Mxg; > My; = Myc; 


»m;z;= Mz (3.13) 





Figure 3.5 
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An alternative description may be obtained by 
writing 
ri=Tot pj 
and substituting into equation 3.12 gives 
2 m;(rg + pi) = (Lmj)rg 
hence >) m,p; = 0 (3.14) 


Differentiating equation 3.12 with respect to 
time gives 


<m,r;= Mrg and >m,%;=MFg  (3.12a) 
Similarly, from equation 3.14, 
>m:p;=0 and > m;p;=0 (3.14a) 


As an example of locating the centre of mass 
for a body with a continuous uniform distribution 
of matter, we shall consider the half cylinder 
shown in Fig. 3.6. 


Zz 





Figure 3.6 Cb) 
By symmetry, the centre of mass must lie on 
the z-axis. 
The mass of the element with density p is 
pb(rdé) dr 
and its mass moment relative to the xy plane 
(> m;Z;) is 
pb(rdé@)drrsin 6 


For an elemental cylinder of thickness dr and 
radius 7, the moment of the mass is 


0=7 6=7 
| pbr? drsin @d@ = pbr?(—cos 6) dr 


e=0 e=0 


= 2pbr? dr 


and for the whole body the moment of mass is 
| - 2pbr? dr = 200 (ar? | io = 3oba* 
r=0 i 


The mass of the whole body is p377ab so, by the 
definition of the centre of mass, 


>mz ffpbr7sine@drdé@ 
Zn = Se 
°" Sm Sfpbdrrdé 
Zoba°> _ 4a 


: Lobzra - 3or 








In terms of the c.m., equation 3.11 becomes 
»>F; = Mg (3.15) 


This equation states that the vector sum of the 
external forces acting on a particular set of 
particles equals the total mass times the 
acceleration of the centre of mass, irrespective of 
the individual motion of the separate particles. 
This equation is equally applicable to any system 
of particles, whether they are rigidly connected or 
otherwise. 


3.9 Free-body diagrams 

The idea of a free-body diagram (f.b.d.) is central 
to the methods of solving problems in mechanics, 
and its importance cannot be overstated. 

If we are to be able to use equation 3.15 
properly, then we must show clearly all the forces 
acting on any bodies, or collection of bodies, and 
to do this we must remove all other bodies from 
the diagram and replace their actions by forces. 
As an example, consider a rear-wheel-drive car 
towing a trailer (Fig. 3.7(a)) — the f.b.d. for the 
car is shown in Fig. 3.7(b). We will assume that W 
and F are known. 

Because the earth has been removed from the 
diagram, we must introduce the contact forces 
between the tyres and the road (here we have 
made an engineering assumption that the 
tangential force at the front wheel is small). Also, 
we have the sum of all the gravitational 
attractions, >) m,;g = W, acting at a point G, the 
centre of gravity of the body. It can be shown 
that, for a uniform field, the centre of gravity and 
the centre of mass are coincident points. 
Removing the trailer exposes the force on the 
towing bar, shown as two components for 
convenience. As the path of the vehicle is a 
straight line, ¥g = 0 and XG = a, as yet unknown. 

Equation 3.15 gives 


>: aad MxXc 
and > Fy = Myc 


Resolving the forces gives 


F—P—Wsina = Mtg = Ma (3.16) 
and Q-—Wceosa+R,+R,= Myg =90 (3.17) 
ee: cy 
NAAQS 
(a) 
vg 


(b) 





Wi 


Figure 3.7 


If we now draw a free-body diagram for the 
trailer, another useful equation may be derived. 
Note that on the free-body diagram, Fig. 3.7(c), P 
and Q are drawn equal and opposite to the P and 
Q on the car, as required by Newton’s third law. 

Resolving parallel to the road, 


P—W,sina = M,a 
Adding equations 3.16 and 3.18, we have 


Hence a ts determined so that using equation 3.16 
the force P can be found. 


(3.18) 


3.10 Simple harmonic motion 

As an example of one-dimensional motion we 
shall consider a special type of motion which is 
very common in physics. The motion is that due 
to forces such that the acceleration is proportional 
to the displacement from some equilibrium or rest 
position and is always directed towards that 
position. In mathematical terms, 


Xx=x-xX 


We have seen in section 3.4 that for a simple 
mass-and-spring system 
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mx + kx = 0 
k 

i.e. ,= Sz (3.19) 
m 


A first integral can be obtained by writing 


dv k 
X=0—=-— 


dx m 
k 
hence fodv= [Axa 
m 


d o kx? 
Sr SN gee 


dx k 
Thus oH = |(c2_£) 
dt m 


Now a second integral involves a substitution — 
that is, some guesswork — so let us guess that 
x = Asinwt, A and » being constants. Substitut- 
ing in equation 3.19 gives 


where C is a constant 


(3.20) 


k 
(—w*)Asinwt = —— (Asinat) 
m 


k 
wo? = — 
m 


therefore 


The same result would have been achieved had 
the substitution x = Bcoswt been made, hence we 
conclude that the general solution of equation 
3.19 is 


x = Asinwt+ Bcoswat 
where w = V(k/m) (3.21) 


The velocity at time f is 


dx . 
= = wAcoswt— wBsinat 


The values of A and B depend on the initial 
conditions. If, when t = 0, x = x9 and v = v then 


Xo9=B and w=wA 
This leads to 


v 
x=—sin wt+xgcoset, w= V(k/m) 
@ 


or alternatively 
x = Xsin(wt+ od) 


where X = V[(vo9/w)*+X9"7] and is called the 
amplitude and ¢@ = arctan (xyj@/v,) and is called a 
phase angle. 
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Figure 3.8 


A graph of x against ¢ is shown in Fig. 3.8. 

The function of x is seen to repeat exactly after 
a time interval of T called the periodic time. We 
know that the sine function repeats when its 
argument has increased by 277, therefore if time 
increases by 27/w this must be equal to the 
periodic time. Hence 


2alw = T (3.22) 


The inverse of the periodic time is the 
frequency, v. If the periodic time is measured in 
seconds then the frequency will be measured in 
cycles per second or, in SI units, hertz (Hz) - 
where 1 hertz = 1 cycle per second. 


1 
Therefore frequency v = 7 = (3.23) 


277 
Referring to Fig. 3.9, it is seen that the 
projection of the line OA which is rotating at an 
angular velocity wrad/s produces simple _har- 
monic motion. 





XSin(wt+P) 


Figure 3.9 


For the previously mentioned reason, w 1s 
called the circular frequency (or angular frequen- 
cy or pulsatance). 


3.11. impulse and momentum 
Equation 3.15 may be written as 
d 
SF = MS 
dt 


and integrated to give 


Sif 2 
» | Fdt= | Mdvg = Mv,-—Mv, = (3.24) 
1 I 


The integral >|? F dt is called the impulse and is 
usually given the symbol J. (Note that impulse is a 
vector quantity. ) 


Hence impulse = change in momentum 


Or J = A(Mvg) (3.25) 


This equation may be used directly if a 
force-time history is available as shown in 
Fig. 3.10. In this case the area under the curve is 
the impulse and may be equated to the change in 
momentum. 


Figure 3.10 


In collision problems, the impulse-momentum 
relationship is used in conjunction with Newton’s 
third law. By this law, the force of contact on one 
body during collision is equal and opposite to that 
on the other, and so the impulse received by one 
body will be equal and opposite to that received 
by the other. It follows that the momentum 
received by one body will be equal to that lost by 
the other. 


®-—F-® 


Mz M, 





Figure 3.11 


Consider the co-linear impact of two spheres A 
and B, as shown in Fig. 3.11. 
For mass A, 


|" Fat=J= Mg (u2- uy) 
For mass B, 


I. —Fdt = —J = Mp (v2 —- 2) 


fy 


Adding these two equations, 
Q0= Mau2+ Mgv2—(Mau, + Mgr) 
OT (M, u,+Mg2,) = (Maur + Mpr>) (3.26) 


thus, momentum before impact = momentum 
after impact. A fuller treatment is given in 
Chapter 8. 


3.12 Work and kinetic energy 
It is also possible to integrate equation 3.15 with 
respect to distance. In this case we rewrite the 
equation for a particle, F = mdv/dt, in its 
component forms 

Vx 


dz, dv, 
F, = mv,——, Fy = mv,—, F, = mv, 
dy 


dx dz 


Each equation may now be integrated, to give 





fF,dx = [mv,.dv, = 4mv,* + constant 

fF, dy = Jmv, dv, = mv,” + constant 

fF,dz = {mv,dv, = 4mv,7 + constant 
Adding these three equations, 


S(F, dx + F, dy + F,dz) 
= 4mv*+constant (3.27) 
(3.28) 


The integral on the left-hand side is seen to be 
equivalent to JF- ds since 


JF-ds = f(F,i+ F,j+ F,k) 
-(dxi+ dyj + dzk) 
= f(F,dx+ F,dy + F,dz) 


Hence fF-ds = 4mv’+constant 


where v7 =v:v= 0,°+0,7+0,7 


or | F-ds = 3mv,’ — 4m,’ (3.29) 


1 

The term {F- ds is defined as the work done by 
the force F when acting on a particle moving 
along a given path. The definition shows that only 
the component of force acting along the path does 
work on the particle. 

The term 4mv? is called the kinetic energy of the 
particle; hence equation 3.29 reads 


work done = change in kinetic energy 


The dimensions of work are those of (force) x 
(distance), so in SI units the dimensions are 
N m = J (joules). 

The dimensions of kinetic energy are 
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kg m7/s* = (kg m/s?) m=Nm=J 


Equation 3.29 was derived by integrating the 
equation of motion for a particle and thus it is not 
possible to include other forms of energy 
(thermal, rotational, etc.) in this development. 
Chapter7 gives a fuller treatment of energy 
methods. 

Note that work and energy are scalar quanti- 
ties. 


3.13 Power 
Power is defined as the rate at which work is being 
performed; therefore 


Gen) 
Oowe©r = — (Wor 
P dt 


d d ds 
= 4G WE as) = | |(e-Z)ay 


ds _ 
dt 


Since for a particle 


F-v (3.30) 


work = kinetic energy + constant 
th “ (k.e.) =< (Jmv-v) 
en power = —(k.e.) =—(amv-v 
7 dt cc 


. dv 
v= mv-— 
dt 


= ma-v 


thus 


The dimensions of power are 
N m/s = J/s = W (watts) 


Discussion examples 
Example 3.1 


Figure 3.12 shows two small bodies which collide. 
The masses of the bodies are my, =3m and 
mg = m. Before impact, A is stationary and B has 
a velocity up in the direction shown. After impact 
the velocities are vz and vp as shown. 

Assuming that external forces have a negligible 
effect, determine in terms of up the speeds v, and 
OB - 


Solution There is no change in momentum in 
the absence of external forces (section 3.2). 
Equating the initial and final momenta gives 
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-' 70° 
Noy 
Figure 3.12 
Mpg = MAva + Mgvp (1) 


For the x-components of equation (i), 
mug cos 45° = 3mv, cos5° + mvgcos70° (ii) 
and, for the y-components, 
mugsin45° = 3mv,asin5°+mvgsin70° (iil) 
Solving for v4 and vg from equations (ii) and 
(iii), we find 
va = 0.155 up 
and vp, = 0.709 up 


Example 3.2 
A force R= (3ti+0.4t*j) N is applied to a 
particle of mass 0.1 kg which can move freely in a 
gravitational field of intensity 2.36 N/kg. The 
gravitational force acts in the (—/)-direction and ¢ 
is the time in seconds. 

At time ¢=0 the velocity of the particle is 
(700i + 2007) m/s. Determine its velocity when 
t=2.0s. 


Solution The free-body diagram (Fig. 3.13) for 
the particle shows the force R and the weight W 
acting on it. 


y Bg 


ie 


R WwW 


Figure 3.13 
W = W(-J) = —mgi 


From Newton’s second law (equation 3.1), 


SF =ma 


where a is the acceleration of the body. Thus 
R+W=ma 
(3ti + 0.4¢j7 ) ~ (0.1)(2.36)j = (0.1) a 
a = [30 + (2.36 + 4t7)j] m/s (i) 


To find the velocity we shall have to integrate 
equation (i). Now 


a = dv/dt 


v2 a 
| dv = | adt 
v) uy 


Z 
04-0, = a [30a + (2.36 + 4t7)j] de 


and 


Noting that i and j are fixed unit vectors, we 
obtain 


V> — (700i + 2007) = Oe 
2 
+ (2.36(2) A) 


> = (760i + 215.4j) m/s 


Example 3.3 

A box of mass m is being lowered by means of a 
rope ABCD which passes over a fixed cylinder, 
the angle of embrace being a as shown in 
Fig. 3.14. The stretch in the rope and its mass can 
both be neglected. 





Figure 3.14 


If the coefficient of friction between the rope 
and the cylinder is , show that the tensions in the 
rope at B and C are governed by the relationship 

Tc/Tz =er" 


If the downward acceleration of the box is a, 
determine the tension TR. 





(b) (a) 
Figure 3.15 


Solution Figure 3.15(a) is the free-body diagram 
for an element of the rope in contact with the 
cylinder which subtends the small angle A@ at the 
centre of curvature. The change in tension across 
the element is shown by the forces T and T+ AT. 
The contact force with the cylinder has been 
resolved into components in the ep and @% 
directions. Since slip is occurring, the component 
in the eg direction is mp times that in the ep 
direction (equation 3.4). 

Since A@/2 is small we can replace cos (A@/2) by 
unity and write 


[> Fo a mas | 
T+ pAN—(T+AT) =0 (i) 
AT = pAN 


For the radial direction we can_ replace 
sin(A6/2) by Aé@/2 and write 


[> Fr= mak | 
AN —(2T+ AT)A@/2 = 0 


and, neglecting the term of second order of 
smallness, 


TA@= AN (11) 
Hence, eliminating AN, 
AT/T = pAé (i11) 


In the limit as A@ approaches zero, equation 
(111) becomes 


d7/T = dé 
Tc a 
and | d7/T = “| dé 
TR 0 
assuming 4 is constant. Thus 
In(Tc/Tp) = La 
Tc/Tz = ehe (iv) 
This is a well-known relationship. Note that the 


shape of the cylinder need not be circular. 
Since the mass of the rope is negligible, there is 
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no change in tension between C and D, as a 
free-body diagram and equation of motion would 
confirm. 

From the f.b.d. for the box (Fig. 3.15(b) ), 


[> F, = mig | 
mg—Tc=ma 
To = m(g—a) (v) 


Combining equations (v) and (iv), 


Tp =m(g—a)e * 


Example 3.4 

The trolley with telescopic arm of example 2.6 is 
reproduced in Fig. 3.16. The arm carries a body 
of concentrated mass 3.0 kg. Determine the force 
R exterted by the arm on the body for the position 
shown. 


0-S5rads/s” 





Figure 3.16 


Solution The free-body diagram (Fig. 3.17) for 
B discloses only two forces: the weight W and the 
required force R. From equation 3.1 (Newton’s 
second law), 


R 
(B) 
Figure 3.17 os 
> F = mag 
R+W =mag,z 
Since 
W=mg(-J) 


and ap (from example 2.6) is given by 
ap = (— 18.541+ 5.96j) m/s? 
then R = (3.0)(—18.54i+ 5.967) 


— (3.0)(9.81)(-J) 
= (—55.62i + 47.317) N 


32 Kinetics of a particle in plane motion 





3 4 5 


t/s 
Figure 3.18 


Example 3.5 
See Fig. 3.18. An unmanned spacecraft having a 
mass of 1100 kg is to lift off vertically from the 
surface of the Moon where the value of g may be 
taken to be 1.62 N/kg. At time t= 0 the rocket 
motors are ignited and the variation of the thrust 
P of the motors with time f is shown. 

Neglecting the mass of fuel burnt, determine 
the velocity when t= 5s. 


Solution The free-body diagram is shown in 
Fig. 3.19. Since there is no air resistance on the 
Moon, the only forces acting on the spacecraft 
when in flight are its weight W = mg and the 
thrust P. 


Figure 3.19 | P 
The equation of motion ts thus 
P—mg = ma (i) 


We shall have to integrate equation (1) to 
determine the required velocity. For the small 
time interval considered, we can neglect the 
variation of g with height so that the weight W has 
the constant value of W = 1100(1.62) = 1782N. 

Writing a = dv/dt and integrating equation (i) 
we have 


> to 22 
| Pdt— | 1782 dt = | 1100dzv 
hy t Dy 

P is not known as an analytic function of ¢ and 
so a numerical method must be used to evaluate 
the first integral. This is equivalent to measuring 
the area under the P-t curve. Thus 


[area under P-t curve from f, to 4] 
— 1782 [t—t ] ss 1100[v2— 2, | (11) 


We require the velocity v2 at t= 5s and know 
that when t = 0, v = 0. However, it would not be 
correct to substitute the values ¢;=0, t-=S, 
v; = 0 in the above relationship. Equation (i) 
applies only when the spacecraft is in flight. When 
the motors are first ignited the upthrust is less 
than the weight and contact forces will exist 
between the spacecraft and the surface of the 
Moon. The spacecraft remains in equilibrium 
until the thrust P exceeds the weight W = 1782N, 
at which instant the contact forces disappear and 
equation (i) applies. 

From Fig. 3.18 we note that P attains the value 
of 1782 N at time t= 1.1s approximately. Using 
this value for ¢, in relationship (ii) with v; = 0 
gives 


[area under P-t curve from t=1.1s 
to t= 5s] —1782[5— 1.1] = 110025. 


The required area is found to be 9180Ns 
approximately and hence 


v> = 2.19 m/s 


The motion of rocket-powered vehicles is 
considered in more detail in Chapter 8. 


Example 3.6 
The loaded cage of a vertical hoist has a total 
mass of 500 kg. It is raised through a height of 
130 m by a rope. The initia! upwards acceleration 
of the cage is 1.65 m/s” and this remains constant 
until a speed of 10m/s ts reached. This speed 
remains constant until, during the final stage of 
the motion, the cage has a constant retardation 
which brings it to rest. The total time taken 1s 
16.7s. 

Calculate (a) the tension in the rope at each 
stage, (b) the total work done by the tensile force 
on the cage and (c) the maximum power required. 


Solution 

a) The times and distances for each of the three 
stages of the motion can be found by writing 
simultaneous equations for constant acceleration 
for each stage and laboriously solving them. A 
more direct solution can be found by noting that 
the distance travelled is simply the area under the 
velocity—time graph, Fig. 3.20. 

The time tap from A to B 1s found from 





Figure 3.20 
10 
— =1.65 
TAB 
‘AB = 6.061 S 


From the area under the graph, 
Sap = 2(6.061)10 = 30.31 m 
The remaining time, fgp, 1S 
tap = 16.7—6.061 = 10.64s 
and the remaining distance, s, is 
SBp = 130—30.31 = 99.69 m 
Also from the area under the graph, 
io (‘Bs + se 10 
Z 
and hence 
tac = 9.305 


The distance Spc = (velocity)(time) 


= (10)(9.30) = 93.0 


and Scp = 130 — 30.31 — 93.0 = 6.69 m 


The time from C to D is 
tcp = 16.7 — 6.061 — 9.30 = 1.339 s 


Finally, the constant acceleration between C 
and D is 


acp = —10/1.339 = —7.468 m/s” 


The forces acting on the cage (Fig. 3.21) are T 
(due to the tension in the rope) and W = mg. 


Figure 3.21 
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T-—WT=ma 
= m(g+a) 
The different tensions are 
Tap = 500(9.81+1.65) =5730N 
Tgc = 500(9.81 + 0) = 4905 N 
and = Tep = 500(9.81—7.47) =1170N 


b) Denoting the upward displacement by y, the 
work done by the tensile force T (see section 
3.12) is 


|" F-ds = |" Fede 


Sj x} 


30.31 93 
= | Tapdx + | Tecdx 
0 


0 


6.69 
ss | Top dx 


0 


= $730(30.3) + 4905(93) 
+ 1170(6.69) 

= 637600 N m 

= 637.6 kN m 


{It will be seen from the techniques of 
Chapter 7 that this final result could have been 
obtained simply by multiplying the weight of the 
cage by the total vertical distance travelled. | 


c) The power required to lift the cage (see 
equation 3.30) is 


P=T-v=Tov 


since the tension and the velocity are in the same 
direction. The power clearly has a maximum 
value just at the end of the first stage of motion. 
Thus 


Prax = (5730)(10) = 57300 W 
=57.3kW 


Problems 


3.1 Two bodies A and B collide and coalesce. The 
masses of the bodies are ma, = 1 kg and mg = 2 kg. The 
velocities before impact were vag = (151+ 307) m/s and 
Vp = (—20i— 107) m/s. Determine their velocity after 
the impact, assuming that only the impact forces are 
significant. 


3.2 A railway truck A of mass 3000 kg is given a 
velocity of 4.0 m/s at the top of a 1 in 100 incline which 
is 50m long. Neglecting all frictional resistance, 
determine the speed at the bottom of the incline. 
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Just beyond the bottom of the incline, truck A 
collides with a stationary truck B of mass 4000 kg and 
the two trucks become coupled automatically. Deter- 
mine the speed of the trucks after the collision. 


3.3. A body of mass 7m is initially at rest. Forces whose 
resultant is R = Ri and then applied to the body. 


K 





(a) Cb) 


Figure 3.22 


For the cases indicated in Fig. 3.22, which show the 
variation of the modulus R of the resultant with 
displacement x, find the velocity when x = x,. 


3.4 A resultant force R = R,i+ R,j acts on a body of 
mass 0.5 kg. R, = (10+ 347 )N and R, = (2t°)N, where 
tis the time in seconds. At time t = 0, the velocity vg of 
the centre of mass G is (5i+3/) m/s. Find ug when 
t=2s. 


Ug, /(m s-/) 





0 
Figure 3.23 


3.5 A link AB of a mechanism moves in the xy-plane. 
The mass of the link is 3.2kg and the velocity 
components vg, and vg, of the centre of mass G are 
shown in Fig. 3.23. Determine the resultant force 
acting on the link when ¢ = 2s. 


Ta 


10 
Figure 3.24 " 


3.6 A small military projectile is launched from rest 
by a rocket motor whose thrust components F, and Fy 
vary with time of flight as shown in Fig. 3.24. The 
vertically upwards direction is +y and the value of g 
may be taken as 10 N/kg. 

The mass of the projectile is 10kg and ts assumed 
to remain essentially constant. If air resistance 1s 
neglected, estimate (a) the magnitude of the velocity of 
the projectile after 10s, and (b) the distance travelled 
by the projectile in the x-direction during this time. 


3.7 The coefficient of friction between a box and a 
straight delivery chute is 0.5. The box is placed on the 
chute and is then released. Establish whether or not 
motion takes place and, if it does, the acceleration 
down the chute if its angle of inclination to the 
horizontal has the following values: (a) 20°, (b) 30°, (c) 
40°. 





Figure 3.25 


3.8 Acar leaves a motorway at point A with a speed 
of 100 km/h and slows down at a uniform rate. Five 
seconds later, as it passes B, its speed is 50 km/h 
(Fig. 3.25). The radius of curvature of the exit road at B 
is 110m. The mass of the car is 1500 kg. 

Find (a) the acceleration of the car at B and (b) the 
total force exerted by the car on the road at B. 


N 
y 
gee eB 
Bam 
Figure 3.26 A Lea By 


3.9 A missile is launched from point A (Fig. 3.26) 
with a velocity v inclined at an angle B to the horizontal 
and strikes the plane inclined at a to the horizontal at 
B. Show that 


2v’sin y 
gcosa 


where y = B-a. Neglect air resistance. 


AB = 





[cos y— tanesin y] 





Figure 3.27 


3.10 For the missile launched with velocity o for the 
configuration shown in Fig. 3.27, show that the distance 
BC does not depend on the angle a if air resistance can 
be neglected. 


3.11 Figure 3.28 shows a block A on a horizontal 
surface and the coefficient of friction between block 
and surface is 0.7. Body B is connected to block A by a 
cord passing over a light pulley with negligible friction. 
The mass of A is 2kg and that of B is 1.6kg. Draw 
free-body diagrams for A and B to establish that, if the 





Figure 3.28 


system is released from rest, motion takes place, and 
find the tension in the cord. Neglect the stretch in the 
cord and its mass. 


3.12 A power boat whose mass is 2000 kg is heading 
towards a mooring buoy at a steady speed of 10 m/s. 
The combined water and air resistance of the hull varies 
with speed as shown in Fig. 3.29. 
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The approach to the buoy is then in two stages. 
Engine output is first reduced so that the thrust is 
halved. After a further period at the steady lower 
speed, the engine is shut down completely. What is the 
deceleration immediately following the first reduction, 
and what steady speed is achieved during this stage? 

Calculate also the distance from the buoy at which 
final shut-down should occur, for the boat to come to 
rest at the buoy without further manoeuvring. 





Figure 3.30 


3.13. The hovercraft illustrated in Fig. 3.30 has a total 
mass of 600kg with a centre of mass at G. The 
propulsion unit produces a thrust 7 on the craft of 
900 N which gives a top speed of 120 km/h in still air. 

Assuming that the air resistance R is proportional to 
the square of the air speed, and that the tangential 
force between the craft and the ground ts negligible, 
determine the acceleration of the craft when T = 900 N 
and the speed through still air is 50 km/h. 


3.14 A saloon motor car with driver has a mass of 
700 kg. Wind-tunnel tests are used to predict how D, 
the total resistance to motion on a level road, varies 
with forward speed v. Engine and transmission tests are 
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used to predict how 7, the maximum tangential force 
obtainable between the road and the driving wheels, 
also varies with forward speed v. 

The results are given below: 


v/(km h7') D/newton T/newton 
18 325 1500 
36 350 2000 
54 390 2200 
V2 500 2100 
90 650 1900 
108 850 1600 
126 1150 1300 


Estimate the minimum time in which the car can 
accelerate forwards from 18 km/h to 126km/h on a 
level road under conditions similar to those simulated 
in the tests. 





Figure 3.31 


3.15 See Fig. 3.31(a). The lifeboat B is travelling 
down the incline and as it passes point A (x = 0) its 
speed is 3.0 m/s. The coefficient of friction 4 varies with 
x as shown at (b). Estimate the speed of the lifeboat 
when it has travelled 10 m past A. 


3.16 Car A is being driven along a main highway at a 
steady speed of 25 m/s towards a junction. Car B is 
being driven at a steady speed of 20 m/s towards the 
same junction along a straight road up an incline of 10° 
to the horizontal. At a particular instant car A is at 
200 m from the junction and car B is at 135m. A few 
seconds later the driver of car B observes car A and 
applies his brakes immediately, causing all four wheels 
to skid. His car just stops at the junction as car A passes 
through. 

Determine the coefficient of friction between the 
tyres of car B and the road. 


3.17 A road test is carried out on a sports car on a 
level road on a windless day, and the car is driven in 
such a way as to achieve the maximum possible 
acceleration through the gears. Results from the test 
are plotted in Fig. 3.32. 

Estimate the following: (a) the time taken to travel 
the first 0.4 km of the test, (b) the maximum gradient 
the car can ascend in still air at a steady speed of 
110 km/h in third gear and (c) the magnitude of the 
maximum possible acceleration for straight-line motion 
in still air at 160 kmvh in fourth gear when the car is 
descending a gradient of 1 in 20. 
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Figure 3.32 


3.18 In the test rig for an ejector seat (Fig. 3.33(a)) 
the seat containing a dummy has a total mass of 500 kg. 
It is propelled up the launching guide by a rocket which 
develops a thrust whose magnitude 7 varies as shown 
by the graph in Fig. 3.33(b). 
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Figure 3.33 


a) Find the maximum acceleration to which the 
dummy is subjected. 

b) Estimate the velocity of the dummy 1.2s after the 
rocket is fired. 

Air resistance and friction in the guides may be 
neglected. The mass of the fuel burned 1s small and may 
also be neglected. 


3.19 <A small jet aircraft has a mass of 7350 kg and a 
jet thrust of 50kN. During take-off, resistance to 
motion is equal to the sum of the aerodynamic drag 
force and the rolling resistance of the wheels; the latter 


Force/kN 
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Figure 3.34 


force is equal to 0.02 times the normal reaction. Lift 
forces also act on the aircraft, and both the lift and drag 
vary with the horizontal velocity of the aircraft in the 
manner shown in Fig. 3.34. 

Estimate the minimum length of runway required for 
take-off. Assume that the jet thrust and drag are always 
horizontal and that the lift forces act only vertically 
during take-off. The entire aircraft can be considered to 
be a rigid body in translation with wheels of negligible 
mass. 
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3.20 See Fig. 3.35. A lunar module P of mass 
15000 kg is approaching the Moon, which has a surface 
gravity of 1.62 N/kg and a mean radius of 1738 km. The 
centre of the Moon is taken as an origin O. When the 
module is 80km from the surface, its velocity v is 
inclined at 45° from the line OP. The reverse thrust T of 
the descent engine then has a magnitude of 44.5 KN and 
is inclined at 15° to the line OP. 

Determine (a) the magnitude of the component of 
the acceleration of the module along the radial line OP 
and (b) the magnitude of the component of the 
acceleration of the module normal to its flight path. 


Figure 3.35 
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Force systems and equilibrium 


4.1 Addition of forces 

Force has been defined in Chapter3 in the 
context of Newton’s laws of motion. The action of 
a single force has been quantified by the changes 
it produces in the motion of a particle. 

As we have shown that force is a vector 
quantity, any two forces acting at a point may be 
replaced by a resultant force R (Fig. 4.1). If a 
third force is now introduced, this may be added 
to R in just the same way as F, was added to F; 
(Fig. 4.2). 


Figure 4.1 





Figure 4.2 


It is obvious that the position of the point of 
application is important. Consider two forces, 
equal in magnitude and direction, acting on 
different points on a body as shown in Fig. 4.3; 
their effects are clearly not the same. If, now, the 
force at A is applied at C, the overall effect is not 
altered; however, the internal effects will be 
different. 

We conclude that the overall effect is governed 
by the line of action of the force and not by any 





Figure 4.3 


specific point on that line. The difference between 
F,, and Fp is characterised by the separation d 
of the lines of action. 


4.2 Moment of force 
By definition, the magnitude of the moment of F 
(Fig. 4.4) about O is Fd. 





Figure 4.4 


Clearly any force F acting tangentially to a 
sphere, radius d, gives a moment of the same 
magnitude, but the effect is uniquely defined if we 
associate with the magnitude a direction perpen- 
dicular to the plane containing F and r in a sense 
given by the right-hand screw rule. The moment 
of a force may therefore be regarded as a vector 
with a magnitude Fd = Frsina and in a direction e 
as defined in Fig. 4.4. Hence we may write the 
moment of the force F about the point O as 


Mo = Frsinae = Fde (4.1) 
4.3 Vector product of two vectors 
The vector or cross product of two vectors A and 
B is written AXB and is defined to have a 
magnitude |A||B/sina, where a@ is the angle 
between the two vectors. The direction of A X B is 
given by the right-hand screw rule as shown in 
Fig.4.5. Note that the vector product is not 
commutative since by definition Bx A = —A XB, 
see Fig. 4.5. 

If A and B are expressed in terms of their 
Cartesian components, 
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B A 
a 
A~B B 4A 
OX 
BxA 
Figure 4.5 
AXB=(A,i+A,j+A_k) 
xX (B,i+ Byj+ Bk) 


We must first consider the vector product of 
orthogonal unit vectors. By inspection, 
ixj =k=-—jxi 
JXk=i =—-kxj 
kKxXi=j =-ixk 
also ixi=jxj=kxk=0 
hence 
AXB=A,By,ixj+A,B,ixk 
+A,B.jxit+A,Bjxk 
+A,B,kXi+A,B,k xj 
= A, B,k—A,B,j 
=A BRT A BA 
+A,B,j—A,B,i 
= (A,B, — A,B, )i+ (A,B, — A,B,)j 
+ (A, By — Ay By )k (4.2) 
This result is summarised by the following 
determinant: 
i J k 


AXB=| A, Ay A, (4.3) 


B, B, B, 


From Fig. 4.4 we note that by the definition of 
the vector product of two vectors, equation 4.1 
may be written as 


Mo =rxF=rFsinae 


4.4 Moments of components of a force 
Consider two forces F, and F> whose resultant is 
R acting at point A (Fig. 4.6). The moment about 
O Is 
Mo =rxXR 
=rx (F, + F,) 


=rxF,4+rxF, (4.4) 


Figure 4.6 


i.e. the moment of the resultant of F, and F> is 
equal to the vector sum of the moments of the 
components. 

If a force F is replaced by its Cartesian 
components then the moment about O is, by 
inspection of Fig. 4.7, 


Mo = (yF, — ZF, )it (2F, —xF.)j 
+ (xF,—yF,)k (4.5) 





Figure 4.7 


and this is seen to be the same as the 
vector-algebra definition 


Mo =rXF=(xi+t yjt 2k) 


x (F,it+ Fyjt+ Fk) 
i J k 
=| x Zz (4.6) 
F, Fy F, 


4.5 Couple 

A couple is defined as a system of two 
non-collinear forces equal in magnitude but 
opposite in direction, i.e. in Fig. 4.8 Fy = —F>. 





Figure 4.8 
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The moment of the couple about O is 
Mojo =mXFi+r7,XF, 
=r, F,4+r, X(-F2) 
=(r.—1) X F2 
= (r,—r,)(sina) Fhe = dF2,e (4.7) 


where e is normal to the plane containing d and F. 

We see from this result that the moment of a 
couple is independent of the origin O and its 
magnitude is equal to the magnitude of one of the 
forces times the shortest distance between their 
lines of action. 

It should also be noted that the resultant force 
of a couple is zero and the moment of a couple is 
often referred to as its torque. 


4.6 Distributed forces 
In most cases we have regarded forces as being 
applied at a point, but in practice this single force 
is the resultant of a distributed-force system 
which may be considered to be many small forces 
closely spaced. 

Consider a small plane surface of area 6A acted 
upon by a force having normal component 6F, 
and tangential components 5F, and 6F, (Fig. 4.9). 


SF. 


SF; 
bl 
SF, 


Figure 4.9 


The intensity of loading normal to the surface is 
defined as 


z 


lims 4-0 =| =o Or p (4.8) 


dA 


When dealing with forces in solid mechanics this 
is referred to as a normal stress, a, and in fluid 
mechanics it is called the pressure, p. 

The terms lims 4_+0 [OF /5A | and lims 4.0 [5Fy/ 
6A] are called shear stresses (7). 


Equivalent co-planar force systems 
It is sometimes convenient to replace a single 
force by an equal force along some different line 
of action together with a couple, where the 
moment of the couple C is dF, as shown in 
Fig. 4.10. 

In general, two systems of forces are said to be 
equivalent, or equipollent, if they have the same 


Figure 4.10 


resultant and the same moment about any 
arbitrary point. 

It follows directly that any set of co-planar 
forces may be replaced by a single force plus a 
couple. The value of the couple depends on the 
line of action chosen for the resultant, but the 
value of the resultant is, of course, constant. 

Since a single force may be replaced by a force 
plus a couple, the converse is also true provided 
that the resultant is not zero. Hence we may make 
the following statement: 

Any system of co-planar forces may be 

replaced by a single force, or a force plus a 

couple. If the resultant is zero, then the system 

may be replaced by a couple. 


4.7 Equivalent force system in three 
dimensions 
For a general system of forces, the resultant is 


R=» F; (4.9) 
and the moment about some arbitrary origin O is 
Mo = DXF; (4.10) 


We may therefore replace the system by a single 
force plus a couple. It is not generally possible to 
replace this system by a single force; however, it 
is possible to simplify this system to a single force 
plus a parallel couple. 

In Fig. 4.11 the couple C may be replaced by 
two components, one parallel to R and one 
perpendicular to R. 


R 





Figure 4.11 


By moving the line of application of R in the 
plane normal to C, by a distance |C,|/|R|, the 
system is now replaced by a single force R, 
the resultant, and a single co-axial couple C, 
called the wrench. 
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4.8 Equilibrium 

There are two slightly different definitions of the 

concept of equilibrium; they are 

1) a body is said to be in equilibrium when it is at 
rest (or, since velocity is relative, this implies 
that a// points have zero acceleration); 

ii) a system of forces is said to be in equilibrium 
when the resultant force is zero and the 
moment about any arbitrary point is zero. 

Condition (i) implies (ii), but (ii) does not 
imply (1). For example the external forces acting 
on a flywheel rotating at constant speed satisfies 

(11) but not (i); also a spring being compressed by 

equal and opposite forces satisfies (11) but not 

always (1). 


4.9 Co-planar force system 

If we have a set of forces acting in the xy-plane 
then the condition for equilibrium of the system 
of forces is simply 


»F = 0 (4.11) 
and Mo =0 (4.12) 
or, in scalar form, 
DF, =0 
DF, =0 (4.13) 
»Mo: = 0. 
For a_ force system in the _ vxy-plane 


Mox = Mo, = 9, so that Mo, Is often replaced by 
Mo without ambiguity. 

If the set consists of three forces and no couples 
then, from Fig. 4.12, 





Figure 4.12 
F,, + For + Fu, = 0 (4.14a) 
Fig t Poy +65, = 0 (4.14b) 
—F,d,—F,d,+ F3d, = 6 (4.14c) 


As there are three independent equations there 
must be exactly three unknowns in the problem. 
For example, if F,; and F, are known then the 


unknowns are F3,, F3, and d;. Equations 4.14(a) 
and (b) determine F3, and F3,, therefore F; is 
now known in magnitude and direction. Equation 
4.14(c) is used to find d3. 

The solution to this problem may also be found 
graphically by drawing a force diagram to some 
convenient scale, as shown in Fig. 4.13 to find F3. 
Since the resultant must be zero, F3 1s the vector 
required to close the figure. The line of action can 
easily be found. Because the moment about any 
arbitrary point must be zero, it must be zero 
about the point of intersection of the lines of 
action of F, and F,; hence F3 must pass through 
this same point, i.e. the three forces must be 
concurrent. 


F 





7 


Figure 4.13 


A simple plane frame will serve to examine 
some of the typical applications of equilibrium. 
Once again the concept of the free-body diagram 
is of great importance. 





Figure 4.14 


Example The structure shown in Fig. 4.14 is 
constructed of bars which are assumed to be 
connected by frictionless pins at their ends. 


{2 


NS 
x 
p~ 


Figure 4.15 


A free-body diagram of a typical bar (Fig. 4.15) 
soon shows that the loading is purely axial in all 
bars provided that the loads are applied only at 
the joints. 

Equilibrium equations are 


SF.=0 «.P-Q=0 

YF, =0 -.R+S=0 

> moments aboutO=0 .. Sa=0 
therefore S=0,R=OQOand P= Q. 


. 


a, Ry | 


Figure 4.16 


The free-body diagram for the complete 
structure is shown in Fig. 4.16. For equilibrium 
the equations are 


—-H=0 

R,+R.+P=0 

and R,(2a)+ P(sa) =0 
hence R=4P 
R, =iP 
H=0 


Note that the form of support ensures that 
there are exactly three unknown reaction forces. 
The reactions in this case are said to be statically 
determinate. Too few supports would lead to the 
possibility of collapse and too many would mean 
that the reactions would depend on the elastic 
properties of the structure. 

If the forces acting on individual members of 
the structure are required, then these forces must 
be exposed by suitably ‘cutting’ the structure and 
producing a new free-body diagram. 


P 
— T 
pr, \ Ty 
Figure 4.17 


Consider the joint at B (Fig. 4.17). There are 
three unknowns but only two equations, since 
taking moments about B yields no information. 
However, resolving vertically, 


P+ T,cos30° + T3cos 30° = 0 
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and horizontally 
T, + T,cos 60° — T3cos60° = 
Consider the joint at A (Fig. 4.18) : 


fr 


Figure 4.18 

3P + T3cos30° = 0 

T3cos60°+ T, = 0 
therefore 73; = —3P/cos30° = —PV3/2 
and T, = —4T; = PV3/4 


Hence we can solve for T, and 7, above. 
Because the structure itself is statically deter- 
minate, each joint may be considered in turn. 


rT 





DW omy 


Figure 4.19 


It is not always necessary to solve for all the 
internal forces in order to determine just one 
particular force. For example, if the load carried 
by member BC is required, then the free-body 
diagram (Fig. 4.19) will expose the force in that 
member. Resolving forces in the vertical direction 
gives 

qP — P— T>cos30° = 0 
hence T> = —P/(2V3) 
Similarly, moments about C will yield T,. 
It is seen that the key to the problem is drawing 


the right free-body diagrams, and practice is the 
only sure way to gain the essential experience. 


4.10 Equilibrium in three dimensions 
In three-dimensional problems there are six scalar 
equations, namely 
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DF ea 0 >» Mo, = 0 

DF y = 0 Mo, = 0 

LF Zo 0 =M Oz — 0 
The basic problem is still the same, except that 
the geometry is more involved and simple plane 
force diagrams cannot be drawn. It is now that the 


benefits of vector algebra can be seen: as an 
example consider the problem shown in Fig. 4.20. 


(4.15) 





Figure 4.20 


A flap ABCD carries a load W at F and is 
hinged about the x-axis on two hinges, one at A 
and one at B. Only the hinge at A can resist a load 
in the x-direction. A cable EC supports the door 
in a horizontal plane. 


Free-body diagram 


ru yh 
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Figure 4.21 


From Fig. 4.21, we see that there are six 
unknowns X, Y, Z, are the components of force 
F, and U, V are the components of Fx,.T. is the 
tension in the cable and may be written as 


T=Te 

where e is the unit vector in direction CE. 
~—ait+ajt+aV 2k 
eR trial) 
= —-H+¥W+khV2 
sothat T= T(—0.5i+ 0.57 + 0.707k) 
Taking moments about A gives 
M, = (—2aj/) X (—W)k+ai 
x (Uj+ Vk) + (ai-—aj)-x T 


The component of M, along the x-axis is given 
by 
M,-i=—2ajX(-—W)k:i 
—ajX T(0.57+0.707k)-i 
= 3Wa — aT(0.707) = 0 
therefore T= W/1.414 
If V is required, then M,-e will exclude T 
since, by definition, 7 is parallel to e and will 
therefore have no moment about any axis parallel 
toe. 
M,-e = (—2aj) X (—W)k- (—0.5i+ 0.57 + 0.707k) 
+ ai X (Uj + Vk) -(—0.5i+ 0.5j+ 0.707k) 
= —4aW + a(U0.707 — V0.5) = 0 
after some manipulation (see next section). 
Moments about a vertical axis through A give, 
by inspection, U=0; hence V=—2zW. (This 
result can also be obtained by considering 
moments about the line AC.) 


4.11. Triple scalar product 

In the previous section use was made of the triple 
scalar product, the properties of which are now 
discussed. 





Figure 4.22 


From section 4.3, A X B = ABsinak. 
ABsin ais the area of the parallelogram abcd in 
Fig. 4.22; therefore 


AXB-C = ABsinak-C 
= (ABsina)(CcosB) 
= the volume of the parallelepiped 


By symmetry, the volume is also BXC-A 
=CXA-B and, because the dot product is 
commutative, the volume isA:-BXC=B-CXA= 
C-A XB, so we see that the position of the dot 
and the cross may be interchanged. It is also clear 
that if any two vectors are parallel then the 
product is zero. 

It is easily shown that the triple scalar product 


A, Ay A, 
AXB-C=A-BXC=|B, B, B, 
C, 6. © (4.16) 


The sign of the result is unaltered provided the 
same cyclic order is preserved: reverse cyclic 
order introduces a change of sign. 


4.12 Internal forces 

At any internal surface of a body the sum of the 
forces acting over the surface will have a resultant 
R and the moment of all the elemental forces 
about the centroid is equivalent to a couple C (see 
Fig. 4.23). If the z-axis coincides with the axis of 





Figure 4.23 


the body, then the components of R and C have 
the following descriptions: 


F, = F, = shear force 
F, = axial force (tension or compression) 
M, = M, = bending moment 


and M, = twisting moment 


In these definitions the forces and couples are 
being applied to the surface; in some analyses the 
sign is defined in terms of the deformation 
produced, e.g. a positive M, is one producing a 
positive curvature in the yz-plane. 


4.13 Fluid statics 

Pressure at a point. A fluid is characterised by 
the property of taking the shape of any vessel into 
which it is placed — this means that a fluid will not 
sustain a shear stress when static. Consider an 
element of fluid, density p, as shown in Fig. 4.24. 





Figure 4.24 
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The weight of the element is pg3(dxdydz). 
Resolving forces in the vertical direction, 


dx 
pydxdz—pdzds—— — apg (dx dy dz) = 0 


hence (p,—p)dxdz—spgdxdydz = 0 
therefore in the limit, as the volume tends to zero, 


(py—P = 0. 
Resolving forces horizontally, 


dyd a 0 
dy dz—pdzds— = 
px,dydz— p 


hence p,—p=0 


We see that, for an infinitesimally small 
volume, 


Px=Py=p (4.17) 


that is, the pressure is the same in all directions at 
any point in a fluid at rest. 


Pressure at a depth in a liquid. Since the fluid 
within any volume is in equilibnum, the vector 
sum of all the forces acting on the surface of that 
volume must be equal to the weight of fluid within 
that volume. 

Resolving vertically for the forces shown in 
Fig. 4.25, 


Free surface 





Figure 4.25 


pdA'cosa—pgdAh = 0 
but dA’cosa=dA 





hence p=pgh (4.18) 
Force on a plane submerged surface. In Fig. 
4.26, Ge 
Free ges ae 
surface 
i G (centroid) 


Figure 4.26 
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force on the elemental area = pg(scosa)dA 
thus total force = fpg(scosa)dA 
= pgfsdAcosa 


The integral fsdA is the first moment of area 
about XX and is equal to AS, where Ss, by 
definition, is the location of the centroid of the 
area. 

Therefore the total force acting on the area is 
given by 


P= Apgscosa 
= area X (pressure at the centroid) (4.19) 
The moment of the force about XX 1s 


Ps = f{pg(scosa)sdA 
= pgcosafs*dA 


The position of the centre of pressure is 
denoted by 5. The integral fs*dA is defined to be 
the second moment of area about XX and is 
denoted by Ixx = Akxx”. The term kxx is called 
the radius of gyration and is analogous to the term 
used in the description of the moment of inertia of 
a thin lamina (see Chapter 6). Thus 

P5 = pgcosaAkxy? 
aad = Ppgcos aAkxx* 
giving 8 § =————— 

A pgs COs a 
(4.20) 


= kxx/§ 


4.14 Buoyancy 

Consider a region of a fluid, density p, at rest 
bounded by a surface S as shown in Fig. 4.27. It is 
clear that the vector sum of the surface forces due 
to static pressure must be equal and opposite to 


\ ee fluid surface 


y 


a 
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Figure 4.27 


the gravitational force. The weight of the fluid is 
pVg where V is the volume of the region so this 
must be equal to the value of the upthrust and this 
force acts at the centroid of the region. 

If the body floats then it will displace its own 
weight of fluid so the upthrust will act through the 
centroid of the submerged volume, also known as 
the centre of buoyancy. 


4.15 Stability of floating bodies 

Figure 4.28 shows a vessel floating in the normal 
position. If the centre of gravity, G, of the vessel 
is below the centre of buoyancy the configuration 
is clearly stable. But if the centre of gravity is 
uppermost then we must investigate the condi- 
tions for stability. 





G 
water + line 
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Figure 4.28 


If the vessel is rotated by a small angle @ as 
shown in Fig. 4.29 then the upthrust will be an 
amount equal to mg through the original centre of 
buoyancy B plus a couple due to the gain in 
buoyancy on the low side and the loss of 
buoyancy on the high side. 





Figure 4.29 


The moment due to an elemental area dxdy is 
pgx0x dx dy so writing dA = dxdy the total couple 


= f pg0x*dA = pg@fx7dA 


where the integral is taken over the cross-section 
area at the water-line. This integral is, by 
definition, the second moment of area and will be 
denoted by /, so the couple C = pgé@l. 

The original upthrust mg = pVg, where V is the 
displacement of the vessel, and acts through the 
original centre of buoyancy B. This force plus the 
couple may be combined into a single force acting 
through a point M. The position of M can be 
found by the fact that the moment about M of the 
hydro-static forces has to be zero. 


Thus pVgBM@-C =0 
or pVgBM@é@ 
giving BM 


= pg Ol 
=1/V (4.21) 


The height of M above G is known as the 
metacentric height and the point M as the 
metacentre. 


Thus the metacentric height GM = BM —BG 


—_—_—s 


VV -BG. 
(4.22) 


Clearly for stability the metacentric height must 
be positive. 


Discussion examples 
Example 4.1 


In the simple structure shown in Fig. 4.30, links 
AB and BC are pinned together at B and to 
supports at A and C. Neglect the effects of gravity 
and determine the forces in the pins in terms of 
the applied load P. 


0-2510-25| 0-5 





Figure 4.30 


Solution One way of solving this problem is to 
resolve the forces into x- and y-components and 
write force and moment equations for each link. 
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Figure 4.31 


Free-body diagrams for AB and BC are shown 
in Fig. 4.31 with the force components at B on 
AB equal and opposite to those at B on BC 
(Newton’s third law), the directions of the forces 
otherwise being chosen arbitrarily. 

Since each link is in equilibrium, we can use 
equations 4.12: >) F, = 0, Fy =0 and >} Mo = 0 
where the subscript O indicates an arbitrary axis 
perpendicular to the xy-plane. 


For link AB: 
>» F, = A,—B, =0 (1) 
> Fy, = A.+ B,-P=0 (ii) 


> Ma= (0.5)Bz—(0.25)P + (1)B, = 0 (111) 
For link BC: 


SF, =B,+C,=0 (iv) 
> F, = -B, + C)=0 (v) 
> Mc = —(1)B, + (0.5) By = 0 (vi) 


There are six independent equations, with six 
unknown, which can be laboriously solved to give 
A, = 4P, A> = 3P, B, =P, P5=4F, C, = -#P, 
C5 re aP . 

The magnitudes of the forces in the pins are 

Fa =[(#)*+(@)°]'°P == 0.7603P 
Fp = [4)°+@)7]°P = 0.2795P 
Fo = [(—4)? + G)7]'’P = 0.2795P 

If we draw a single free-body diagram 

(Fig. 4.32) for the two connected links, the forces 


at B become internal forces and do not appear on 
the diagram. 


>» F, = A,—C, =0 (vii) 
> Fy, = A2—-P+C, =0 (viii) 
> Ma = (1)C,— (0.25) P = 0 (ix) 


Equations (viii) and (ix) give 
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Figure 4.32 


A> = 3P and C> = iP 


and these results enable equations (i) and (vi) to 
be solved more easily. 

These solutions have made no use of the special 
relationships governing connected bodies in 
equilibrium where some of the bodies have only 
two forces or only three forces acting on them. 
For the former case, the forces must be equal, 
opposite and collinear, otherwise there would be 
a couple acting. Link BC is such a body and has 
one force at B, the other at C. The directions of 
these forces must therefore lie along BC. The 
free-body diagrams for the separate and con- 
nected links may now be drawn as shown in 
Fig. 4.33. 


Fp ( = Fe) 








Figure 4.33 


We can see immediately that the single 
equation >, M, = 0 for either AB alone or for the 
connected links will give the forces at B and C. 
For link AB: 


> M, = —(AF)P+(AG)Fz = 0 
The length AG is found to be 0.894, therefore 
—(0.25)P + (0.894) FR = 0 
Fz = 0.279P = Fe 


We can then use, for example, the two 
equations > F, = 0, > F, = 0 to find A; and Ap. 
Thus we have reduced the number of equilibrium 
equations written to three. 

We still have not made use of the relationship 
that, if a body is in equilibrium under the action 
of three non-parallel forces, those forces must be 
concurrent (section 4.9). Link AB is such a body. 
We know the direction of the force at B from the 
properties of the two-force link BC. 

The force at B intersects the force P at point X 
on Fig. 4.34(a), and so the force at A also passes 
through this point. If we draw the linkage to scale 
to determine the location of X then we can draw 
the force triangle for forces P, F, and Fx, acting 
on AB and determine F, and Fg in magnitude 
and direction (Fig. 4.34(b) ). 
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Figure 4.34 


The solution to this problem has now been 
reduced to the drawing of a single force triangle. 

Where use is made of the special properties 
of two- or three-force links in equilibrium, the 
technique is known as a semi-graphical method. 
This technique is employed in the outline solution 
of the next problem. 


Example 4.2 

Figure 4.35, which is drawn to scale, shows a 
spring-assisted hinge mechanism for a motor-car 
bonnet. Two such mechanisms are attached to the 
bonnet and are symmetrically disposed about the 
fore-and-aft centre line of the bonnet. Each 
mechanism consists of the cranked links ABCD 
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Figure 4.35 


and EFG together with the two-pin links BH and 
DE, and spring assistance is provided by the 
spring AJ. The bonnet weighs 130 N, its centre of 
gravity is at O, and it 1s attached to pins at H 
and G. 

The system is in equilibrium in the position 
shown. Neglecting frictional effects and the 
weights of all the members other than that of the 
bonnet, (a) find the magnitudes of the forces at 
pins B, E and G; (b) find the force in the springs 
and (c) state whether the springs are in tension or 
compression. 


Solution Each mechanism supports half the 
weight of the bonnet, so that the effective vertical 
load at O for one mechanism is 130/2 = 65N. 
The two-force links are BH, DE and AJ, and 
the three-force links are OHG and EFG. ABCD 


is a four-force link. Hence the forces on OHG 
meet at the point X and those on EFG therefore 
meet at Y. The downward force W = 65 N at O's 
known and we can thus draw to scale the force 
triangle for OHG and determine the magnitudes 
and directions of forces Fy, and Fg acting on this 
link. The force at G on EFG is equal and opposite 
to that on OHG and we can now draw the force 
triangle for GFE. Consideration of the free-body 
diagrams for BH and DE shows that the forces at 
B and D on link ABCD are equal and opposite to 
those at H on OHG and E on EFG respectively. 
The magnitude and direction of the force at C is 
as yet unknown, but if we take moments about C 
for link ABCD, measuring the moment arms of 
the forces F, , Fp and Fp directly from the figure, 
F, can be determined. (The result is found to be 
Fx = 222N.) Alternatively we could replace the 
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known forces Fg and Fp on ABCD by their 
resultant and thus convert ABCD to a three-force 
link, leaving F, to be found from a force triangle, 
and coincidently revealing Fc. 

The free-body diagram for the spring shows it 
to be in tension. 

The required results are thus: (a) 192 N, 123 N, 
138 N; (b) 222 N; (c) tension. 


Example 4.3 

The mechanism shown in Fig. 4.36 is in equilib- 
rium. Link AB is light and the heavy link BC 
weighs 480N, its mass centre G being midway 
between B and C. Friction at the pins A and C is 
negligible. The limiting friction couple Qp in the 
hinge at B is 10 Nm. Pin C can slide horizontally 
and the horizontal force P is just sufficient to 
prevent the collapse of the linkage. 

Find the value of P. 





0-Im 0-3m 


Figure 4.36 


Solution If the line of action of an unknown 
force is known, but not the sense, problems can 
often be solved by assuming one of the two 
possible directions for the force and allowing the 
sign to ‘take care of itself’ in the ensuing 
mathematical process. This is not the case for a 
friction force where slip is occurring or is about to 
take place. A similar point is applicable for the 
case of a friction couple. 

In the present problem the solution cannot 
proceed until the directions of Qp applied to each 
link have been determined. Since the linkage is 
on the point of collapse, BC is about to rotate 
anticlockwise relative to AB. Thus BC imparts an 
anticlockwise couple Qg = 10Nm to AB. Sim1- 
larly, or as a consequence of Newton’s third law, 
AB imparts a clockwise couple to BC. 

The separate free-body diagrams for AB and 
BC are shown in Fig. 4.37. The directions of the 
weight W and of the couples at B are known. If 
any of the other arbitrarily chosen directions for 
the remaining forces were to be reversed, the 
result would be unaffected. 


B, 
Q, 
By ~—5) 2| B, 
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Figure 4.37 


The value of P could be found by writing one 
moment and two force equations for each link, 
resulting in six equations with six unknowns. A 
quicker solution can be obtained as follows. If we 
take moments about B for link BC only we shall 
obtain a relationship between P and the unknown 
force Nc. This force can be found by taking 
moments about A for the two connected links. 


For BC only [> Mz = 0]: 

Nc (0.3) — W(0.15) — P(0.2) — Op = 0 

Nc (0.3) — 480(0.15) — P(0.2) — 10 = 0 (i) 
For the whole system [> M, = 0]: 

Nc (0.4) — W(0.25) = 0 

Ne = 480(0.25)/0.4 

Substituting the value of Nc in equation (i), we 
find 

P=40N 


This problem is considered again in Chapter 7. 


Example 4.4 
Figure 4.38 shows a machine part in equilibrium. 
The part is the cranked rod ABC, where angle 
ABC = 120°. The rod is in contact with other 
machine parts (not shown) at B and C and these 
cause the forces Fy and Fc and the couple Cc 
to be applied to the rod. Fg =(—30k)N, 
Fo = (-15i-—15j-—10k) N and Cc = (—3i+ 5k) 
N m. 

Determine the force and couple at A applied by 
the rod to the support. Also determine the direct 





AB=0-3m ~~, CG 
BC = 0-4m 
Figure 4.38 


force, shear force, twisting moment and bending 
moment in a plane transverse section of the rod 
at A. 


Solution The free-body diagram (Fig. 4.39) 
shows Fz, Fc and Cc, together with the force F, 
and the couple C, applied to the arm by the 
support S to maintain equilibrium. 


F, 


* Cc 


: Fi 
EF C 
Figure 4.39 
The force F, can be found directly from the 
equation >, F = 0. Thus 
Fa + Fe + Fc — 0 
Fa = —(—30k) —(—15i— 15j— 10k) 
= (157+ 157+ 40k) N 
The couple C, can be found by taking moments 
about any point, but any error that may have 
been made in the determination of F 4 will not be 
carried forward if the chosen point is A. 
The position vectors rpa and rc, will be 
required for the moment equation. 
—> 
raia > AB= (AB)i = (0.37) m 
—> 
TCA AB + BC 
= rei tlc 
= 0.31 + (0.4co0s 60°F + 0.4sin 60°7) 
= (0.5i+ 0.3467) m 
[> Ma = 0] 
Cat (rp X Fp) + Goa X Fo) + Cc = 0 
Ca =—[aaXFa)+(roaXF.)+Cc] (i) 


Now rpa X Fy =| 8 J k 
0.3 O 0 
0 0) —30 
= —j(-9) = (97) Nm 
ron XFo=l\i J k 
0.5 0.346 0 
-15 -15 -10 


= i(—3.46) —j(—5) + k(-—7.5 + 5.19) 
= (—3.46i+ 5j—2.31k) Nm 
and Co= (—3i+5k)Nm 


Substituting in equation (i) we find 
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Cy = (6.46i— 14j7-2.69k) Nm 


F, and Cy, are the force and couple acting on 
ABC. The force and couple acting on the support 
S are —F, and —C,. 

See section 4.12. For the transverse plane 
section at A the direct force, Fy, is the component 
of F, which is parallel to the axis of the rod 
(Fig. 4.40). The unit vector e for this axis for the 
present case is i, and the component in this 
direction is 


Fy = Fa-e = (15i+ 157+ 40k)-i=15N 


E = 2 
F, 
Figure 4.40 


The shear force, F,, is the component of Fa 
which is perpendicular to the rod axis. In general 
this is most readily found by Pythagoras’s 
theorem, since F, = [Fa* — Fy*]"”*. Thus 

F, = [(157 + 152 + 407) — 157]? = 42.72 N 

Alternatively we can find F, from 

F, = |Fa Xe| = |(15i+ 157+ 40K) xi 
= |—15k+40k| 
= [15° + 40°] 
= 42.72 N 


The twisting moment, C,, is the component of 
C4 which is parallel to the rod axis. 


C, = Ca-e = (6.46i— 147—2.69k) -i 
=6.46Nm 


Finally the bending moment, C,, is the 
component of C, perpendicular to the rod axis. 


Ce = [ex = ee 
= [6.46° + 14? + 2.69° —6.467 ]"” 
= 14.26Nm 


(Alternatively, we can find C, _ from 
Cy =eX (Ca Xe). 

Problems 

4.1 A system of pinned links and _ sliders in 


equilibrium is shown in Fig. 4.41. Link CE ts a uniform 
bar of mass 10 kg. The weights of all the other parts and 
the effects of friction can be neglected. Equilibrium is 
maintained by the application of a couple @ to link AB. 

Determine, by a semi-graphical method or other- 
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AB = BC = CD = CE = 1.0m 





H— 1-Om 
Figure 4.41 


wise, the magnitude and sense of the couple Q. Take g 
to be 10 N/kg. 


4.2 Figure 4.42 shows a plane pin-jointed structure 
which is drawn to scale. An anticlockwise couple @ is 
applied to the cranked link ABC, causing a force of 
40 N in link BD. 

Determine the magnitude of the forces in pins F and 
G. State whether EF is in tension or compression and 
find the magnitude of @Q. 


4.3 The pin-jointed plane structure shown in Fig. 4.43 
is constructed from the light rigid links ABC, CDE, 
EF, DG, BH and AJ. The figure is drawn to scale. 

If the magnitude of the force on the pin at C is not to 
exceed 10 kN, determine by means of a semi-graphical 
method, or otherwise, the maximum permissible value 
of the load P. For this value of P, find the magnitude of 
the forces acting at A and B. 


4.4 The gantry illustrated in Fig. 4.44 lowers a 300 kg 
load with an acceleration of 2 m/s*. The masses of the 
links of the gantry itself and the inertia of the pulley at 
D may be neglected. 

Find, assuming that the joints of the gantry are 
pinned, (a) the resultant force on the vertical post AE 
at A and (b) the force in the member AC (state 
whether compression or tension). 


4.5 Figure 4.45 is drawn to scale and shows a brake 
for a winding gear consisting of a drum D, of diameter 
1.2m, and a flexible belt AB, whose angle of embrace 





Figure 4.42 


Figure 4.43 





AB=AC = BC -BD=CD 





Figure 4.44 





Figure 4.45 


is 315°. The coefficient of friction between the belt and 
pulley is 0.2 (see example 3.3). 

The belt is put in tension by applying a force 62 N to 
the pedal at K in a direction perpendicular to KH. The 
crank EHK is pivoted to link EJ at E. The links EJ, BJ, 
and FJ are pivoted to each other at J, and the end A of 
the belt is anchored to the link AO. The ends of the 
spring are secured at G and E; in the position shown 
the spring tension is 50 N. 

Find, for the position shown, neglecting gravity, (a) 
the magnitude and direction of the force on the crank 
EHK at H, and (b) the braking torque applied to the 
drum D which is rotating anticlockwise. All the pivots 
of the linkage may be assumed to be frictionless. 


4.6 The mechanism shown in Fig. 4.46 consists of two 
light inks AB and AC. The system is in equilibnhuum 
under the action of the vertical load of 240N at B. 
Limiting friction in the hinge at B is 5.0Nm and 
friction elsewhere can be neglected. 

Show that, if P is increased to more than 115N, the 
mechanism will be set into motion. 


4.7 A light rod ABC lies in the xy-plane and is fixed to 
a support at A. The location of A, B and C are (0, 0, 0) 
m , (1, 0,0) m and (1, 1, 0) m respectively and sections 
AB and BC are straight. Forces of (—20k) N and 
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Figure 4.46 


(—10k)N are applied to B and C respectively. What 
force and couple are applied to the wall? 


4.8 The bent rod ABD in Fig. 4.47 has a length AB in 
the y-direction and a length BD inclined at 30° to the 
xy-plane and parallel to the xz-plane. It is fixed to a wall 
at A and is subjected to forces Fg, Fp and couples Cz, 
Cp applied as shown. 


Fy = 300i + 200j — 300k N 
Cz = —70i+20j Nm 
Cp = 60i— 10j— 100k N m 





AB-BD-10m 
PB-0-4m 
Z ABD=90° 


Figure 4.47 


Determine the magnitudes of the shear force and of 
the twisting and bending couples acting in a normal 
section at P, neglecting the weight of the rod. 


4.9 A screen is fastened rigidly to the free end P of a 
heavy pole clamped to a wall at O in the oblique 
position shown in Fig. 4.48. The screen has a mass of 
50 kg and its mass centre is at G. The pole has a 
uniform cross-section over its length and a mass per 
unit length of 5 kg/m. 





Figure 4.48 
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Figure 4.49 


Estimate the magnitudes of the twisting couple and 
of the bending couple acting on a cross-section normal 
to the axis of the pole at O. Determine the direction of 
the axis of this bending couple. Assume g = 10 N/kg. 


4.10 A system of forces can be reduced to a single 
force (46i+ 207+ 30k) N, whose line of action passes 
through a point O, and a couple (50i— 43j— 48k) N m. 
a) Show that the force and couple can be replaced by 
a single force. 

b) Express this force in vector form. 

c) Find the co-ordinates, relative to O, of a point on 
the line of action of the single force. 


4.11 Figure 4.49 shows a reduction-gear unit and base 
which is secured to a cantilever I-beam. The input and 
output shafts are subject to couples M, and M, 
respectively. The unit is also subject to forces P and W 
acting as indicated in the figure. 


M,=+ 60iNm P=(-—500i—800k) N 
M> = +250;)Nm W=-—700kN 


Calculate the following forces and moments acting 
on the I-beam at A: (a) the axial force, (b) the shear 
force, (c) the twisting moment and (d) the bending 
moment. 


4.12 The mass of the motor and pulley assembly 
shown in Fig. 4.50 is 40kg, and its mass centre is 
located at (600j + 1500k) mm relative to x-, y-, z-axes 
of origin O at the base of the pillar as shown. The 
100 mm diameter pulley is at 200imm relative to the 
mass centre, and its plane of rotation is parallel to the 
yz-plane. The tension 7, in the horizontal run of the 
belt is 12 N, and 7> is 20N. 

Determine (a) the resultant force F at the centre of 
the pulley and the accompanying couple M, due to 
the belt tensions, (b) the bending moment, twisting 
moment, axial force and shear force at the base of the 
pillar, point O, caused by the belt tensions. 








Figure 4.50 


4.13 The root fixing of an aircraft wing is shown in 
Fig. 4.51. It consists of three lugs, A, B and C, each of 
which can support a force only in its own plane; for 
example, lug C cannot support a load in the x-direction. 

Determine the load carried by each lug due to the 
given equivalent aerodynamic loading. 


zZ 





Figure 4.51 2m 





Figure 4.52 


4.14 In Fig. 4.52 the cylinder of mass 1200 kg is rolling 
down the incline as the tractor reverses at constant 
speed. Determine the normal force that the blade of 
the tractor exerts on the cylinder. The coefficient of 
friction between the cylinder and the blade of the 
tractor is 0.4 and that between the cylinder and the 
ground is 0.45. Confirm that slipping does not take 
place between the cylinder and the ground. 


4.15 Figure 4.53 shows a tank with a rectangular 
opening 2 m deep and 1.5 m wide, sealed by a flat plate 
AB which is attached to a pin-jointed frame freely 
hinged at E. The level of water in the tank may be 
limited by suspending suitable masses from the end D 
of the rigid link ACD. 
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Figure 4.53 


Calculate the mass required at D to limit the total 
depth of water in the tank to 5 m and the resultant force 
in member BC. The mass of the plate and links and 
friction at the pins may be neglected. The density of 
water is 1000 kg/m’. 


4.16 A buoy is constructed from a hollow sphere of 
radius R and a mast which passes through the centre of 
the sphere. The buoy is weighted so that the waterline 
is R/4 below the centre of the sphere and the centre of 
gravity is R/3 below the centre. 

Show using equation 4.21 that the metacentre 1s at 
the centre of the sphere and therefore the metacentric 
height is R/3. 
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Kinematics of a rigid body in plane motion 


9.1. Introduction 

A rigid body is defined as being a system of 
particles in which the distance between any two 
particles is fixed in magnitude. The number of 
co-ordinates required to determine the position 
and orientation of a body in plane motion is 
three: the system is said to have three degrees of 
freedom. 





Figure 5.1 


One way of describing the position of the body 
is shown in Fig.5.1. The position of some 
representative point such as A and the angle 
which a line AB makes with the x-axis are three 
possible co-ordinates. 


5.2 Types of motion 

The simplest type of motion is that of rectilinear 
translation, in which 6 remains constant and A 
moves in a straight line (Fig. 5.2). It follows that 
all particles move in lines parallel to the path of 
A; thus the velocity and acceleration of all points 
are identical. 


Figure 5.2 


This is still true if A is describing a curved path, 
since if @= constant all paths are identical in 
shape but displaced from each other. This motion 
is called curvilinear translation (Fig. 5.3). 

If the angle @ changes during translation, then 
this motion is described as general plane motion 
(Fig. 5.4). In Fig. 5.4 the body has rotated by an 


Figure 5.3 
J 





Figure 5.4 

angle (6, — 6, ). If this change takes place between 

time f, and f, then the average angular speed is 
02-0; 


i-th 


As (t-—t,)— 0, (@.—6,)—0, and the angular 
speed is defined as 

i Aé dé 

w = hm,,.90—- = 

“oO At dt 

The angular velocity vector is defined as having 

a magnitude equal to the angular speed and a 

direction perpendicular to the plane of rotation, 

the positive sense being given by the usual 
right-hand screw rule. In the present case, 


= Waverage 


(5.1) 


(5.2) 


It should be noted that infinitessimal rotations 
and angular velocity are vector quantities, 
whereas finite angular displacement is not. 

A very important point to note is that the 
angular speed is not affected by the translation, 
therefore we do not have to specify any point in 
the plane about which rotation is supposed to be 
taking place. 


@ = wk 


5.3 Relative motion between two points 
on a rigid body 

The definition of the vector product of two 
vectors has been already introduced in Chapter 4 
in connection with the moment of a vector; the 
same definition is useful in expressing the relative 
velocity between two points on a rigid body due 
to rotation. 





Figure 5.5 


Referring to Fig. 5.5, it is seen that vp,, has a 
magnitude of vp,, = wr and is in the eg direction. 
From the definition of the vector product of two 
vectors given in section 4.3, 


@XTpa = wk X re, = wr (k X e,) 
(5.3) 


If A and B are not in the same xy-plane, so that 


= Wresg = UBIA 


raja — rep + zk 
then Vpa = WXTBIA 
= wk X (ren + zk) 
= wrég asin equation 5.3 
because kxXk=0. 

A complete description of the motion of the 
body is possible if the motion of point A and the 
angular motion of AB are specified. We have that 

rpio = Tarot Faia 


and, from equation 2.17, 


Taio = Tao + OFrpia €e (5.4) 
Similarly, from equation 2.18, 
Taio =Fayotlaa 
=Fryot (—w*rpya e+ pa WEp ) (5.9) 


A special case of general plane motion is that of 
rotation about a fixed point. In this type of 
motion, one point, say A, is permanently at rest, 
so that 


(5.6) 
(5.7) 


The applications of the equations of this section 


pio = Ta/A — TB/A Be 


ee sei ee ‘iat 2 * 
and Fgo = Ppa = —@°Tpa es + OF pa 6 
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to the graphical solution of plane mechanisms are 
described in the following sections. 


5.4 Velocity diagrams 

One very simple yet common mechanism is the 
four-bar chain, shown in Fig. 5.6. It is seen that if 
the motion of AB 1s given then the motion of the 
rest of the mechanism may be determined. 





Figure 5.6 

This problem can be solved analytically, but the 
solution is surprisingly lengthy and is best left to a 
computer to solve if a large number of positions 
of the mechanism are being examined. However, 
a simple solution may be found by using vector 
diagrams; this also has an advantage of giving 
considerable insight into the behaviour of 
mechanisms. 

For the purpose of drawing velocity and 
acceleration vector diagrams it is helpful to define 
a convention for labelling. The convention is best 
illustrated by considering two particles P and Q in 


plane motion, Fig. 5.7. 
rn 


~ 





O 
Figure 5.7 
The velocity of P relative to O is written vp;o. It 
is clear that vojp = —¥Upjo, therefore if vpjo is 


represented by an arrow thus \_ then vo ,p is 
represented by \,. This information can be 
concisely given by a single line” \,. Similarly the 
line og may be drawn. Thus, for Fig. 5.7 we may 
draw a vector diagram as shown in Fig. 5.8. The 
velocity of Q relative to P is then wn 7 and the 
velocity of P relative to Q is ,¥ ?. This convention 
will be used throughout. 


Voa/P 


Figure 5.8 O 
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Figure 5.9 


Returning to Fig. 5.6 and assuming that wap 1S 
anticlockwise and of given magnitude, we can 
place the points a, b and d on the diagram 
(Fig. 5.9). Note that a and d are the same point as 
there is no relative velocity between A and D. 

To construct the point c we must view the 
motion of C from two vantage points, namely D 
and B. Since DC is of fixed length, the only 
motion of C relative to D is perpendicular to DC; 
hence we draw dc perpendicular to DC. Similarly 
the velocity of C relative to B is perpendicular to 
CB; hence we draw bc perpendicular to BC. The 
intersection of these two lines locates c. 

The angular velocity of CB is obtained from 
%cp/CB (clockwise). The direction of rotation is 


determined by observing the sense of the velocity © 


of C relative to B and remembering that the 
relative velocity is due only to the rotation of CB. 

Note again that angular velocity is measured 
with respect to a plane and not to any particular 
point on the plane. 


5.5 Instantaneous centre of rotation 
Another graphical technique is the use of 
instantaneous centres of rotation. The axes of 
rotation of DC and AB are easily seen, but BC is 
in general plane motion and has no fixed centre of 
rotation. However, at any instant a point of zero 
velocity may be found by noting that the line 
joining the centre to a given point is perpendicu- 
lar to the velocity of that point. 





Figure 5.10 


In Fig. 5.10 the instantaneous centre for 
member BC is found to be the intersection of AB 
and DC, since the velocity of B is perpendicular 
to AB and the velocity of C is perpendicular to 
CD. 

If the velocity of B is known then 


320 Bs 2 yee TE, 

eo LB bc bE 

Each point on link CB is, instantaneously, 
rotating about I,. 


(5.8) 


5.6 Velocity image 

If the velocity diagram has been constructed for 
two points on a rigid body in plane motion, then 
the point on the velocity diagram for a third point 
on the link is found by constructing a triangle on 
the vector diagram similar to that on the space 
diagram. Hence in our previous example a point 
E situated at, say, one third of the length of BC 
from C will be represented on the velocity 
diagram by a point e such that ce/cb = 3, as shown 
in Fig. 5.9. 

More generally, see Fig. 5.11, since ab is 
perpendicular to AB, ac is perpendicular to AC 
and bc is perpendicular to BC, triangle abc 1s 
similar to triangle ABC. 

Us b 
C 


oO a 
Figure 5.11 


Problems with sliding Joints 

In the mechanism shown in Fig. 5.12, the block or 
slider B is free to move in a slot in member AO. 
In order to construct a velocity diagram as shown 
in Fig. 5.13, we designate a point B’ fixed on the 
link AO coincident in space with B. The velocity 
of B relative to C is perpendicular to CB, the 
velocity of B’ relative to O is perpendicular to 
OB’ and the velocity of B relative to B’ is parallel 
to the tangent of the slot at B. 





Figure 5.12 








Parallel to slot; 
bb is the sliding 
velocity 


0.C b 


Figure 5.13 


The two mechanisms used as examples, namely 
the four-bar chain and the slidercrank chain, 
employ just two methods of connection which are 
known as turning pairs and sliding pairs. It is 
remarkable how many mechanisms are con- 
structed using just these simple arrangements. 


5.7 Acceleration diagrams 

Having constructed the velocity diagram, it is now 
possible to draw the relevant acceleration 
diagram. The relative acceleration between two 
points is shown in polar co-ordinates in Fig. 5.14. 


27wW+rTw 





Figure 5.14 


If AB is of fixed length, then only two 
components remain (see Fig. 5.15). One term 
depends on the angular velocity, which is known 
from the velocity diagram, and the other term 
depends on the angular acceleration, which is 
unknown in magnitude but is in a direction 
perpendicular to AB. 


r@ 
2 2 
Upas 7 


Figure 5.15 

Referring to the four-bar chain shown in 
Fig. 5.6 and given the angular acceleration of link 
AB, the acceleration vector of B relative to A 
may be drawn (Fig.5.16). Note carefully the 
directions of the accelerations: B is accelerating 
centripetally epee A. 


air / 


te! my A 


rp AB 
Figure 5.16 


5.9 Simple spur gears 5/7 


a,d 





Parallel to CD 


Parallel to CB 


Figure 5.17 


The complete acceleration diagram for the 
mechanism can now be constructed as shown in 
Fig. 5.17 (see also example 5.1). The acceleration 
of C is given by the line ac and the angular 
acceleration of CB is given by cc'/CB (clockwise), 
since cc’ = WcpCB. 


5.8 Acceleration image 

In the same way that the velocity of a point on a 
rigid body may be constructed once the velocities 
of any two other points are known, the 
acceleration can be found from the known 
accelerations of two other points. 





aga > —wr| Qr1 + wr, €91 
Acig = —@° 12 eyo + Wrz 92 
& 
Bi 
wT, 
sy 
A wh, 
A 
Figure 5.18 
From Fig. 5.18, the angle between aca and 
PAIC iS 
Or; w 
arctan( 5 = arctan (5) 
wr; @ 


which is independent of 7,. The angle between 
Gcja and apc is therefore the same as the angle 
between r, and rz; hence the triangle abc in the 
acceleration diagram is similar to triangle ABC. 


5.9 Simple spur gears 

When two spur gears, shown in Fig. 5.19, mesh 
together, the velocity ratio between the gears will 
be a ratio of integers if the axes of rotation are 
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Figure 5.19 
fixed. If the two wheels are to mesh then they 
must have the same circular pitch, that is the 
distance between successive teeth measured along 
the pitch circle must be the same for both wheels. 

If T is the number of teeth on a wheel then the 
circular pitch pc is 7D/T, where D is the diameter 
of the pitch circle. The term ‘diametral pitch’ is 
still used and this is defined as P = 7/D. Another 
quantity used is the module, m = D/T. 

The number of teeth passing the pitch point in 
unit time is 27wT, so for two wheels A and B in 
mesh 

lwaTa| = | wp Tp | 

WA Ds Tp 
or = Se SS 

WB Da Ta 


the minus sign indicating that the direction of 
rotation is reversed. 


(5.9) 





Figure 5.20 


Figure 5.20 shows a compound gear train in 
which wheel B is rigidly connected to wheel C; 
thus wp = wc. The velocity ratio for the gear is 


ee ge 


(5.10) 


5.10 Epicyclic motion 

If the axle of a wheel is itself moving on a circular 

path, then the motion is said to be epicyclic. 
Figure 5.21 shows the simplest type of epicyclic 

motion. If no slip occurs at P, the contact point, 

then the velocity of P is given as 


Vp/o1 = Yovo1 +t YP/O2 
hence MATA = wc(fa trp) — &prs 





or “ASC _ (5.11) 
WB ~ Wc 
Figure 5.21 


that is the motion relative to the arm or carrier is 
independent of the speed of the arm. For 
example, if wc = 0 we have the case of a simple 
gear train where 
OA fB 


(5.12) 





Sun wheel(S) 
Figure 5.22 


Figure 5.22 shows a typical arrangement for an 
epicyclic gear in which the planet is free to rotate 
on a bearing on the carrier, which is itself free to 
rotate about the central axis of the gear. If the 
carrier is fixed, the gear is a simple gear train so 
that the velocity ratio 


Oa _ A Op _ (=\-4) __Ts 
Ws Wp Ws Ta Tp Ta 


Note that the direction of rotation of the 
annulus is the same as that of the planet, since the 
annulus is an internal gear. Also, we see that the 
number of teeth on the planet wheel does not 
affect the velocity ratio — in this case the planet is 
said to act an an idler. 

If the carrier is not fixed, then the above 
velocity ratio is still valid provided the angular 
speeds are relative to the carrier; thus 

pac lie _Is (5.13) 


Ws — Wc Ta 


If two of the speeds are known then the third 
may be calculated. In practice it is common to fix 
one of the elements (i.e. sun, carrier or annulus) 
and use the other two elements as input and 
output. Thus we see that it is possible to obtain 
three different gear ratios from the same 
mechanism. 


5.11 Compound epicyclic gears 

In order to obtain a compact arrangement, and 
also to enable a gearbox to have a wider choice of 
selectable gear ratios, two epicyclic gears are 
often coupled together. The ways in which this 
coupling can occur are numerous so only two 
arrangements will be discussed. The two chosen 
are common in the automotive industry and 
between them form the basis of the majority of 
automatic gearboxes. 


Simpson gear train 

In the arrangement shown in Fig. 5.23(a), the two 
sun wheels are on a common shaft and the carrier 
of the first epicyclic drives the annulus of the 
second. This second annulus is the output whilst 
the input is either the sun wheel or the annulus of 
the first epicyclic. 

This design, used in a General Motors 3-speed 
automatic transmission, provides three forward 
gears and a reverse gear. These are achieved as 
follows. 

First gear employs the first annulus as input and 
locks the carrier of the second. Second gear again 
uses the first annulus as input but fixes the sun 
wheel shaft. Third is obtained by locking the first 
annulus and the sun wheel together so that the 
whole assembly rotates as a solid unit. Reverse 
gear again locks the second carrier, as for the first 
gear, but in this case the drive is via the sun 
wheel. 

Figure 5.23(b) shows a practical layout with 
three clutches and one band brake which carry 
out the tasks of switching the drive shafts and 
locking the second carrier or the sun wheel shaft. 

To engage first gear drive is applied to the 
forward clutch and the second carrier is fixed. In 
normal drive mode this 1s achieved by means of 
the one-way Sprag clutch. This prevents the 
carrier from rotating in the negative sense, 
relative to the drive shaft, but allows it to 
free-wheel in the positive sense. This means that 
no engine braking is provided during over-run. 
To provide engine braking the reverse/low clutch 
is engaged in the lock-down mode. For second 
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gear the reverse/low clutch (if applied) is released 
and the intermediate band brake is applied, thus 
locking the sun wheel. For third gear the 
intermediate band is released and the direct 
clutch activated hence locking the whole gear to 
rotate in unison. For reverse gear the forward 
clutch is released, then the direct clutch and the 
reverse/low clutch are both engaged thus only the 
second epicyclic gear is in use. 

The operation of the various clutches and band 
brakes is conventionally achieved by a hydraulic 
circuit which senses throttle position and road 
speed. The system is designed to change down at 
a lower speed than it changes up at a given 
throttle position to prevent hunting. Electronic 
control is now used to give more flexibility in 
changing parameters to optimise for economy or 
for performance. 

To determine the gear ratios two equations of 
the same type as equation 5.13 are required and 
they are solved by applying the constraints 
dictated by the gear selected. A more convenient 
set of symbols will be used to represent rotational 
speed. We shall use the letter A to refer to the 
annulus, C for the carrier and S for the sun, also 
we shall use 1 to refer to the first simple epicyclic 
gear and 2 for the second. In this notation, for 
example, the speed of the second carrier will be 
referred to as C). 

For the first epicyclic gear 

91—-Cy 


SivGi _ Tai 


Ai-C, ~ 
and for the second epicyclic gear 


S2-C, Taz _ R 
Ser ea eee ee 
A,—-C, Ts2 
Where R is the ratio of teeth on the annulus to 
teeth on the sun. In all cases S,=S, and 
Ci = A> = Wo; the output. 
With the first gear selected C, = 0 and A, = ,, 
the input. 


From equation 5.14 Si = —@; X R, + wo (1 +R) 


=-—R 5.14 
iia (5.14) 


(5.15) 


and from equation 5.15 S, = —woX R» 
wo(1+R,+R>2) 

= Sage 

thus the first gear ratio = w;/wp = (1+ R, + R2)/R, 


Eliminating S, ; 


With second gear selected S,=0 and w; is 
still Ay. 
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Simp son gearset 





Figure 5.23(a) 
| ' ff | Case 
input eae 
input planet reaction planet 

1. intermediate band brake 2. direct clutch 

3. forward clutch 4. Sprag clutch 

5. low/reverse clutch 

Simpson automatic gearbox 
Figure 5.23(b) 
From equation 5.14 0=a@9(1+R,)—@;X R, Summarising we have 
thus the second gear ratio w,;/wp = (1+ R, VR, GEAR GEAR RATIO 
The third gear is, of course, unity. 1st (1+R,+R.\VR, 
For the reverse gear C, = 0 and w; = S, so from 2nd (1+R,)R, 

equation 5.17 3rd 1 


eR: Reverse —R, 
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Ravigneaux Gearset 


Figure 5.23(c) 





long pinion _ short pinion long pinion — short pinion 


1. front band brake 2. rear band brake 3. carrier 
4. front clutch 5. rear clutch 6. forward sun 
7. reverse sun 8. free wheel 


Ravigneaux automatic gearbox 
Figure 5.23(d) 


Ravigneaux gearbox Borg Warner automatic transmission which is to 


The general arrangement of the Ravigneaux gear __ be found in many Ford vehicles. 
is shown in Fig. 5.23(c). This gear is used in the In this design there is a common planet carrier 
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and the annulus is rigidly connected to the output 
shaft. The second epicyclic has two planets to 
effect a change in the direction of rotation 
compared with a normal set. In the actual design, 
shown in Fig. 5.23(d), the first planet wheel 
doubles as the idler for the second epicyclic gear. 

When first gear is selected, the front clutch 
provides the drive to the forward sun wheel and 
the common carrier is locked, either by the rear 
band brake in lock-down mode or by the free- 
wheel in normal drive. For second gear the drive 
is still to the forward sun wheel but the reverse 
sun wheel is fixed by means of the front band 
brake. For top gear drive both suns are driven by 
the drive shaft thereby causing the whole gear 
train to rotate as a unit. For the reverse gear the 
rear clutch applies the drive to the reverse sun 
wheel and the carrier is locked by the rear band 
brake. 

For the first gear the input w;=S,) and 
C, = C, = 0, the output wp = A; = A,. So, from 
equation 5.15, 


S> = R> x A 
therefore ;/wo = S./A = Rp 


For second gear S, is the input but S, = 0 

From equation 5.14 0=—-AXR,+(1+R,)C 
and from equation5.15 S,=R,xA+C(1—-R:) 
Elimination of C gives 


S,=R.+AXR,xX(1—-R2VA+R;,) 
R, +R, 
1+R, 


The top gear ratio is again unity. 
Reverse has C=0 with input S, so from 
equation 5.14 


S; = —-R, x A 
giving the gear ratio 
w;/ Wo = S,/A 7 —R, . 


Summarising we have 


thus w;/Wo = S,/A = 


GEAR GEAR RATIO 
Ist R> 

2nd (R, + R2V/1+R;) 
3rd 1 

Reverse —R, 


Discussion examples 
Example 5.1 


The four-bar chain mechanism will now be 
analysed in greater detail. We shall consider the 
mechanism in the configuration shown in 
Fig. 5.24 and determine vc, Vg, @), @3, 4B, ac, 
ap, & and w3, and the suffices 1, 2, 3 and 4 will 
refer throughout to links AB, BC, CD and DA 
respectively. 


B EA C 





AB = 1, = 150mm 

BC = /, = 190mm 

CD = /, = 150mm 

BE = 50mm 
Figure 5.24 


Velocities 

In general, for any link PQ of length R and 
rotating with angular velocity w (see Fig. 5.25(a)) 
we have, from equation 2.17, 


€e 
\ ~~" e, 
-é* 
Figure 5.25 Eo. 


VorP = Re, + Rweg 


If PQ is of fixed length then R = 0 and vq,p has 
a magnitude Rw and a direction perpendicular to 
the link and in a sense according the the direction 
of w. 


Velocity diagram (section 5.4). Since /, is 
constant, the magnitude of wpa is w,/, and its 
direction is perpendicular to AB in the sense 
indicated in Fig. 5.25(b), so we can draw to a 
——a : 
suitable scale the vector ab which represents 
Vpin- The velocity of C is determined by 
considering the known directions of vg and Yep 


Varn 


Velocity Direction Sense 


LAB os 
LBC : 
LCD ? 


UBIA 
UCB 
Vc/D 
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Magnitude (m/s) 

(AB) w, = (0.15)12 = 1.8 
(BC) a =? 

(CD) w3 = ? 





Figure 5.26 
and by noting that (see equation 2.24) 


VoA = VBA T UCB (i) 


and vc, = Ucyp since A and D each have zero 
velocity. There are sufficient data to draw the 
velocity triangle representing equation (i) 
(Fig. 5.26). 

From this figure it can be seen that the location 
of point c on the velocity diagram is the 
intersection of a line drawn through b perpen- 
dicular to BC and a line drawn through a, d 
perpendicular to DC. By scaling we find that the 
magnitude of dc is 1.50 m/s and thus 


VcA = Vcr 1.50 m/s 14° 
The magnitude of w, 1s 
be = 1.28 
= —~ = —— = 6.7 rad/ 
ve BE Mo. nt 


To determine the direction, we note that vq, 
the velocity of C relative to B is the sense from b 
to c (and that vp,c is in the opposite sense) so that 
BC is rotating clockwise (see Fig. 5.27). Thus 


Figure 5.27 
@ = —6.7 k rad/s 


where k is the unit vector coming out of the page. 
The magnitude of 3 is 
@ ae eee 10 rad/s 
>" CD ~ 0.15 
and the direction is clearly anticlockwise, so that 


@; = 10 k rad/s 


From the concept of the velocity image we can 
find the position of e on bc from 


be _ BE 
be BC 
Thus 


50 
be = 1.28| — | = 0.3 
e (=) 37 m/s 


The magnitude of vg is ae and this is found 
from the diagram to be 1.63 m/s. Thus 


Ve = 1.63 m/s 20° 


Instantaneous centre (section 5.5). In Fig. 5.28, 
I, the instantaneous centre of rotation of BC, 1s at 
the intersection of AB and CD. The triangle IBC 
rotates instantaneously about I. From the known 
direction of vg, the angular velocity of the 
triangle is clearly seen to be clockwise. 

The magnitude of a, Is 


_ 0g _ @,(AB) _ 12(0.15) 
— 0.27 


= 6.7 rad/s 





IB IB 
and a = —6.7 k rad/s 





Figure 5.28 
The magnitude of vc is 


Ve = (IC) = 6.7(0.225) = 1.50 m/s 


and the sense is in the direction shown. 
The magnitude of 3 is 


Vc 1.47 
= — =—— = 9.8 rad/ 
“3 CD 0.15 oe 
and the sense is clearly anticlockwise so that 
w3 = 9.8k rad/s 


64 Kinematics of a rigid body in plane motion 


Point E lies on link BC so that the instant- 
aneous centre for E is also 1. The magnitude of ve 
is 

VE = w(IE) = 6.7(0.245) = 1.64 m/s 
and the sense is in the direction shown. 

The discrepancies between the two methods 
are obviously due to inaccuracies in drawing. 


Accelerations 

For any link PQ of length R, angular velocity w 
and angular acceleration w (see Fig.5.29) we 
have, from equation 2.18, 


Figure 5.29 
ago/p = (R ro Rw*)e,+ (Rao + 2Rw) €g 


If PQ is of fixed length then R = R = 0 and agp 
has one component of magnitude Rw* always in 
the sense of QO to P and another of magnitude Ra, 
perpendicular to PQ and directed according to 
the sense of w. 


Acceleration diagram (section 5.7). See Fig. 5.30. 
The radial and normal components of apa are 
both known, and summing these gives the total 
acceleration _4p since A is a_ fixed point 
= => 
(ab’'+b’b=ab in the diagram). The radial 
component of acyp has a magnitude of /, w,” and is 
directed from C to B. The normal component of 
acyp 18 perpendicular to BC but is as yet unknown 
in magnitude or sense. Similar reasoning applies 
to €cyp. However we have enough data to locate 
point c on the acceleration diagram shown in 
Fig. 5.30. 
The magnitudes and directions of ag and ac are 
taken directly from the diagram. 


Gp = dpa = ab = 22.0 mis? 46° 
Oc = @cyp = de = 31.6 m/s 43° 


Link Acceleration 


|| AB 
@p;, (normal) 1 AB 


BC Qcyp (radial) |/BC 


AB ap, (radial) 


@cyz (Normal) 1 BC 


CD Acyp (radial) ||CD 
@cyp (normal) 1CD 


Direction Sense 





Figure 5.30 
The magnitude of @» is 
eee ae = 24.7 rad/s” 
2 BC 0.19 re 


To determine the sense of w we note that the 
normal component of acyg is c’c in the sense of c’ 
to c; thus BC has a clockwise angular accelera- 
tion. 


@) = —24.7k rad/s” 
Similarly we find that the magnitude of is 





3 = es = eae = 187 rad/s” 
CD 0.15 
and the sense is anticlockwise, 
= 187k rad/s” 


mea the concept of the acceleration image we 
can find the position of e on bc from 


be BE 
be BC 
Thus 


50 
be = 0.99| — }=0.2 2 
e (=) 0.260 m/s 


The magnitude and direction of ag are taken 
from the diagram and we find 


— 
Gp = ap), = ae = 24.2 m/s? 45° 


ie tae 

ly wy? = 0.15(12)? = 21.6 
1, @, = 0.15(35) = 5.25 

lL, w” = 0.19(6.7)* = 8.53 
ba@,=? 

133” = 0.15(10)? = 15.0 


1303 =? 





Vector-algebra methods 

Vector algebra can be used in the solution of 
mechanism problems. Such methods are a 
powerful tool in the solution of three-dimensional 
mechanism problems but usually take much 
longer than graphical methods for problems of 
plane mechanisms. They do, however, give a 
systematic approach which is amenable to 
computer programming. 

An outline of a vector-algebra solution to the 
present problem is given below. Students who are 
following a course leading to the analysis of 
three-dimensional mechanisms should find this a 
useful introduction and are encouraged to try 
these techniques on a few simple plane mechan- 





isms. 
= 
x 
B 
A 
Figure 5.31 
From Fig. 5.31 we note that 
£+64+644+4,=0 (i1) 


The vector /, =/,(cos6,i+sin6@,j) is known 
and the vectors J, and I, can be determined by first 
evaluating angles 02 and 6, by the methods of 
normal trigonometry and then writing 

L, = 1,(cos 62i + sin 62) 

Ll, = 13(cos 63i— sin 03/) 
Alternatively we can write 

L = l,e> = l, (ai+ bj) 

l, = lse3 = 1,(ci+ dj) 


and determine the values of a, b, c and d. Noting 
that 


d=+V(1-—c?’) (iii) 
and substituting in equation (ii) with 2, = —/,i and 
insertion of numerical values gives 

0.190e2 = (0.225 —0.180c)i 

— [0.1299 + 0.180V(1—c?)}j 
Taking the modulus of this equation eliminates 
e2 and rearranging and squaring we find two 


values for c, each with two corresponding values 
of d from equation (iii). Only one of each pair of 
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values of d is consistent with the links BC and CD 
joining at C, and one of the values of c 
corresponds with the mechanism being in the 
alternative position shown dotted in Fig. 5.31. 
The vector i, can then be found from equation 
(11). The results are 


lL, = (0.07507 + 0.12997) m 
L = (0.1893i + 0.15807) m 
I, = (0.03501 — 0.14577) m 
Now, 
Vc = Up t Uc 
and, from equation 5.3, 
Vc = @,X1h+anxbh 
also 
Uc = @3 X(—b) (iv) 
Equating the two expressions for Uc, 
@, Xb 4+ @ Xb+; Xl = 0 (v) 


Writing w, = 12k, a) =e ,k and @; = w3k, 
and carrying out the vector products in equation 
(v), gives 

(—1.559 — 0.0158, + 0.1457w3 )i 
+ (0.9 + 0.1893, + 0.035 65a )j = 0 


Equating the coefficients of i and J to zero and 
solving for w and w3, we find 


@, = —6.634 
and w3 = 9.980 
Using vp = w, Xd, and equation (iv) leads to 
Vp = —1.559i+ 0.97 m/s 
| vp | = V[(1.559)* + (0.9)?] = 1.800 m/s 
and 
Vc = —(1.453i+ 0.35587) m/s 
|vc| = V[(1.453)* + (0.3558)?] = 1.497 m/s 


A quicker way of finding wc, if w is not 
required, is to note that since vc iS perpendicu- 
lar to BC, we can write 


Ucp' hb = 0 
or (vc—vp):b =0 
Vp is known and writing from equation (iv) 
Vc = w3k X (—0.035 01+ 0.14577) 
and carrying out the dot product we find 
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w3 = 9.98 rad/s and hence vc may be determined. 
Differentiating equation (v) with respect to 
time, 
@, Xht+@,Xli+a,xb+axb . 
+ @3Xh+0;X bk = 0 (v) 
Note that the product of vectors can be 
differentiated in a manner similar to that for the 
product of scalars, see Appendix 1. Since J, is 
constant in magnitude then 
i, =@,Xl, since 1, = vga 
(see equation 5.3) 


and similarly for , and J,. Hence, 


a, XL, + a X (@, X01) 
+ @ Xb + am X (@ Xb) 
+ @; Xi, + @3 X (@3 Xb) = 0 (vi) 


Substituting the previously obtained values 
together with 


@, = 35k, ah) =ank and w= 03k 
and carrying out the vector products, we find 
@> = —22.77 rad/s* and , = 184.4 rad/s” 
Differentiating equation (iv), 
ac = @3;X (—b) + w3 X[w3 x (-4)| 
Substituting the numerical values gives 
ac = —(23.32i+ 21.097) m/s* 
and ac = 31.40 m/s* 


The acceleration ag can be found in a similar 
manner. 


Example 5.2 

In the mechanism shown in Fig. 5.32, FED is an 
offset slider-crank chain which is given an 
oscillatory motion by the rotation of crank AB. 
When B is vertically above A, the angular 
velocity of AB is 3.0 rad/s anticlockwise. 
Determine the corresponding velocity of slider D. 
All the lengths are given in mm. 


Af 30° 





AB = 70, BC = 250, CD = 570 


Figure 5.32 CE=ED= EF = 300 


Solution As we attempt to draw the mechanism 
to scale, we are presented with an immediate 
difficulty. We know the location of B but we 
cannot readily determine the position of C. If we 
assume that B is fixed and D is not constrained by 
the slider, and we allow the four-bar chain BCEF 
to move, then the correct configuration is 
obtained when D coincides with the slider centre 
line. Thus we need a trial-and-error method to 
determine the correct positions. The difficulty in 
drawing the mechanism suggests that there will 
also be difficulties in drawing a velocity diagram, 
and this proves to be the case. 
We know that the magnitude of vg is 


Dp = Wap(AB) = 3(0.07) = 0.21 m/s 


and that the diagram is horizontally to the left, so 
we can draw ab on the velocity diagram to 
represent Up;a = Up. 

We know the directions of vqp, Vc and Ver, 
but more information is required before we can 
proceed (see Fig. 5.33). 


‘\ 
-~\ ~ @ VEF 
YCB. | Ke 
fy 
? 
po a 
VW a / Dee 
<,1 UE? 


Figure 5.33 


The instantaneous-centres method presents no 
difficulties once the mechanism has been drawn to 
scale. For the slider-crank chain FED the 
instantaneous centre is at I,, the intersection of 
the lines perpendicular to the velocities at D and 
E. C has the same instantaneous centre since it is 
rigidly attached to DE, see Fig. 5.34. 





Figure 5.34 


The velocity of C is perpendicular to I,C and 
the velocity of B is perpendicular to AB. Thus the 
instantaneous centre for BC is at I,. 

For link BC: 


@gc = Up/(InB), 
For link CDE: 


Vc = Wpc (LC) 


WcpE = Uc/1,C), Dp = @cDE (I, D) 


Hence, 
e _ 1, D)(nC) 2p 
° (,C)(2B) 
_ (0.29)(0.187)(0.21) 
~ (0.44)(0.129) 


Thus vp = 0.20 m/s 30° 


This example shows the advantage of the 
instantaneous-centres method for certain 
mechanisms, but it should be noted that, where a 
slider moves in a link which is itself rotating, as in 
the next example, this method is not helpful. A 
solution is however possible by the velocity- 
diagram method. If, for instance, it 1s assumed 
that vp is 1 m/s up the incline, then the velocity 
diagram can be constructed and the correspond- 
ing value of vg determined. The diagram can then 
be rescaled to make vp = 0.21 m/s and the correct 
value of ¥p may be found. A solution by this 
method is left as an exercise for the reader. 


= (0.20 m/s 


Example 5.3 

Figure 5.35 shows part of the essential kinematics 
of a linkage known as a quick-return mechanism. 
Crank AB rotates about A and slotted link CD 
rotates about C. Pin B on the end of AB engages 
in the slot of CD; AB=r and AC=l. The 
angular velocity of AB is wk and its angular 
acceleration is wk. 


Cai 
D B : 

A 0 C 
Figure 5.35 


If //r = R, show that the angular velocity of 
CD is 
(1 — Rcos@)w 
~ 14+ R2—2Reos6 
and that its angular acceleration 1s 
Rsin 0(R2— 1)w* 
oe = + R*~—2Rcos6)* 
(1—Rcos@)w 
1+R*- ae 


If r=50 mm, /= 140 mm, w=1 rad/s and 


@cp 
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w=2 rad/s”, determine WcpD and Wop if @ = 30°. 
Check this result from velocity and acceleration 
diagrams. 


Solution See Fig. 5.36. If we obtain an 
expression for the angle ¢ in terms of r, / and @, 
then differentiation will lead to the required 
results. 


B 
¥ 
mn Ae a C 
Figure 5.36 
From the figure, 
nae BE _ rsin@ sin 6 (i) 


EC /-rcosé@ = R—cos@ 


Differentiating with respect to time, using the 
quotient rule, 


(R — cos 6) cos @— sin @(sin 6) 
= © 


ae 
sec 
ue (R —cos 6)? 
Rceos@—1 (ii) 
= ————_7z @ 1} 
(R—cos6)? 


Combining equations (i) and (1) and noting 
that 
sec’ d@ = 1+tan’d 
we find 
(Rcosé—1)w 
= TER? 2Reos6 


The angle ¢ is positive in the clockwise sense so 
that 


(iii) 


cp = — ok 
hence the result. 
Differentiating again and rearranging and 
collecting the terms, we find the appropriate 
expression for @ and 


Mcp = — ok 
Substituting the numerical values, we find 
Wop = —0.3571k rad/s 
and @&cp = —90.1127k rad/s 
The mechanism is drawn to scale in Fig. 5.37(a) 
Velocity diagram (Fig. 5.37(b) ) 


To draw the velocity diagram we let B, be a point 
fixed on CD which is momentarily coincident with 
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(b) Velocity diagram 


0 5 \ 10mm/s 
Ci 


a,c 


Figure 5.37 


B. The velocity diagram will make use of the 
result 


Vpi = UB t UpiB 
and we note that vgi/p 1S parallel to the slot. 











(c)Acceleration diagram 
0 10 20mm/s* 


f 
I mm/s 


Velocity Direction Sense Magnitude (m/s) Line 


UB/A 1 AB \ (AB) wap = 50(1) = 50 ab 
(CB, ) @pc cb, 


UBB 
VB/C af CB, D 7 





From the velocity diagram we note that vgi, 
has a magnitude of 35.25 mm/s and the sense 1s 
from b to b,. The velocity vgi;c = Vp, has a 
magnitude of 35.0 mm/s, the sense being from c to 
b,. The angular velocity wcg, thus has a 
magnitude of 

cb, 35 


ee 0.354 rad/s 
CB, CB, 99 
and the sense 1s clockwise. 
An attempt to use the method of instantaneous 
centres would prove fruitless. 


@WCB1 >= 


Acceleration diagram (Fig. 5.37(c) ) 

A feature not encountered in the previous 
problem is the relative acceleration between 
coincident points such as B and B,. Since the 
relative acceleration for any pair of points B and 
B, is 


Qpip = (R— Ro”) e,+ (Ra+2Rw) ey 


then, if B and B, momentarily coincide so that 
R=0, 


apip= Re, es 2Rwe,g 


We note that, for the general case where B and 
B, are not necessarily coincident, the line BB, 
always hes on the line CD so that it always has the 
same angular velocity as CD. Thus, in the above 
equation we use @cp = wc; for w. 

The term 2Rwe, is known as the Coriolis 
component of acceleration. Its magnitude can be 
determined by means of the velocity diagram but 
we need to determine the direction before we can 
complete the acceleration diagram. 

We know from Chapter 2 that the direction 
depends on the directions of vpig and @gp; 
(=@cp:). It is convenient to note that the 
direction is the same as that obtained by rotating 


the vector Ugip through 90° in the sense of the 
angular velocity wgp: [note that this direction is 
that of (@gpi X Upp )]. 

In the present case the direction of Ypg i, = 0b, 
is in the sense C to B, and the angular velocity of 
CB, is clockwise. The direction of the Coriolis 
component of a@pj;/p 1s thus in the direction eco, 
shown in Fig. 5.38. Similarly the Coriolis compo- 
nent of ap,p; iS in the opposite direction. 

We can now proceed to draw the lines of the 
acceleration diagram in the order listed below. 


Link Acceleration 


AB apia (radial) 
@p;a (normal) 


Direction Sense 


| AB 
LAB 


LCB, 
|CBy 


CB, 


es 43 1/3 (normal) 


&B1/B (radial) 

apic (radial) 
CB,D 

apgivc (normal) Ee CB, 


The component normal to CB, of agijc is b;"b, 
and the sense is from 6,” to 6,. The magnitude of 
WcBI 1S 

WCB a b,"b,/(CB, ) = 11/99 = 0.111 rad/s” 
and the sense is clockwise. 


Example 5.4 

Figure 5.39 shows the main features of a simple 
two-speed epicyclic gearbox. The sun wheel S, is 
keyed to the input shaft I which is rotating at 1000 
rev/min. The sun wheel S, is keyed to the annulus 
A,. The planet carriers C, and C, are both keyed 
to the output shaft O. The numbers of teeth on 
the annulus and sun wheels are 74, = Tap = 80, 
Ts = 30 and Ts = 28. 





Figure 5.39 


Determine the speeds of the output shaft O and 
the non-stationary annulus (a) when annulus A, ts 
held fixed and (b) when annulus A, is held fixed. 


Solution The effective radii of the wheels are 
proportional to the number of teeth. Writing 
down the relative angular-velocity equations, 
from equation 5.13, for the right-hand gear: 
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Figure 5.38 


Magnitude (mm/s ) 

(AB) wap’ = 50(1)* = 50 

(AB) @ap = 50(2) = 100 

2(Vp1/B) @cp1 = 2(35.25)(0.354) = 25.0 
Resi 


(CB, ) wep" a 99(0.354)* = 12.4 
(CB; ) csi 





WSuel Si Vel =. Tai 
WAI/Cl War” ®c1 Ts1 
1000 —_— Wel 80 . 
——S = i) 
WA1i Wc] 30 
for the left-hand gear: 
WS7C2 _ Ws27~ WC2 __ _Ta2 
WA2C2  WaA27~ WC2 Tso 
Hence 
Wai @c1 _ _ 80 (ii) 
Wa2— Wl 28 


since Ws? = Wal and Wc? = Wc1.- 


a) Putting w,, = 0 and solving the simultaneous 
equations in wc; and w,> gives 


Wc, = 272.7 rev/min = wo 
and a> = 368.2 rev/min 


b) Putting w,> = 0 and solving for wc, and wa, 
gives 


Wc, = — 151.1 rev/min = WoO 
and wa, = —582.7 rev/min 


The negative signs indicate that the rotation is 
in the opposite sense to that of the input shaft. 
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Example 5.5 

A Simpson gear set of the type shown in Fig. 
5.23(a) has been designed to have the following 
gear ratios. First gear 2.84, second gear 1.60 and 
third gear direct. 

Determine the ratio of teeth on the annulus to 
those on the sun wheel for both the first and the 
second simple epicyclic gears which form the set. 

Suggest practical values for the number of teeth 
on each wheel to give a good approximation to 
the desired ratios. 


Solution From the example given in the text, 
section 5.11, we know that the second gear ratio 
depends only on the first simple epicyclic so 


(1+ R,)/R, = 1.60 

therefore 
R, = 1/(1.60 — 1) = 1.67 

Now using the expression for the first gear ratio 

(1+ R,+ R2)/R, = 2.84 
gives 

R, = R,(2.84)-1-R, 

= 1.67 x 2.84 -—1-—1.67 = 2.07 


The reverse gear ratio is numerically equal to 
Rz = 2.07. 

The diameter of the sun wheel plus twice that 
of the planets must equal the diameter of the 
annulus. For a meshing gear train all gears will 
have the same diametral pitch, that is the ratio of 
the number of teeth to the diameter is constant. It 
now follows that the number of teeth on the sun 
wheel plus twice those of the planets will be equal 
to the number of teeth on the annulus. For 
manufacturing reasons we will assume that no 
wheel is to have fewer than 15 teeth. If we take 
the planet wheels of the first epicyclic gear to have 
15 teeth then the number of teeth on the annulus 


Ta = Tgs +215 
but 7,4/Ts = 1.67 
therefore 1.67 7, = T5+30 
giving 7, = 45, to the nearest whole number 


and T, = 1.67X Ts =75, to the nearest whole 
number. 

These numbers satisfy the kinematic require- 
ments but, because the number of teeth on the 
sun wheel are exactly three times the number on 
the planet, the same teeth will mesh every three 


revolutions of the planet relative to the carrier. 
The same ratio, to two places of decimals, can be 
achieved with 7, = 85, Tp=17 and 7,=51. 
Since Tp, the number of teeth on the planet, is a 
prime number even wear on the teeth will be 
assured. 

We could start our design for the second simpie 
epicyclic by taking the diameter of the annulus to 
be the same as the first gear so that, assuming the 
same diametral pitch, both annuli will have the 
same number of teeth, that is 85. 

This means that Ts) = 85/2.07 = 41, to the 
nearest whole number. The actual _ ratio 
85/41 = 2.07 to two places of decimals. The 
number of teeth on the planet = (85 — 41)/2 = 22. 

In this gear the number of teeth on the sun is a 
prime number and the number of teeth on the 
planet is 2X(prime number) thereby assuring 
even wear. 

It is obvious that many other combinations of 
gear sizes are possible so there is no unique 
solution. 


Example 5.6 

A Ravigneaux gear as shown in Fig. 5.23d has 
gear wheels of the same diametral pitch. The 
number of teeth on the first (reverse) sun wheel is 
32 and on the second (forward) is 28. The long 
pinion has 17 teeth and the short pinion has 16. 
Determine the gear ratios for the three forward 
gears and one reverse. 


Solution The number of teeth on the annulus 
Pa = Ts, +2 X Tpaong) 


= 32+2X17 = 66. 


For the first simple epicyclic the ratio T,/ 
Ts, = Ry 
= 66/32 = 2.06 


For the second simple epicyclic T,/Ts2 = Ro 
= 66/28 = 2.36. 


From the summary for the gearbox, page 000 
Ist gear ratio = 2.36 


2nd gear ratio = (R, + R2)/(1 + R,) 


= (2.06 + 2.36)/ 
(1+ 2.06) = 1.44 
3rd gear ratio = 1 
and reverse gear ratio = — Ry = — 2.06. 


Problems 


5.1. In the mechanism shown in Fig.5.40, AB is 
rotating anticlockwise at 10rad/s. When @= 45°, 
determine the angular velocity of link BDC and the 
velocities of C and D. 


y 
| « 2 oe 


A A g 0:05m 


AB=:0-113m 
BC =0-124m 


Figure 5.40 BD -0-062m 


Solve this problem (a) by drawing a velocity diagram, 
(b) by the method of instantaneous centres and (c) 
analytically. 


5.2 The device shown in Fig. 5.41 is for testing the 
resistance to wear between the material of a road Y and 
a ‘shoe’ X. The crank OA is rotating clockwise at 
10 rad/s and the shoe is loaded such that contact is 
always maintained between the test surfaces and B lies 
on the line OD. 





OD:2:0m 
OA -0-25m 
AB: 1-lm 
BC -R -0-4m 
CD:1-0m 


Figure 5.41 


For the instant when the angle @ is 60°, determine (a) 
the rubbing speed between the two test materials and 
(b) the angular velocity of the shoe. 


5.3. A flat-footed follower F slides in guides G and 
engages with cam C as shown in Fig. 5.42. The cam 
consists of a circular disc, centre A, radius r, rotating at 
constant speed w about point O, and OA =e. The 
spring S maintains contact between the follower and 
the cam. 





Figure 5.42 


Find expressions for the velocity v and acceleration a 
of the follower. 
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5.4 Part of the control system for an engine is 
illustrated in Fig. 5.43. At the instant when the beam 
OA passes through the horizontal position, its angular 
speed w is found to be 1.1 rad/s. The motion of the 
point A is transmitted through the push rod AB to the 
right-angled bell crank BCD. The cylindrical end at D 
is a sliding fit between the parallel faces of the collars 
fitted to the valve shaft EF. 





BC=0-6m 
CD"0-25m 
ZBCD-90° 


Figure 5.43 E a 


For the configuration shown, find (a) the angular 
velocity of BCD and (b) the linear velocity v of the 
shaft EF. 


5.5 Figure 5.44 shows a four-slot Geneva mechanism 
which converts continuous rotation of a shaft with 
centre O, to intermittent rotation of a parallel shaft 
with centre O,. Pin P rotates ar radius R about centre 
O,, and engages with the slots of the Geneva wheel, 
centre O,. The slots are tangential to the path of the 
pin at entry and exit. 


30rad/s 





Figure 5.44 


If crank O,P rotates at a constant angular speed of 
30 rad/s, determine the angular acceleration of the 
Geneva wheel just before the pin leaves a slot. 


5.6 In the engine mechanism shown in Fig. 5.45, 
crank AB rotates at a constant angular velocity wok. G 
is a point on the connecting rod BC such that BG = a, 
GC = bandat+b=l. 

Show that 


Figure 5.45 
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_ | FCOSA Wo k 
nee lcos¢@ 


v= {—rsin@wo + Ising @gc ji 


UG = [—rsinO wo + asindwgc ]i—[bcosdwpc |j 
* r . « 
Ec = seca (2 sin8 wo” — sind ove) k 


ac = —[rcos@wo* + 1(cosdwpc’ — sing pc) |i 


ag=- [rcos@ wo? + a(cosd wyc” = singd@gc)]i 
—b[sindwyc’ + cosh apc |j 


where sind = (r/1)sin@ and wpc = —¢. 


5.7 Figure 5.46 shows one of the cylinders C of a 
petrol engine. The crankshaft AB is rotating anticlock- 
wise at a constant speed of 3000 rev/min about A. The 
piston E which slides in cylinder C is connected to the 
crankshaft by the connecting rod BD, and G is the mass 
centre of the connecting rod. 


AB = 40mm 
BD = 145mm 





Figure 5.46 


For angle DAB = 30°, determine (a) the velocities of 
E and G and the angular velocity of BD; (b) the 
accelerations of E and G and the angular acceleration 
of BD. Solve this problem graphically and check your 
results from the formulae of the previous question. 


5.8 Figure 5.47 shows part of an opposed-piston 
diesel engine running at 2000 rev/min. Connecting rods 
AB and DE are connected to the flywheel at A and D 
respectively, the crank radius being 160 mm. Slider B is 


ni 


2000 rev/min 
—ea> 





OA=l60Omm 

A B=1300mm 

E D=S00mm 
Figure 5.47 


connected to piston C by link BC, and pistons C and E 
are in the same cylinder. 

When angle BOA = 60°, find the velocities and 
accelerations of each piston. 


5.9 An ‘up-and-over’ mechanism for a garage door 
comprises two identical units of the type shown in 
Fig. 5.48, mounted one on each side of the door. Each 
unit consists of a trunnion block T which runs on two 
0.1m diameter rollers in a vertical guide, with the door 
carried on a pin at B. The link OA is pinned to the door 
at A and rotates about the fixed axis at O. 





Figure 5.48 C 


At the instant when the door is in the position shown, 
the trunnion block has an upward velocity of 0.75 m/s. 
For this position determine (a) the angular velocity of 
the link OA, (b) the velocity of the lower edge of the 
door at C and (c) the angular velocity of the trunnion 
block rollers, assuming no slip. 


5.10 See Fig. 5.49. P is a representative water particle 
moving outward along the impeller blade of a 
‘centrifugal’ pump. The radius of curvature p of the 
blades at the tip 1s 150 mm. The impeller has an angular 
velocity of 30 rad/s clockwise and an angular accelera- 
tion of 0.01 rad/s” in the same sense. At the blade tip 
the particle has, relative to the impeller blade, a 
tangential velocity of 15 m/s and a tangential accelera- 
tion of 10 m/s’. 





30 rad/s : 
O-OI rad/s" 


Figure 5.49 


Find the total velocity and the total acceleration of 
the water particle P as it is on the point of leaving the 
blade. A semi-graphical method is suggested. 


5.11 Figure 5.50 shows part of a shuttle drive 
mechanism for a sewing machine, the continuous 
rotation of crank AB at 60 rad/s causing an oscillatory 
motion of the shuttle drive shaft G. A, D and G are 
fixed centres and the lengths are all given in 
millimetres. The slotted link CDE which rotates about 
D is driven by the connecting bar BC and in turn drives 
the crank GF via the swivel block at F. 





AB - 20 
BC = 200 FG:18 


CD = 18 


Figure 5.50 


Find, for angle DAB = 150°, the angular velocity and 
angular acceleration of CDE and the sliding velocity of 
the block. Hence determine the angular velocity and 
angular acceleration of GF. 


5.12 In the mechanism shown in Fig. 5.51, the crank 
OB rotates with uniform clockwise angular velocity of 
1 rad/s. It drives link ABP whose end A is constrained 
to move vertically. The disc D rotates about the axis 
O; it is driven by a pin P, attached to ABP, which 
engages with the slot S. OB = 50mm; AB = 90mm; 
BP = 90 mm; angle AOB = 30°. 





Figure 5.51 


Construct the velocity and acceleration vector 
diagrams for the mechanism in this position, and from 
these find (a) the magnitude and sense of the angular 
velocity of the disc D and (b) the magnitude and sense 
of the angular acceleration of the disc D. (Suggested 
scales: 1 cm = 0.01 m/s, 1 cm = 0.01 m/s.) 
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5.13 Figure 5.52 shows the essential kinematics of a 
compound epicyclic gear designed to give a large speed 
reduction from the input shaft I to the output shaft O. 
Carrier C is keyed to the input shaft and carries a pin T 
on which the compounded planet wheels P, and P, are 





Figure 5.52 


free to rotate. P,; meshes with sun wheel S;, which 1s 
keyed to O, and P, meshes with sun wheel S,, which 
is fixed. The gear wheels all have teeth of the same 
pitch. The numbers of teeth are Np, = 20, Np2 = 21, 
Ns = 70. 

Show that Ns» = 69 and that the speed ratio is 
Wo/w, = 9/147. 


5.14 The epicyclic gear shown in Fig. 5.53 consists of 
a sun wheel S which is fixed to the case, three 
compound planet wheels P;-P, which are mounted on 
the carrier C, and an annulus A. 


Va 


\ 7 
EENN ie 


WL 





View in direction of z 


Figure 5.53 
The number of teeth are as follows: 
Gear S P, P, 
No. of teeth 40 20 30 


The shaft attached to C has a speed of 15k rev/s; find 
the angular velocity of the output shaft attached 
to A. 


5.15 Figure 5.54 illustrates the arrangement of an 
epicyclic gearbox. Wheel A is integral with the input 
shaft and drives the planet carrier C through the idler 
gear B. There is one compound planet DE. Wheel D 
meshes with wheel F, which is keyed to the output 
shaft, and wheel E meshes with the fixed gear G. All 
teeth are cut having a module of 4mm. 
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A - 24 teeth 
C - 96 teeth 
D - 30 teeth 
E - 24 teeth 
F - 46 teeth 


Figure 5.54 


a) For the numbers of teeth given in Fig. 5.54, show 
that the number of teeth on wheel G is 52. 
b) Determine the overall speed ratio of the gearbox. 
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Kinetics of a rigid body in plane motion 


6.1 General plane motion 

In this chapter we consider the motion of a rigid 
body in general plane motion, by which we mean 
that the centre of mass is moving in a plane and 
any rotation is about an instantaneous axis 
perpendicular to the plane. 

In Chapter 3 it was shown that the resultant of 
the external forces on a body is equal to the 
product of the total mass and the acceleration of 
the centre of mass. We must now consider the 
effect of the positions of the lines of action of the 
applied forces, remembering that the acceleration 
of the centre of mass is the same whether or not 
the line of action of the resultant passes through 
the centre of mass. 

Consider initially a group of particles in ran- 
dom motion. For a typical particle (see Fig. 6.1), 


DSi t F; = mF; (6.1) 
} 


Figure 6.1 7 


where fj; is the force on particle i due to particle j 
and F; is an externally applied force. 

Taking the moments of the forces about O, we 
have 


r; X Dy tri X Fi = ri X (miF;) (6.2) 
j 
The total moment of the internal forces is zero, 
since the internal forces occur in pairs of collinear 
forces equal in magnitude but opposite in sense, 
and so summing over all the particles gives 


>, X F; = Dr, X (mF) 


d 
= Gm ix mii) (6.3) 
or 
moment of external forces 
= > moment of (mass X acceleration) 
= moment of the rate of change of 
momentum 
= rate of change of the moment of 
momentum 


We may make use of the definition of the 
centre of mass and, by writing r;=rg+p; (see 
Fig. 6.2), equation 6.3 becomes 

Lr X F;= Lrg X mig + LG X Mf; 
+ di piX mirgt dpi mip; 


= 1g X Mfg + 2p: mp; (6.4) 





Figure 6.2 


The second and third terms of the previous 
equation are zero because of the properties of the 
centre of mass, see equations 3.14 and 3.14(a). 

If the body is in plane motion as previously 
specified, then g; is due solely to rigid-body 
rotation in the xy-plane. 


Using cylindrical co-ordinates (Fig. 6.3), 

(6.5) 

(6.6) 

Considering moments about the Gz axis only, 
Mg = XpiX mipi;-k 


Pi = Rice, + Zk 


a 2 . 
Pi = —w° Rigeg + oRig eg 
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Rig 0 Zj 
but pi x m;p;°k = MN; —w’ Rig WRig 0 
0 0 1 
(see equation 4.16) 
a am; Rig? 
hence Mg = © >; Rc” (6.7) 
y 
mM, 
l 
$ “e @ = wk 
O 
Figure 6.3 - 


The term > m;R;c’ is known as the moment of 
inertia of the body about an axis through G 
parallel to the z-axis and is given the symbol Jg. 
Ig is also written Mkg*, where M is the mass and 
Kg 1s called the radius of gyration. 

Thus 


Me =Ioe@ 


and, since w is fixed in direction and Ig is a 
constant for the ngid body, 


d 
Mo = q ic#) 


For any rigid body in general plane motion we 
now have three important equations: 


(6.8) 


and Mg=Ig@= Mk,’ (6.11) 


Should we choose to take moments about some 
point O other than the centre of mass then, from 
equation 6.4, we must add a term equal to the 
moment of the total mass times the acceleration of 
the centre of mass to the right-hand side of 
equation 6.11. Referring to Fig. 6.4, 


» >” 


Figure 6.4 


(6.12a) 


It is sometimes convenient to use vector algebra 
here, and we note that the final term of equation 
6.12a is the component of (rg <x Mag) in the 
z-direction; thus 


Mop = 1g0+ (ro X Mag):k (6.12b) 


Notice that, even when w=0, Mo 1s not 
necessarily zero. This further emphasises the 
importance of the centre of mass, because by its 
use the kinetics of translation and of rotation may 
be treated separately. 


Mo ad lgo+roMace 


6.2 Rotation about a fixed axis 

A special but common case of general plane 
motion is rotation about a fixed axis. If the axis of 
rotation passes through O then the angular 
velocity of the line OG will be the same as that of 
the body, namely wk. Referring to Fig. 6.5 and 
using equation 6.3 we see that the moment about 
Oz of the external forces is 


Mo= > Ri(mR;e) 
= @>m;R? = alo 


where Ig = > m;R? is defined to be the moment 
of inertia about Oz. 





Figure 6.5 
Also, from equation 6.12a 
Mop = Io et+1ro More 
= (Ig+ Mro’)@ (6.13a) 
Combining the two expressions for Mo. We have 
Mo = (Ig + Mrg’)@ = In@ (6.13b) 


6.3 Moment of inertia of a body about 
an axis 


Parallel-axes theorem 
The moment of inertia about the z-axis is defined 
to be 


Ig = > m,R? = Dm, (x7 + y7) 
From Fig. 6.6, 
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Figure 6.6 


and yi=yotyi' 
so xf +y? = (to? +yq") + (x77 + yi") 
+ 2xgxj + 2yeyi' 
=16° + Rig? + 2xGx/ + 2vey 


AX; =XG +x;' 


By virtue of the properties of the c.m., 
XG>m,;x;' =0 
and yoomiy;' =0 
thus [5 = -mro?+ mR” 
= Mro’+Ic (6.14) 
= M(rg7 + kg’) = Mko” (6.15) 
where ko is the radius of gyration about the 
z-axis. 


Perpendicular-axes theorem 
Consider the thin lamina in the xy plane shown in 
Fig. 6.7. 


uM 


-— x, — m 
Figure 6.7 
I, = Dmiy? 
I, = Dm; x7 
and 1,=)>)m;R? 
= Dd mj(x"— yi") 
=L+I, (6.16) 


Moment of inertia of a right circular uniform 

cylinder 

i) Moment of inertia about the axis of the cylinder. 

In Fig.6.8, the mass of an elemental rod is 

pL dr(rdé@), where pis the density of the material. 
Moment of inertia about the axis 





Figure 6.8 
= (pL drrdé)r? 
hence for the whole body 


27 a 
le; = [, [., pLr? drdé 


= " pLr? dr2a = pL2ma‘"/4 = 4apLa‘ 
0 


The mass of the cylinder is pzra*L, therefore 
Igz = Ma?/2 = Mk? 


ii) Moment of inertia about an end diameter. For 
a circular lamina, relative to its own centre of 
mass (Fig. 6.9), I, = [,; hence, from the perpen- 
dicular-axes theorem, 





Figure 6.9 
I, = 1, = H, = apa‘ dz 
The moment of inertia about the x-axis may be 


found through the parallel-axes theorem. Hence, 
for the lamina, 


1, = 4apa*tdz+ pma*dzz* 


and integrating for the whole bar gives 


L 
L, = apa? [, (ja? + 27) dz 


2 72 
sundae. OL 
= A.) 
(o7 ( eae 
We may use the parallel-axes theorem to find 
the moment of inertia about a diameter through 
the centre of mass: 
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2 L? L 2 
wool 


4 3 Z 

a’ L* 
=M|—+— 

G+) 


6.4 Application 

As an example of the use of the preceding theory, 
consider the problem of the cable drum shown in 
Fig. 6.10. 


NSS 
Figure 6.10 “- 


Let us assume that the drum has symmetry, 
that the cable is horizontal and that the friction 
between the ground and the drum is sufficient to 
prevent slip. If the tension in the cable is T, what 
is the acceleration of the drum and the direction 
of motion? 


F 
N 


Figure 6.11 

The first and important step is to draw the 
free-body diagram as shown in Fig. 6.11. The next 
step is to establish the kinematic constraints (see 
Fig. 6.12). In this case the condition of no slip at 
the ground gives 


0 
aki 


Figure 6.12 
XG = —R@, VG = 0 
(6.17) 


We can now write the three equations of 
motion (see equations 6.9-6.11 and Fig. 6.11): 


and %¥4=—R06, jyo=0 


T—F = Mig (6.18) 
N-Mg=0 (6.19) 


Eliminating F and N leads to 


r : 8 
r(1 -1) = Mig - lox (6.21) 
and, since with no slip 6 = —XQ/R, 
T(1—r/R) = (M+Ig/R?)iG 
T(1-—r/R 
hence A (6.22) 
(M+ Ig/R2) 


Since R>r, XG 1s positive and thus the drum 
will accelerate to the right. As the drum started 
from rest, it follows that the motion 1s directed to 
the right. An intuitive guess might well have 
produced the wrong result. 


Discussion examples 


Example 6.1 

Figure 6.13 shows two pulleys, P, and P», 
connected by a belt. The effective radius of pulley 
P, is r and its axial moment of inertia is 7. The 
system is initially at rest and the tension in the 
belt is 7). The motor M which drives pulley P, is 
then started and it may be assumed that the 
average of the tensions T,4p and Tcp in sections 
AB and CD of the belt remains equal to 75. 
Denoting the anticlockwise angular acceleration 
of pulley P, by @ and the clockwise resisting 
couple on the same axle by Q, find expressions for 
Tap and Tcp, neglecting the mass of the belt. 





Figure 6.13 


Solution The solutions of problems in_ this 
chapter start with a similar pattern to those of 
Chapter 3, first drawing the free-body diagram(s) 
and then writing down the appropriate equa- 
tion(s) of motion. 

In the present problem there are four forces 
and one couple acting on pulley P,; these are 
shown in the free-body diagram (Fig. 6.14). Tag 
and Top are the belt tensions and Q is the load 
couple mentioned above. R is the contact force at 
the axle and W is the weight; these two forces can 
be eliminated by taking moments about the pulley 
axle. 


Tap 
\ 
: Q 
Tcp “a 
Ol 
Figure 6.14 
>~Mg=IJIgo@ (equation 6.11) 
Tapr—Tcpr-Q= Ila (1) 


The average value of Tap and Tcp is To, so 
that 


3( Tap + Tcp) — To (ii) 


Solving for Tap and Tcp from equations (i) and 
(ii), we find 


Tap = Tp + Uat+Q V(r) 
and Top = To- la + QO )/(2r) 


Example 6.2 

The hoist shown in Fig. 6.15 consists of a winding 
drum D driven by an electric motor M. A pinion 
of Ny, teeth on the motor shaft meshes with a gear 
wheel of Np teeth attached to the drum. The 
effective radius of the drum is R. The total axial 
moment of inertia on the drum shaft is /p and on 
the motor shaft is Iy. The rope wrapped round 
the drum carries a load of mass m at its lower end 
which is being raised with an acceleration a. 
Neglect bearing friction and the mass and stretch 
of the rope and determine the couple being 
applied to the rotor of the motor. 


alti 





Figure 6.15 


Solution The free-body diagrams for the motor, 
drum and load are shown in Fig. 6.16. Forces 
which pass through the axles of the motor and the 
drum will be eliminated by taking moments about 
the axles. The contact force between the teeth has 
been resolved into a tangential (F) and normal 
(N) component. The forces Py, and Pp are the 
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Motor 


~ ae 





Figure 6.16 


axle contact forces and Wy, and Wp are the 
weights. The tension 7 in the vertical portion of 
the cable does not vary since its mass is negligible. 
Cm is the required couple. 

Taking moments about the axle of the motor, 
from equation 6.11, 


Cu — Fry = Imo (i) 
where ry, is the effective radius of the motor 
pinion. 

Taking moments about the axle of the drum, 

Frp— TR = Ip@p (i1) 


where rp is the effective radius of the drum gear 
wheel. 
The force equation for the load is 


T—mg=ma (ii1) 


The numbers of teeth on the pinion and wheel 
are proportional to their radii and hence 


rm _ Nu 
> No 
and it follows that 
mM _ OM _ N IND 
OD WH Nw 
The final required relationship is 
a= Rap (v) 


since the rope does not stretch. 
Combining equations (1) to (v), we find 


Nu Np a 
—|JIpt+iml—] +mR7/—+R 
we | [e “() . iF me 


This type of problem is readily solved by the 
energy methods described in the next chapter. 


(iv) 


Cu = 
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Example 6.3 

Figure 6.17 shows an experimental vehicle 
powered by a jet engine whose thrust can be 
represented by the equivalent concentrated force 
P acting on the vehicle as shown. The vehicle is 
suspended from light wheels at A and B which 
run on the straight horizontal track. Friction at 
the wheels is negligible. The total mass of the 
vehicle is 4000 kg and the mass centre is at G. 


A Bey B 





Figu re 6. 1 7 | 2-0 3-O1m | 


a) If wind resistance can be neglected, deter- 
mine the maximum permissible value of P 
consistent with the wheel at B remaining in 
contact with the track. What would be the 
acceleration a of the vehicle for this value of P? 
b) If wind resistance were taken into account, 
would the maximum permissible value of P 
consistent with the wheel at B remaining in 
contact with the track necessarily always exceed 
that obtained in (a) above? Give reasons for your 
answer. 


Solution Let us first consider the motion of the 
wheels, whose mass is to be neglected. The 
right-hand side of any equation of motion for a 
body of negligible mass will be zero, and the 
equation will be the same as though the body 
were in equilibrium (Chapter 4). In the present 
case there are only two forces (and no couples) 
acting on a wheel: the contact force at the axle 
and the contact force with the track. These forces 
must therefore be equal, opposite and collinear. 
The contact points lie on a vertical line so that the 
forces are vertical (Fig. 6.18(a) ). 


R 





a) The free-body diagram for the vehicle has 

vertical forces at A and B together with the thrust 

P and the weight W, as shown in Fig. 6.18(b). 
For the x-direction (> F, = mxc), 


P=ma (i) 
and, for the y-direction (> F, = mya), 
Rxa+Rp-—-W=0 (ii) 
If we next take moments about G, 
(> Mg = 1g), 
(e—d)P+bRg-—cR,a =0 (ili) 


We have assumed that there is no rotation 
(w = 0). Denoting the required value of P by Po 
we note that when P = Po, Rg = 0 but Po 1s just 
not sufficient to cause rotation. Eliminating R,, 
we find 





megc 
or 2 d (iv) 
and, numerically, 
4000(9.81)2 
Po = 
2.8-—2 


= 98 100N = 98.1 KN 


The corresponding acceleration, @o, from 
equation (i) is 


an = Po/lm 
= 98 100/4000 = 24.53 m/s” 


Since Ra is not required, we could have used a 
single equation for moments about A (and thus 
eliminated R, ) instead of equations (ii) and (iii). 
When taking moments about some general point 
O, the appropriate equation is 


>M,=Igetrgomage (equation 6.12a) 


Or >» Mo = Ig et (tg X mag)+k 
(equation 6.12b) 


If the second of these equations is used directly, 
the positive direction for moments is determined 
by the sign convention for the vector product. 

In the present problem it is clear that the 
(anticlockwise) moment of mag about A is dma 
and it is unnecessary to carry out the vector 
products 


(TG Xag)-k = [(ci— dj) xX mai|-k 
= dmak-k = dma 


Thus, from either equation 6.12a or 6.12b, taking 
moments about A and putting Rg = 0, P= Po, 


> Ma, = ePo—cmg = dma (v) 
and substituting for a from equation (1) gives 
d) as before. 


b) The answer to this part of the question is ‘not 
necessarily’. Suppose (see Fig. 6.19) that the 
resultant F of the wind resistance is horizontal 
and that the centre of pressure is a distance f 
below the axles. P,; is the value of P that just 
makes Rg = 0 under these conditions. Equation 
(1) becomes 


Po = mgcl(e- 


R, Rz = 0 





~ mg 


Figure 6.19 
P,—F=ma 
and equation (v) becomes 
eP, —cmg — fF = mda 
Eliminating a gives 
mgc+ F(f—d) 
e—d 


Comparing equations (iv) and (vi) we see that 
P, is greater than Po only if f>d. 


f= (vi) 


Example 6.4 

When predicting the maximum acceleration of a 
motorcycle, it is necessary to consider (a) the 
power available at a given speed, (b) the tendency 
of the front wheel to lift and (c) the tendency of 
the rear wheel to slip. 

A motorcycle and rider are travelling over a 
horizontal road, the combined centre of mass 
being 0.7 m above the road surface and 0.8m in 
front of the axle of the rear wheel (see Fig. 6.20). 
The wheelbase of the motorcycle is 1.4m. If the 





Figure 6.20 
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coefficient of friction between the tyres and the 
road is 0.8, find the maximum possible accelera- 
tion, neglecting the resistance of the air and 
assuming that the acceleration is not limited by 
the power available. Neglect the mass of the 
wheels. 


Solution If we make the assumption that the 
front wheel is on the point of lifting (i.e. zero 
force between front wheel and ground), the 
tangential component Fr and the normal compo- 
nent Ne of the contact force between the rear 
wheel and the road can be determined. If Fp 1s 
less than or equal to wNp then the maximum 
acceleration is limited by front-wheel lift and our 
assumption was valid. If, on the other hand, Fr 1s 
found to be greater than p Np our assumption was 
invalid since this is not possible. The problem 
must then be reworked assuming that slip is 
taking place at the rear wheel. 


Front wheel on point of lifting (Fig. 6.21) 


Taking moments about B, from equation 6.12a or 
6.12b, replacing O by B, 


ye 


at =O ‘ 
Free-body diagram 


oO 


Acceleration 
of G 


Figure 6.21 
mgc = 0+mah 
a= gclh 


= 9.81(0.8)/0.7 = 11.21 m/s? 
For the x-direction (> F, = mig), 


—Fp =m(-a) 
Fg = m(11.21) 
For the y-direction (> F, = myc), 
Na-mg=0 
Nr = m(9.81) 
The ratio pie ee = 1.143 
Ne 9.81 


The ratio F/N cannot exceed the value of the 
coefficient of friction 4, which is 0.8, and so the 
original assumption is invalid. The maximum 
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acceleration is therefore limited by rear-wheel 
slip. 


Rear-wheel slip (Fig. 6.22) 

Since the wheels are light, the contact force 

between the front wheel and the ground is vertical 

(see example 6.3) and we can replace Fp by uNr. 
For the x-direction [> F, = m&g], 


G - 

©) "UN 4 
bate ( rs 

Vieng 


N. Ne 
Figure 6.22 


—BNR = m(—a) 

For the y-direction [> F, = myc], 
Ne+ Np-mg =0 

Taking moments about G [> Mg = Ige@], 
cNp —-bNe—huNp = 0 


Substituting numerical values and eliminating 
Nr and Ny we find that a = 5.61 m/s”. 


Example 6.5 

See Fig. 6.23(a). The slider B of mass m is 
constrained to move in vertical guides. A pin P 
fixed to the slider engages with the slot in link OA 
which rotates about O. The mass of the link 1s M 
and its moment of inertia about O is J/g. G is the 
mass centre of the link and OG = a. A spring of 
stiffness A restrains the motion of B and is 
unstrained when 6 = 0. 





(a) 
Figure 6.23 


The system is released from rest at 6 = 0 under 
the action of the couple Q which is applied to link 
OA. The variation of Q with @ is shown in Fig. 
6.23(b). Assuming that the couple is large enough 
to ensure that @ attains the value of 45°, 
determine the angular velocity w of the link OA 
at this angle. Neglect friction. 


Solution 

Link OA. In the free-body diagram for the link 
OA (Fig. 6.24), S, the contact force with the pin 
P, is perpendicular to the link since friction is 
negligible. R is the contact force at the axis O. 


Link OA 





VWzmg 


Figure 6.24 


Since the link is rotating about a fixed axis, the 
appropriate moment equation is equation 6.13 
and our aim is to replace w by wdw/dé6 and to 
integrate the equation to find w at the required 
value of 0. 


[> Mo= Io] 
dw 


= Mee Ost = Ose t= 10@ 7, (i) 


We need a suitable expression for S before w at 
6 = 7/4 can be determined. Note that [7*Qd6 is 
simply the area under the graph of Q against @. 


Slider B. In the free-body diagram for the slider 
B (Fig. 6.25), S is the force on the pin P (equal 
and opposite to that on the link OA). Denoting 
the upward displacement of the block by y, the 
downward spring force on the slider is ky. N is the 
contact force of the guide on the slider. 


SliderB S$ 
gy 
UI 
n—|\P ly 
mg 
Figure 6.25 
[> Fy rr myc] 
Scos @—ky —mg = my (ii) 


From the geometry of the linkage, y = /tané 
and hence 


¥ = Isec?0(w + 2tan Ow”) 
S is thus given by 


d 
S = sec al mi secto( aoe + 2tan ou" + kltan 6+ ms| 


When this expression for S$ is substituted in 
equation (i), a cumbersome differential equation 
results. Since only the angular velocity of the link 
is required, we shall defer this problem to the 
next chapter, where it is readily solved by an 
energy method in Example 7.2. 


Example 6.6 

Figure 6.26 shows part of a mechanical flail which 
consists of links AB and BC pinned together at B. 
Link AB rotates at a constant anticlockwise 
angular velocity of 25 rad/s and, in the position 
shown, the instantaneous angular velocity of BC 
is 60 rad/s anticlockwise. The links are each made 
from uniform rod of mass 2 kg/m. 


C 60rad/s 8 ar 
lt = fe m 
Sip 25rad/s a BC-05m 


Figure 6.26 


Determine the angular acceleration of BC and 
the bending moment in the rod AB at A. 


Solution Figure 6.27 shows the separate free- 
body diagrams for AB and BC. Subscripts 1 and 2 
relate to AB and BC respectively. Rg is the 
contact force at the pinned joint B. Since A is not 
pinned, there will be a force Ra and a couple Q 
acting there. The magnitude of Q is the required 
bending moment. 


C G 
Sh Q 
G, 
' B 
m8 B AR, 
° mg 
Figure 6.27 


Rg can be found from equations of motion for 
link BC. If an equation for moments about A for 
link AB is then written, this will not contain Ra 
and Q can be found. A solution using this 
approach is left as an exercise for the reader, but 
a technique will be described below which does 
not involve the determination of Rg. 

Just as equations of motion can be written for 
systems of particles, so they can be written for 
systems of rigid bodies. Suppose that n rigid 
bodies move in the xy-plane. If the force 
equations for the bodies are summed, we obtain 


LF= > MAG (i) 
i=] 
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where >F is the sum of all the forces acting on 
the system. Summing the equations for moments 
about some point O, we obtain from equation 
6.12b 


Mo = D Igi@:+ d (rE X Magi): k (ii) 
i=l i=1 


where >, Mo is the sum of all the moments acting 
on the system. These equations are often useful 
when two or more bodies are in contact, since the 
contact forces, appearing in equal and opposite 
pairs, do not appear in the equations. 

Let us start the present problem in the usual 
way by using the free-body diagram for BC alone. 
The forces acting on the link are the weight mg 
and the contact force Rp (Fig. 6.28). 


“—~ @ 
C 
ce ; ; G2 wl; 
iBerRp 2, 
Z v2 l 2) 
mg = ew? we 
Free-body diagram 2 


Accelerations 


Figure 6.28 


Since @€g2 = 4g + dgz7p, the acceleration of G> 
has the three components shown. There are only 
two unknowns, Rp and w, so we can find the 
latter by taking moments about B. 





[> My = [20> 
+ (moment of components of mag, about B)] 
I m1,° 
ae g = . 
(3 sin Jonze) p ” 


+m) E (2 | _ (2 cos 7 (w,7l; | 


Dividing by mp, and substituting numerical 





values, 
*3(X2 81) -() ek: 
ye eee Tower. ae oe 


05a 
-> W2SPO 


> = 963.0 rad/s” 


If we now combine the free-body diagrams for 
the two links the internal contact force at B will 
not appear and by taking moments about A for 
the whole system using equation (ii) we can find 
Q (see Fig. 6.29). 
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Free-body diagram 
Ca G Q 

2 
D> Gu R, 


még B mg A 


a’, . 
@)| = 0 
Cc G, wl; f 
G, 

l ‘h i o 

2 if 5 oF B * ~ a ors if 

2 ~~ ag 

E 
Accelerations 

Figure 6.29 


From equation (ii), 


[SMa = Ig10; +1620 
+ (moment of mag; about A) 
+ (moment of mag about A)] 


(AG, )m,g+(AD)mg+ Q =0+Ig202+ 0 


Lb. l 
+ m2 jes.) W + (AE)> w” — (DG) ot 


0.5(2)(9.81) + ( Le 0.253 Ja )(9.81) +O 


a ne (0.5)? v3 
= 0.25-5— 983) +1]( ; +0.25) 


0.5 0.5 | 
x (°° \(963 + 0.5 ("2 | oy —(0. 2sy2sy)| 


Hence Q=—-1383Nm 


Problems 


6.1. A thin uniform rod has a length / and a mass m. 
Show that the moments of inertia about axes through 
the mass centre and one end, perpendicular to the rod, 
are mi7/12 and ml?/3 respectively. 


6.2 The uniform rectangular block shown in Fig. 6.30 
has a mass m. Show that the moments of inertia for the 
given axes are 


1 
hy=—m(I* +57), 
11 12 ( ) 
1 2 2 
ie Ne +b 2 


i 4 
3 = m|—-1?+—a’ 
= (; 12 





Figure 6.30 


6.3 A uniform solid hemisphere has a radius r. Show 
that the mass centre is a distance rg = 3r/8 from the flat 
surface. 


6.4 Determine the location of the mass centre of the 
uniform thin plate shown in Fig. 6.31. 
¥ 


5mm 
20mm 


a 
10mmji0mm 


Figure 6.31 


6.5 A couple C=ké@ is applied to a flywheel of 
moment of inertia J whose angle of rotation is 6, and k 
is a constant. When the flywheel has rotated through 
one revolution, show that the angular velocity is 
2a (k/I) and the angular acceleration is 27k/T. 


6.6 A flywheel consists of a uniform disc of radius R 
and mass m. Friction at the axle is negligible, but 
motion is restrained by a torsional spring of stiffness k 
so that the couple applied to the flywheel is k@ in the 
opposite sense to 6, the angle of rotation. If the system 
is set into motion, show that it oscillates with periodic 
time 27RV[m/(2k)]. 


6.7 A light cord is wrapped round a pulley of radius R 
and axial inertia / and supports a body of mass m. If the 
system is released from rest, assuming that the cord 
does not slip on the pulley, show that the acceleration a 
of the body is given by 


a = mgR7/(1+ mR?) 
if friction at the axle is negligible. 


6.8 Repeat problem 6.7 assuming that there is a 
friction couple Co at the axle which is insufficient to 
prevent motion and show that 


a = (mgR*? —CoR)\(I+mR?) 


6.9 See Fig. 6.32. The coefficient of friction between 
body A and the horizontal surface ‘s x. The pulley has a 
radius R and axial moment of inertia J. Friction at the 
axis is such that the pulley will not rotate unless a 
couple of magnitude Co is applied to it. If the rope does 
not slip on the pulley, show that the acceleration a is 
given by 





Figure 6.32 
_ g(m—pM \R*—CoR 
— (m+M)R?41 


provided that m>uM+Col/(gR). 


6.10 Figure 6.33 shows a small service lift of 300 kg 
mass, connected via pulleys of negligible mass to two 
counterweights each of 100kg. The cable drum is 
driven directly by an electric motor, the mass of all 
rotating parts being 40 kg and their combined radius of 
gyration being 0.5m. The diameter of the drum is 
0.8 m. 


— 3 able drum 





Figure 6.33 


If the torque supplied by the motor is SONm, 
calculate the tensions in the cables. 


6.11 The jet aircraft shown in Fig.6.34 uses its 
engines E to increase speed from 5 m/s to 50 m/s in a 
distance of 500m along the runway, with constant 
acceleration. The total mass of the aircraft is 
120000 kg. with centre of sor at G. 





Figure 6.34 


Find, neglecting aerodynamic forces and rolling 
resistance, (a) the thrust developed by the engines and 
(b) the normal reaction under the nose wheel at B 
during this acceleration. 


6.12 See Fig. 6.35. The crank OB, whose radius is 
100 mm, rotates clockwise with uniform angular speed 
6= +5 rad/s. A pin on the crank at B engages with a 
smooth slot S in the member A, of mass 10 kg, which is 
thereby made to reciprocate on the smooth horizontal 
guides D. The effects of gravity may be neglected. 

For the position @ = 45°, sketch free-body diagrams 
for the crank OB and for the member A, and hence find 
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Figure 6.35 


(a) the magnitude of the force exerted by the pin on the 
member A and (b) the driving couple which must be 
applied to the crank OB. 


6.13 In problem 5.3, the spring S has a stiffness of 
4kN/m and is pre-compressed such that when the line 
OA is perpendicular to the motion of the follower F the 
compressive force in the spring 1s 150 N. The mass of 
the follower is 0.2 kg. The eccentricity e = 10 mm. 
Neglecting friction and the mass of the spring, 
determine the maximum speed at which the cam C can 
run so that the follower maintains continuous contact. 


6.14 The distance between the front and rear axles of 
a motor vehicle is 3 m and the centre of mass is 1.2 m 
behind the front axle and 1 m above ground level. The 
coefficient of friction between the wheels and the road 
is 0.4. 

Assuming front-wheel drive, find the maximum 
acceleration which the vehicle can achieve on a level 
road. 

During maximum acceleration, what are the vertical 
components of the forces acting on the road beneath 
the front and rear wheels if the mass of the vehicle is 
1000 kg? 

Neglect throughout the moments of inertia of all 
rotating parts. 


6.15 The car shown in Fig. 6.36 has a wheelbase of 
3.60 m and its centre of mass may be assumed to be 
midway between the wheels and 0.75 m above ground 
level. All wheels have the same diameter and the 
braking system is designed so that equal braking 
torques are applied to front and rear wheels. The 
coefficient of friction between the tyres and the road is 
0.75 under the conditions prevailing. 





Figure 6.36 


When the car is coasting down the gradient of 1 in 8 
at 45 km/h, the brakes are applied as fully as possible 
without producing skidding at any of the wheels. 
Calculate the distance the car will travel before coming 
to rest. 


6.16 The track of the wheels of a vehicle 1s 1.4m and 
the centre of gravity G of the loaded vehicle is located 
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Figure 6.37 


as shown in Fig. 6.37. The vehicle is travelling over a 
horizontal surface and negotiating a left-hand bend. 
The radius of the path traced out by G is 30 m and the 
steady speed of G is v. The coefficient of friction 
between tyres and road is 0.85. 

As a first estimate, the effects of the suspension 
system can be neglected. Determine the maximum 
value of v such that the vehicle neither tips nor slips. 


6.17 The vehicle shown in Fig. 6.38 travels along a 
level road and the friction coefficient between tyres and 
road is x. When the brakes are applied, the braking 
ratio R is given by 


- couple applied to front wheels by brakes 


couple applied to rear wheels by brakes 





Figure 6.38 


The inertia of the wheels and any braking effect of 
the engine are to be neglected. 
a) Show that if only the rear wheels are locked the 
deceleration d is given by 


a= gb 
HWA+R)+ph 
and if only the front wheels are locked then 
___pg(l-b) 
(1+ 1/R) — ph 


b) If R,, is the value of R for maximum deceleration, 
show that 
Ry = U(b— ph)-1 


and that this occurs when both front and rear wheels 
are locked. 
c) If/=3.5m,b=1.6mandh = 0.7, plot d against R 


for values of R from 0 to 4, assuming that » = 0.8, and 
plot R,, against yw for values of u from 0.2 to 1.1. 

[It should be noted that in practice yz is not constant 
but varies with, amongst other things, relative slip 
speed. One of the consequences of this is that for a 
vehicle fitted with rubber tyres the maximum braking 
effect is normally obtained when the wheels are near to 
the point of slipping but do not actually slip. An 
idealisation of this effect is made in the next problem. | 


6.18 Refer to problem 6.17 and assume that the 
brakes are applied to the rear wheels only (R = 0). The 
tyres are made from a material which, when in contact 
with the road surface, requires a tangential force to 
initiate slip of u,N, where N is the normal force 
between tyre and road, but once slip has started the 
tangential force is 4gN (yz, and yg are known as the 
static and dynamic friction coefficients respectively). 
Assume that yp, = 0.9 and py = 0.7 — 0.004 v,, where 2, 
is the relative slip speed in (m/s), and that 7, b and h 
have the same numerical values as in the previous 
problem. 

If the vehicle is travelling at 30 m/s and the brakes are 
applied so that the rear wheels immediately lock, show 
that the stopping distance is about 177 metres. If, 
however, the brakes are applied so that shp does not 
quite occur, show that this distance is reduced by about 
25.5 per cent. 

[This problem not only shows the advantage of not 
allowing the wheels to slip but confirms the poor 
retardation available when only the rear-wheel brakes 
are operated. | 


6.19 The motorcycle illustrated in Fig. 6.39 can be 
‘laid over’ until 6 = 40° before the footrest touches the 
ground. 


Centre of 
curvature 


an 


| 
| 
| 
| 





Figure 6.39 


During a cross-country scramble the track runs at a 
constant height in a curved path around the side of a 
hill which slopes at 30° away from the centre of 
curvature of the path as shown. The radius of curvature 
to the centre of mass can be taken as 30m. The 
coefficient of friction between the tyres and the ground 
is 0.65. 

Find the theoretical maximum speed at which the 
curve can be negotiated. State whether at this speed the 
motorcycle would be on the point of slipping down the 
slope or of digging the footrest into the ground. 


6.20 A hoist ts driven by a motor and brake unit at E as 
shown in Fig. 6.40. The light cable passes over a drum 


Figure 6.40 


which is pivoted at D and which has a mass of 15 kg, a 
radius of 0.6m and a radius of gyration about D of 
0.5m. A mass M of 20 kg is being lowered when the 
brake is applied such that the tension in the cable 
leaving the motor is 1.5 KN. 

Calculate (a) the acceleration of the load and (b) the 
tension in the stay wire AC, neglecting the weight of 
the beam BD. 


6.21 See Fig. 6.41. A lift cage with a mass of 2000 kg 
is supported by a cable wound around a 4m diameter 
winding drum. Attached to the same shaft is another 
drum of diameter 2m from which is suspended a 
counter-balance of mass 3000kg. An electric motor 
drives the drum shaft through a 20:1 reduction gear. 

The moments of inertia of the rotating parts about 
their respective axes of rotation are 


rotor of the electric motor 60 kg m? 


winding drum 5000 kg m? 





Figure 6.41 


If the torque acting on the rotor is 900 N m, what is 
the tension in the lift cage cable during an ascent? 


6.22 The winding cable for the crane illustrated in 
Fig. 6.42 passes over the light, frictionless pulleys in the 
trolley at A and B, under the 0.35 m diameter pulley at 
D, and ts attached to the crane arm at C. The pulley D 
has a mass of 15 kg and a radius of gyration about the 
pivot axis of 0.1m. 

The load is being raised with an acceleration of 
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Figure 6.42 


20 m/s*. Calculate (a) the tension T in the cable leading 
to the winding gear; (b) the horizontal force, parallel to 
the crane arm, which must be applied to the trolley to 
prevent it from moving. 


6.23 The dragster, complete with driver, illustrated in 
Fig. 6.43 has a total mass of 760 kg. Each rear wheel 
has a mass of 60 kg, a rolling radius of 0.4m and a 
moment of inertia of 6 kg m*. The moment of inertia of 
the front wheels may be neglected. 





Figure 6.43 


For the condition when the dragster is accelerating 
along a level road at 10.8 m/s*, (a) draw free-body 
diagrams (i) for one rear wheel and (ii) for the dragster 
with rear wheels removed and (b) find the driving 
torque which is being applied to the hub of each rear 
wheel (assume that these torques are equal and that 
there is no slipping between tyres and road). 


6.24 The excavator illustrated in Fig. 6.44 carries in 
its shovel a load of 400 kg with a centre of mass at G. 
The cab, arm and shovel assembly has a uniform 
angular acceleration from rest to 0.085k rev/s during 90° 
of rotation. Simultaneously, the centre of mass G of the 
load is moved horizontally towards the axis of rotation 
at a steady rate of 0.2 m/s. 





Figure 6.44 
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As the excavator passes through the 90° position, G 
is 3.5m from the axis. Find the force exerted on the 
load at this instant. 


6.25 Figure 6.45 shows an apparatus for performing 
an impact test on the specimen S. The rod AB of mass 
m swings from two light, parallel wires of length /, the 
inclination of the wires to the vertical being @. 


O: _O, 





Figure 6.45 


If the rod is released from rest at 6 = 30° and strikes 
the specimen just after 9=0, find for @=0 (a) the 
angular velocity and angular acceleration of the wires 
and (b) the tension in each wire. 


6.26 Refer to problem 5.7. Figure 6.46 shows one of 
the cylinders C of a petrol engine. The crankshaft AB is 
rotating anticlockwise at a constant speed of 3000 
rev/min about A, which is its mass centre. The 
connecting rod BD has a mass of 2.0 kg and its mass 
centre is at G. The moment of! inertia of the connecting 
rod about G is 5 x 10-* kg m”. The mass of the piston E 
is 0.5 kg and the diameter of the cylinder C in which the 
piston slides is 90 mm. 










p 
e¢.¢% 
oe a 
AB = 40mm Ne 
BD = 145mm 


BG = 45mm 


3000 rev/min\ 


Figure 6.46 


If the pressure p on top of the piston is 2.1 MPa when 
angle DAB = 30°, determine for this angle (a) the force 
in the gudgeon pin D and (b) the turning moment being 
applied to the crankshaft. Neglect friction. 


6.27. The four-bar chain mechanism shown in 
Fig. 6.47 consists of a light crank AB of length 100 mm, 
a light rocker arm CD of length 300 mm, and a uniform 
connecting rod BC of length 400 mm, mass 4kg and 
moment of inertia /g, = 0.06 kg m? _ AD = 400 mm. In 
the position shown, AB and BC are collinear, and 
angle ADC = 90°. The crank AB has a constant 
angular velocity given by wag = —10k rad/s. The 
effects of gravity and friction are to be neglected. 





Figure 6.47 


a) Draw the velocity and acceleration vector diagrams 
for the mechanism at this instant and hence determine 
the acceleration of the mass centre of the connecting 
rod BC and the angular acceleration of BC. 

b) Write equations of motion for the connecting rod 
BC using the axes indicated and hence determine the 
forces acting on it at C and B. 


6.28 A uniform slender rigid beam of mass 800 kg and 
length 3 m is pivoted at one end and rests on an elastic 
support at the other. In the position of static 
equilibrium the beam is horizontal. Details of the beam 
are shown in Fig. 6.48. 





Elastic support 
Figure 6.48 
It is observed that, if disturbed, the beam performs 
small oscillations in the vertical plane with S.H.M. of 
frequency 5 Hz. What is the stiffness of the elastic 
support? 


6.29 An impact testing machine has a pendulum 
which pivots about the z-axis, as shown in Fig. 6.49. It 
consists of a bar B, whose mass may be neglected, and a 
cylindrical bob C, of mass 50 kg. 


| , U8 =98 N/kg 





Figure 6.49 


a) Calculate the moment of inertia, /Jo,, for the 
pendulum. 

b) Write the moment equation for rotation of the 
pendulum about the fixed z-axis when it is swinging 
freely and is at an angle @ from the horizontal. 

c) The pendulum is released from rest in the position 
9=0. At the instant when @= 60°, determine the 
acceleration of the mass centre of the bob, and the 
angular velocity and angular acceleration of the 
pendulum. 


6.30 A uniform rectangular trapdoor of mass m, 
hinged at one edge, is released from a_ horizontal 
position. 

Show that the maximum value of the horizontal 
component of the force at the hinge occurs when the 
trapdoor has fallen through 45°. At this angle, calculate 
the magnitude of the total force in the hinge. 


6.31 Two uniform rods, AB and BC, each of length 
1 m and mass 1 kg, are pinned to each other at B and to 
supports at A and C as shown in Fig. 6.50. Determine 
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Figure 6.50 


the force acting on the support at A before and 
immediately after the pin at C is withdrawn. Take g to 
be 10 N/kg. 


7 
Energy 


7.1 Introduction 
Energy is one of the most important concepts 
encountered in a study of mechanics because it 
can appear in many guises in almost all disciplines 
of physics and chemistry. In mechanics we are 
mainly concerned with energy due to motion of 
material objects — that is kinetic energy — and 
energy associated with configuration, concentrat- 
ing usually on gravitational potential energy and 
elastic strain energy; changes in other forms of 
energy such as thermal, electromagnetic and 
chemical are regarded as ‘losses’. However, in 
other disciplines the description of useful energy 
and loss of energy may be different. The question 
of loss or gain of useful energy depends on the 
point of view, just as debit or credit in 
book-keeping depends on whose account we are 
considering, the same transaction appearing as a 
credit on one account yet as a debit on another. 
Historically kinetic energy, called vis viva or 
‘living force’ by Leibnitz, was a rival to 
momentum or ‘quantity of motion’ as favoured by 
Newton. The controversy was over which 
quantity was the true measure of the ‘power’ of a 
body to overcome resistance. It had been 
observed that if the speed of a body were 
doubled, the body could rise to quadruple the 
Original height in a gravitational field; however, 
the time to reach that maximum height was only 
doubled. The fact that the difference between the 
two approaches was really only one of termino- 
logy was pointed out by d’Alembert, who showed 
that the ‘living force’ methods could be obtained 
from momentum considerations. Later Lagrange 
generalised the treatment of mechanical energy of 
systems, and his work forms the basis for some of 
the more advanced techniques in theoretical 
mechanics. 


7.2 Work and energy for a system of 
particles 
In Chapter 3 the equations of motion for a single 


particle were integrated with respect to displace- 
ment to give 


2 
| F -ds = 4mv,* + 4mv/7 (7.1) 


1 
or, work done on the particle equals the change in 
kinetic energy. It must be emphasised that this 
result is just the outcome of a mathematical 
manipulation and does not introduce any new 
principle. We now generalise to a system of 
particles, where we use the notation 


F; = force on ith particle acting directly 
from some external agency 
fi; = force on ith particle due to the 
action of the jth particle. 


Note that, from Newton’s third law, f;, = —fi 
and these forces are collinear. Hence, for the ith 
particle (Fig. 7.1), 


oN 


/ 


Figure 7.1 Six 


J 
The summation is over all particles in the 
system; however, it should be noted that f;; has no 
meaning in this context. 
If we now form the scalar product of both sides 
of equation 7.2 with the velocity r;, we obtain 


7.3 
dr (7.3) 
It is now required to sum for all particles in the 
system. In this summation we find that for every 
term of the form 7;-f,; there will occur a term 7;- fj; 


ae det djm,. . 
Fy +7;° Df = mF t= = 4 TN 
j 


and adding these two terms gives 
ref tie HS (i—-7;) 

The term (7;—7;) is the relative velocity 
between the particles i andj, to which we will give 
the symbol r;. 

Summing equation 7.3 for all particles gives 


sO ene. -; 
DE Shyg= S/S Bit (7.4) 
i y I 
where >, signifies that all combinations of terms, 
other than ii, are to be summed. 
Integrating with respect to time gives 


2 2 
>| Fi-dr,+ > | fig: Wry 
re 5 2 1 
=f Sra 


2 (7.5) 


where A indicates a finite difference. 

The first term on the left-hand side of the 
equation is the work done by external agencies, 
either by contact at the surface or by long-range 
body forces such as gravity and electromagnetic 
forces. The second term is the work done by 
internal forces and these, in general, are complex 
relationships. The right-hand side is, of course, 
just the change in the total kinetic energy. 

Equation 7.5 is quite general, but to make use 
of this expression we must first consider some 
special cases, the first of which is the rigid body. 


7.3 Kinetic energy of a rigid body 

The kinetic energy of a particle has been defined 
as 4mv” or 4mr-7, so for any collection of particles 
the kinetic energy is 


2D m;1;°T;. 


i 


We have seen (equation 5.3) that for a rigid 
body in plane motion the particle velocity can be 
written in the form 


r;—To = WX p; 
so that 
2D mrt; = 2d m;(7o+ @X pi) 
| ‘(7g + @X p;) (7.6) 
= iG)’ Lmtie: 2M, X pi; 


+3 > m;(w X pj): (@ x p;) 
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The first term is simply 4Mrg* (where 
M=)>m,), that is the kinetic energy if all the 
mass were at the centre of mass. The second term 
vanishes by reason of the definition of the centre 
of mass, Viz. fg: @ X > m;p; = 0, since >) m;p; = 0. 

The last term may be simplified by writing 
p;=a;+b;, where a; is parallel to w and 5; is 
perpendicular to w (Fig. 7.2). Hence 


@ X p; = w X (a; + b;) 
= whe 





Figure 7.2 
where e is a unit vector perpendicular to a, and b; 
so that 
as Op? 
(@ x p;):(@ X p;) = wb; 
The total kinetic energy now becomes 
3M (7G) +30 > mb? 
i 


> m;b;? is defined as in Chapter 6, as the 


moment of inertia about an axis through the 
centre of mass and parallel to the axis of rotation. 

Writing 1,=>m;,b;*, we obtain the kinetic 
energy: 


k.e. =4M (ig)? +4lgo” (7.7) 


The reader should notice that once again the 
use of the centre of mass has enabled us to 
separate the effects of translation and rotation. 





Figure 7.3 


For the special case of rotation about a fixed 
axis (Fig. 7.3), equation 7.7 reduces to 
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k.e. = 3M(wXB)-(@XB)+4low* 


= 3MB*o* + 3Iga 

= 4@* (Ig + MB’) 

= $lo w (7.8) 
where lo = > M;b67 = >m;b?7 + MB? (7.9) 


This is the parallel-axes theorem and is easily 
verified from equation 7.6 by putting 
Tc = WXTc. 


7.4 Potential energy 

For a rigid body there is no change in the 
separation between any two particles (dr, = 0), 
hence the work done by the internal forces is 
zero. 

The left-hand side of equation 7.5 is now 
DiS{F;-dr;, which is simply the work done by the 
external forces. However, in cases where the 
forces are conservative, a simplification is 
possible. 

A conservative force is defined as one for which 
the work done is independent of the path taken 
and depends solely on the limits, so that for 
conservative forces we may write 


Z 
> | F,-dr;=W,-W, (7.10) 
1 


i 


where ‘W, is a function of r; only and W, is a 
function of 7 only. 
Equation 7.5 is now 


Ws = WwW = (k.e.)2 = (k.e.); 


(W.-W) is the work done on the system by 
the conservative forces. It is convenient to regard 
this work as due to a reduction of some form of 
stored energy called potential energy (see 
Appendix 4) and given the symbol V. Therefore 
we may write 


W.-W) = —(V2—- V1) (7.11) 


So, for a system of particles acted on only by 
conservative forces, we have 


W.-W, = —(V2.— V1) = (k.e.)2 — (kK.e.)1 
or O = (k.e.+ V)2—(k.e.+V), (7.12) 


The two most common forms of potential 
energy encountered in engineering mechanics are 
gravitational potential energy and elastic strain 
energy. 


Gravitational potential energy 
If a force system is conservative, then the 
potential energy is defined by 


V = —JfF-dr+ arbitrary constant 


In a gravitational field we have from Newton’s 
law of gravitation that the force on m is given by 
Gmom 


F= e 
r 
72 





(7.13) 


where my and m are two masses (Fig. 7.4), the 
displacement of m from mp is re,, and G is the 
universal gravitational constant. Hence we have 


V= || (cH Je,nds | + constant 
r 





dr 
= | Gmom-, + constant 
r 


Gmgm 
=— + constant 
r 





m 


Figure 7.4 


For orbital-motion problems it is convenient to 
consider the potential energy to be zero when r is 
infinity, in which case 


Gmgm 


V=- (7.14) 


r 


In problems where the variations in r are small, 
such as for motion close to the Earth’s surface, 
then with r= R+h, where R is the radius of the 
Earth and mig is its mass, we have 

Gmgm 

(R+h) 


Expanding by means of the binomial theorem, 





+ constant 








Gmgm h 
a —1+— }+ constant 
R R 
G h 
or V)—V, = mom (1 +82) 





_Gmom (—1+5] 
R R 





= [Se ths) (7.15) 


The quantity [Gro/R*] is the gravitational field 
constant g, which is loosely called the acceleration 
due to gravity. (It should be remembered that the 
values usually quoted are apparent values derived 
as a result of considering the surface of the Earth 
to be unaccelerated. ) 


Strain energy 

Another force law of great importance is when 
the force between two particles is proportional to 
the change in separation; that is (Fig. 7.5) 


or 


F,; = —k{|r|+]a)}e, 
= —kAre, 


where k is a constant. 
Hence 


‘Ar 


V = —f—kAre,-ds + constant 
= 3k(Ar)?+constant since e,-ds = d(Ar) 


It is usual to consider the energy to be zero 
when Ar is zero; this situation exists for 
deformations in a material obeying Hooke’s law 
and is applicable to the deformation of linear 
springs. This form of potential energy is referred 
to as strain energy. 

Therefore the strain energy of a uniform linear 
spring having a stiffness k is 


V = 3k(Ary (7.16) 


Ar being measured from the free length of the 
spring. 


7.5 Non-conservative systems 

The most common non-conservative force in 
mechanics is that of friction. When friction is 
present in a system, processes are irreversible and 
the work done will probably depend on the path 
taken. A system which has non-conservative 
forces acting within its boundary is termed a 
non-conservative system, since the mechanical 
energy is not conserved but is changed into some 


7.5 Non-conservative systems 93 


other form which is not recoverable. 

Let us consider the case of a block being 
dragged along a plane by a constant force. We can 
draw the free-body diagram (Fig. 7.6) and write 
down the equation of motion as follows. 





Figure 7.6 
For the x-direction, 
Po—pN = MxG 
and for the y-direction 
N-W=0 
giving 
dv 
Po— pW = a 


where v = x. 
Integrating with respect to x gives 


2 2 2 
| Pode ~ | bWax = | Modo 
1 1 1 


= 3Mv,*—4Mv,"_ (7.17) 


The first term is the work done by the external 
force Py and the right-hand side is the change in 
kinetic energy of the system. However, the 
second term on the left-hand side is not a 
work-done term as formally defined as we do not 
know the detailed movement of the particle on 
which the force is acting. As an exercise, consider 
the two extreme cases in Fig. 7.7. 


Which forces are active? 


eat” 


Figure 7.7 


Equation 7.17 is, however, completely valid 
since it was derived by integrating the equations 
of motion, but it is not yet a new principle. 
Further consideration of the physics of the 
problem based on experience suggests that other 
measurable changes are taking place. In the first 
place, one would expect there to be a change in 
temperature and also one would expect some 


94 Energy 


local vibration giving rise to the production of 
noise. It is also possible that changes of state of 
the material would take place — i.e. melting — 
electrostatic charges might be developed and 
other changes of a chemical nature might occur. 

In a study of mechanics these latter changes 
represent a loss to the system, but in other 
disciplines such ‘losses’ might well be ‘gains’. 

It is now convenient to propose the general 
energy principle. 


7.6 The general energy principle 
Although integration of the equations of motion 
with respect to displacement leads to a form of 
the energy equation, the general energy principle 
may be considered as a fundamental law of 
mechanics. Terms which appear as losses in the 
general energy principle can sometimes have a 
numerical value ascribed to them by comparison 
with the integrated forms of the equations of 
motion. 

In the context of engineering mechanics, the 
general energy principle may be stated as 


the work done on a system is equal to the 
change in kinetic energy plus potential energy 
plus losses. 


The kinetic and potential energies are energies 
which are stored inside the system and are 
recoverable; all other energy forms are therefore 
losses. The above principle is stated with respect 
to a specific system, therefore in any problem we 
must carefully define the system boundaries and 
consider only forces which do work across these 


boundaries. 
Thermal losses etc. 


System boundary 
Figure 7.8 


Let us now reconsider the previous sliding- 
block problem (Fig. 7.8). 


2 
Work done across boundary = | Podx 
] 


(7.18) 


In this case there are no changes in potential 
energy. 


= 4mv_? + 4mv,’ + ‘losses’ 


If we compare equations 7.17 and 7.18 we see 
that the ‘losses’ are equivalent to f »Wdkx, i.e. the 
product of the frictional force and the slipped 
distance. 

As a further example of the difference between 
the integrated form of the equations of motion 
and the general energy principle, consider the 
case of a smooth block being pulled along via a 
light spring (Fig. 7.9). 


box [es 


From the free-body diagram (Fig. 7.10) the 
equation of motion is 


7 dv 
Po) = mx = mv— 
dx 


Figure 7.9 


Integrating, 


: 2. 2 
Podx = 3mvy — 3m? 
1 


Ww 
i 
N 
Figure 7.10 


From the system diagram (Fig. 7.11) the energy 
principle gives 


2 mv k ; 
Pods = += (59 — 
ods 7 > (S2—X2) | 


mv, k 
-| 7 +5 (six) 


(7.19) 








(7.20) 


ou 


Figure 7.11 


It should be noted that, in equation 7.19, 
J Podx is not the work done by Pop since the 
distance moved by the particle on which Pp is 
acting is s (and not x). 

Another common problem is that of the rolling 
cylinder. Consider first the case of pure rolling 
(Figs 7.12 and 7.13). 

From the free-body diagram (Fig. 7.13), 





Ss 
+ P 
Figure 7.12 
(OY#6 —_——e xX 
Figure 7.13 
d : 
P—F = Mi = Mo— (7.21) 
dx 
: dw 
and Fr= IG? = Ico, (7.22) 


The kinematic constraint for no slipping is 
x= 6r 
or dx=rdé (7.23) 


Eliminating F between equations 7.21 and 7.22 
gives 
dv Ic dw 
P= Mo— +— o— 
dx r_ dé 


and, using the constraint, equation 7.23 leads to 
a Moo? + Ig v dv = ig) dv 
dx rrdx 


Integrating with respect to x gives 


Ig 
ir Pdx= i(ne+$ S) (er — V0, 2 (7.24) 
The energy equation gives 
2 I 
| Pdx = ste py feos | 
1 2 1 
Ig 
= i(m +23 S)ce2 = O71 *) (7.25) 


Here it should be noted that the friction force F 
progresses as the wheel rolls but the particle to 
which it is applied on the wheel moves at right 
angles to the force, thus F does no work. 

If slipping is occurring then there is no 
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kinematical restraint equation but the friction 
force is uN. Thus, as W—N = 0, 


P—-—pN= Mo 
dx 
_ dw 
and Nr = lso7, 


The energy equation now gives 
2 
| Pdx = [4Mo* + 41g.” }f + ‘losses’ 
] 


In this case, 
‘losses’ = wW| (x —7r6)| 


the modulus of ~W(x—r76) is necessary as the 
‘loss’ must always be positive, irrespective of the 
direction of slip. 


7.7 Summary of the energy method 
The general energy principle, or first law of 
thermodynamics, which has as a corollary the 
conservation of energy, is a very powerful 
principle which has applications in all branches of 
physics. Since it has such wide interpretation it 
means that all forms of energy must be considered 
when forming the equation and care must be 
taken not to exclude changes such as thermal 
effects. The selection of a system boundary, 
which may not be a clear physical surface, 
requires experience and practice. 

The main points are as follows. 


Work The elemental work dW is force times the 
elemental distance moved by the particle on 
which the force acts, in the direction of the force. 


Kinetic energy of a rigid body 


k.e. = Mog? + Ho” 28) 
Gravitational potential energy 
G 
; 


Linear elastic strain energy 
Vg = 3k(Ar)* for aspring having a stiffness k 
(Work done) external = [k.e. + Vg + Ve ]{7.28) 
—[k.e.+.VG+Ve_E]|, 
+ ‘losses’ (7.29) 
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7.8 The power equation 
If the work-energy relationship is written for a 
small time interval At, then we have 


AW = A(k.e. + V) + A(losses) 


Dividing by At and going to the limt At—0 
leads to 


ee aie +v)+2a ) 
= = (kee: — (lo 
dt dt. qe 

Or, power input equals the time rate of change of 
the internal energy plus power ‘lost’. 

Let us consider a simple case of a single particle 
acted upon by an external force P and also under 
the influence of gravity, then 


(7.30) 


P g [2 + | 
*O=— a « 
a 5IND:-U NZQZ 


= mv-at+ mgz 


If the motion is planar, 


v = xi+ zk 

a= Xi+ zk 
and P=P,i+P_k 
so that 


P,x+ P,Z = m(xX + 2Z) + mgz 
If z= xtana (Fig. 7.14) then dividing by x gives 
P,+ P,tana = mtan* a+1)Z+mgtana 


Hence z may be found without considering the 
workless constraints. 


L 


Y 
& 


Figure 7.14 


7.9 Virtual work 

The concept of virtual work is one which saves a 
considerable amount of labour when dealing with 
complex structures, since there is no need to 
dismember the structure and draw free-body 
diagrams. Basically we shall be using the method 
as an alternative way of presenting the conditions 
for equilibrium and also to form a basis for the 
discussion of stability. In the early stages of 
understanding the principle the main advantages 


are not apparent, but the reader is asked to be 
patient as later examples will show some of its 
rewards. 

A virtual displacement is defined as any small 
displacement which is possible subject to the 
constraints. The word virtual is used because the 
displacement can be any displacement and not 
necessarily an actual displacement which may 
occur during some specific time interval. 

The notation used for a virtual displacement of 
some co-ordinate, say u, is 6u. This form of delta 
is the same as is used in mathematics to signify a 
variation of u; indeed the concepts are closely 
related. 

The work performed by the forces in the system 
over this displacement is the virtual work and is 
given the notation 6W. 


Conditions for equilibrium 

Let us first consider a single particle which is free 
to move in a vertical plane subject to the action of 
two springs as shown in Fig. 7.15. 





Figure 7.15 


From the free-body diagram (Fig. 7.16) the 
condition for equilibrium is 
> P=P,+P,=W=0 

or P,cosaz—P,cosa, = 0 (7.31) 


and P,sina, + P2sin a,—mg = 0 (7.32) 





Figure 7.16 


If equations 7.31 and 7.32 are multiplied by dx 
and 6z respectively, then 


P,cos a, 6x — P, cosa, 6x = 0 
P, sina, 6z+ Pzsin a, 6z— mg 6z = 0 
or » P-d5s=0 (7.33) 


These are the equations for the virtual work for 
the arbitrary displacements 6x and 6z — note, 
arbitrary displacements. In both cases we may 
state that the virtual work done by the forces over 


an arbitrary small displacement from the equilib- 
rium position is zero. 

If a system comprises many particles then the 
total virtual work done on all particles over any 
virtual displacement (or combination of displace- 
ments) is zero when the system is in equilibrium. 


Principle of virtual work 
We may now state the principle of virtual work as 
follows. 


If a system of particles is in equilibrium then 
the virtual work done over any arbitrary 


displacement, consistent with the con- 
straints, 1s zero: 
OW = 0 (7.34) 


Application to a system with a single degree of 
freedom 

Consider a rigid body freely pinned at A and held 
in equilibrium by a spring attached at B 
(Fig. 7.17). This body has one degree of freedom, 
that is the displacement of all points may be 
expressed in terms of one displacement such as 6, 
the angular rotation. If the spring is unstrained 
when AB is horizontal, then in a general position 
the active forces are the weight and the spring 
force; the forces at the pin do no work if friction is 
negligible. 


xy 
g 
Figure 7.17 


For a small displacement 60, the displacement 
of G is a 66 (Fig. 7.18) and the virtual work is 


SW = Mg(adécosé)—kRO@(Rdé) 
For equilibrium, 
5W = 0 = (Mgacos6—kR70)50 
and, as 6@ is arbitrary, 


Mgacos 6—kR76 = 0 (7.35) 





Figure 7.18 
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If, as in the previous example, the forces are 
conservative then equation 7.34 may be inter- 
preted as 


OW = bWEt+5Wo+ dW’ (7.36) 
where 6Wo, =— 6Vog = —(vaniation of 
gravitational potential energy) 
OW; = —6V_E = —variation of 


elastic strain energy) 
and 6W’ = virtual work done by external forces 
Therefore 
OW = SW’ — 6V_E-— 6VG = 0 
or OW’ =6(VEt+ Vo) 
Reworking the last problem, 


0 = 6[—Mgasin 0 + 3k(RO)’] 
0 = [—Mgacos 0+ kR*6]56 


(7.37) 


Stability 

Consideration of some simple situations shown in 
Fig. 7.19 will show that not all equilibrium 
configurations are stable. However, we cannot 
always rely on common sense to tell us which 
cases are stable. We have demonstrated that for 
equilibrium 5W = 0, but further consideration of 
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the value of SW as the virtual displacement 
becomes large will lead to the conclusion that if 
OW becomes negative then the force will be in the 
opposite direction to the displacement, showing 
that the forces are tending to return the system to 
the equilibrium configuration, which is therefore 
one of stable equilibrium. In mathematical 
notation, for stability 
5(6W) <0 
or &W<0 
Looking at our previous case once again, 
= (Mgacos @—kR*6)50 
therefore 65(5W) = (—Mgasin@—kR7)(50)" 
For 0<@<7 it is seen that any equilibrium 
state is stable. 
For a conservative system, the equilibrium 
configuration is defined by 
6V =0 
and stability is given by 
d5(6W) <0 
But, since dW = —6V, 
5(6V) >0 
If V can be expressed as a continuous function 
of 6, then 


aV 
dV = — 60 
00 


(7.38) 


and 


a [av a-V 
v= 5 (5050 392 (60)° 


00 
Hence for equilibnum 
aVv 
—=0 7.39 
a (7.39) 
a°V fe 
and ar >0Q for stability (7.40) 


Systems having two degrees of freedom 

The configuration of a system having two degrees 
of freedom can be defined by any two indepen- 
dent co-ordinates g, and gz. The virtual work for 
arbitrary virtual displacements 6g, and dq. may 
be written in the form 


OW = Q, 6q; + Q26q2 (7.41) 


Since the virtual displacements are arbitrary, 
we may hold all at zero except for one and, as 
dW = 0 for equilibrium, we have 


QO, =0 
and 27=0 


The stability of a system having two degrees of 
freedom will be discussed for a conservative 
system. 

It will be remembered that constant forces are 
conservative, therefore the majority of cases may 
be considered to be of this type. 

If the independent co-ordinates — referred to as 
generalised co-ordinates — are g, and q2, then the 
total potential energy (gravitational plus strain) is 
V = V(41.42); hence 


AV AV 
dV = —— 6q, + —— 0q2 
qi 0q2 
and, since 6V = 0 for equilibrium, we have 
av _aV 


aq aga 


For stable equilibrium we must have 5°V>0 for 
all possible values of 5g, and 6g2. The second 
variation may be written 


(7.42) 


SV -|— Spt joa 
2 1 aqy aq> Zz 1 
a7V a7V 
el Ogs tg Joa 
ev > 0q18q2 | 


or, since 0°V/dq0q = d°V/dq20q,, then 
a°V a-V 
&V = —, (4q1)” +5 (842) 
aq 1) aga | qQ2) 


2 





‘<9 5q,5 
99,04, (5q1 5q2) 


It is clear that, if d6g> = 0, then 
a’V 
aU 
aq 
and, if 6g, = 0, then 
a°V 
ao >0 
042 
These are necessary conditions for stability, but 
not sufficient. To fully define stability, 65°V must 
be >0 for any linear combination of 6g, and 5q2. 


Let us assume that 6g. = a@6q,, where a is an 
arbitrary real constant. This gives 


Vv av a-V 
—5 +5042 
0g) 0q2 041 9q2 


Using the notation V4 = 0°V/dq;0q;, it is 
required that 


Vii t+ Vi22a" + Vi122a>0 





| (5q,)*>0 (7.43) 


since 
Vi11>0 and Vix > 0 
V, V, 
a’ +2a{ 72 + (P| 0 
V2 V2 


Vas le. 4Va5\" 7. 
ea) 
V2 Vi22 V2 
V, V, V, ‘ V, : 
11 as 2 >—[a 2 

V2 Vix V2 


Because a is real, the highest value the 
right-hand side can have is zero; therefore 


Vi11 Vi22 — Viz" > 0 


The necessary and sufficient conditions for 
stable equilibrium are 


a-V 

qi? 

a-V 

aqr 

aeVe a°V ( a°V J 
and to 

0q1° 0q2 dq; 9q2 


> 0 


>0 (7.44) 





7.10 D’Alembert’s principle 
In essence, d’Alembert’s principle extends the 
methods of virtual work to include dynamic 
problems. The principle may be interpreted as 
asserting that the virtual work done by external 
forces plus the fictitious inertia forces (—mfF) is 
zero. If we consider a system at a particular 
instant of time, then the inertia forces are 
regarded as constant external body forces. In this 
context we see why the virtual displacements are 
so called, since the inertia forces are ‘frozen’ as if 
time has stopped, while the virtual displacements 
take place. 

For a single particle, the inertia force is —mr; 
hence d’Alembert’s principle gives 


SW = (F—mi)-édr =0 (7.45) 
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which implies that, since dr is arbitrary, 
F-—mr=0 
or F=mr 


This of course yields the expression which is 
given directly by Newton’s laws. However, for 
more complex systems some advantages can be 
claimed. 





Figure 7.20 


Consider the conservative system shown in 
Fig. 7.20; the active forces, real and fictitious, are 
shown in Fig. 7.21. 


OW = 6V—m x, Ox] — m7X> 8x, — 1056 
= &[4kx,* +m, 2x, —mogx2+ const.] 


10 


OK 


$m, 


Figure 7.21 


The kinematic equations are 


a X2 
—=fF=— 
ry i) 
Ox; OX> 
hence —- = 6¢0=— 
ry ry 


In terms of 6x, the virtual-work equation 
becomes 
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= ("x ie ~mg) dX> 
Yr. i> 


2 


ry ; de iis ry 
Or | m2z+m|—] +=, [x2 +k|— ] x2 
ro ro rp 
ry 
= m2g—m,|— |g (7.46) 
r2 


This approach does not involve the internal 
forces, such as the tension in the ropes or the 
workless constraints, but these may be brought in 
by dividing the system so that these forces appear 
as external forces. 

Equation 7.46 could have been derived by the 
application of the power equation with a similar 
amount of labour, but for systems having more 
than one degree of freedom the power equation is 
not so useful. 
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A block of mass m can slide down an inclined 
plane, the coefficient of friction between block 
and plane being . The block is released from rest 
with the spring of stiffness k initially compressed 
an amount x, (see Fig. 7.22). Find the speed when 
the block has travelled a distance equal to 1.2x,. 


Figure 7.22 


Solution If a free-body-diagram approach is 
used to solve this problem, the equation of 
motion will be in terms of an arbitrary 
displacement x (measured from, say, the initial 
position) and the acceleration %. Integration of 
this equation will be necessary to find the speed. 
If an energy method is used, consideration of 
the initial and final energies will give the required 
speed. The two methods are compared below. 


a) Integration of equations of motion. The 
free-body diagram (Fig. 7.23) enables us to write 
the following equations: 


[> Fy = myc] 
Wcosa—N=0 
(> F, a mig | 


..N = Wcosa (i) 





Yow 


Figure 7.23 
Wsina—pwN—T, = mx (11) 


If we measure x from the initial position, the 
spring tension T, is given by T, = k(x—x,) and 
we shall be integrating between the limits 0 and 
1.2x,. We could, on the other hand, choose to 
measure x from the position at which there is no 
force in the spring, giving 7, = kx, and the limits 
of integration would be from —x, to +0.2x,. 

Using the former, (i) and (ii) combine to give 

Wsina— pWecosa—k(x—x,) = mx (iii) 

Since we are involved with displacements, 
velocities and accelerations, the appropriate form 
for % is vdv/dx: the direct form ¥ = dz/dt is clearly 


of no help here. 
Hence equation (iii) becomes 


jo WiGia=jeote) kW =a) de 


= | “mode 


0 


1.2x¢ 
(WW (sina — pcosa)+kx,.}x—- ten? 
0 


D 
— m| iv? 
O 


{mg (sina — pcosa) + kx, } 1.2%, —$k(1.2x.)° 
Aged 
= INV 
and thus v can be found. 

The reader should check this result by 
measuring x from some other position, for 
instance the position at which the spring is 
unstrained, as suggested previously. 


b) Energy method. Since energy is lost due to 
the friction, we use equation 7.29 (see Fig. 7.24): 


[work done]extemai = [k.e. + Vg + VE ]2 
—[k.e.+VgG+VeG]1+ ‘losses’ (iv) 


where the ‘losses’ will be uN(1.2x,) as explained 
in section 7.6. For the general case of both uw and 
N varying, this loss will be {}*4Ndx. None of 
the external forces does any work, according to 
our definitions, and thus the left-hand side of 





a“ 
Losses “~ —— — System 
boundary 


Figure 7.24 
equation (iv) is zero. 

It should be pointed out that the correct result 
can be obtained by treating the friction force as 
external to the system and saying that this force 
does negative work since it opposes the motion. 
The left-hand side of equation (iv) would then be 
—pN(1.2x,) and the ‘losses’ term on the right 
would be omitted. This is a common way of 
dealing with the friction force but is not 
considered to be a true energy method. 


Kinetic energy. In the initial position (x = 0) the 
speed and thus the k.e. are zero. In the final 
position (x=1.2x,.) the k.e. is 4mv*, from 
equation 7.26. 


Gravitational energy, Vg. The datum for 
measuring gravitational energy is arbitrary and 
we may take as a convenient level that through 
the initial position; thus the initial g.e. is zero. 
Since the block then falls through a vertical 
distance of 1.2x,sina, the final gravitational 
energy is, from equation 7.27, —mg(1.2x, sina). 


Strain energy, Ve. In the initial position, the 
spring is compressed an amount x, and thus, from 
equation 7.28, the strain energy is }kx,”. In the 
final position the spring is extended by an amount 
0.2x, and so the final s.e. is 3k(0.2x,)°. 

Note that only the gravitational energy can have 
a negative value. 

Equation (iv) becomes 

0 = [Amv* — mg (1.2x, sina) + $k (0.2x,7)] 
—[0+0+3kx,*] + pN(1.2x,) 

We still need a free-body diagram to determine 
that N = mgcosa, as in equation (i), and then v 
can be found directly. 

For this particular problem there is little to 
choose between the free-body-diagram approach 
and the energy method. In the energy method we 
avoided the integration of the first method, which 
however presented no difficulty. 
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If, however, the block had been following a 
known curved path, the spring tension 7, could 
have been a complicated function of position 
giving rise to difficult integrals, possibly with no 
analytical solution. The energy method requires 
only the initial and final values of the spring 
energy and so the above complication would not 
arise. Variation in N could cause complications in 
both methods. In some cases the path between 
the initial and final positions may not be defined 
at all; here it would not be possible to define T, 
as a general function of position. An energy 
method would give a solution directly for cases 
where friction is negligible (see, for example, 
problem 7.2). 


Example 7.2 

See Fig. 7.25(a). The slider B of mass m is 
constrained to move in vertical guides. A pin P 
fixed to the slider engages with the slot in link 
OA. The moment of inertia of the link about O is 
Ig and its mass is M, the mass centre being a 
distance a from O. The spring of stiffness k is 
attached to B and is unstrained when @ = 0. 





Figure 7.25 


The system is released from rest at 6 = 0 under 
the action of the torque Q which is applied to link 
OA. The variation of Q with @ is shown in Fig. 
7.25(b). 

Determine the angular speed of OA when 
@ = 45°, neglecting friction. 


Q 


20, See 
QO; 





m/16 iS 4 8 


Solution This problem has been approached in 
example 6.5 by drawing two free-body diagrams 
and writing two equations of motion involving the 
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contact force at the pin P. Since we are here 
concerned only with the angular velocity at a 
given position, and details of internal forces are 
not required, an energy method is indicated and 
will be seen to be easier than the method of 
Chapter 6. 

Equation 7.29 becomes 


(work done ) external = [k.e. = Vo = VE hb 


since there are no losses. The left-hand side of 
this equation is the work done by the external 
forces or couples on the system during the motion 
and is thus [(”* Q dé. This is simply the area under 
the curve of Fig. 7.25(b), which is found to be 
(11/32) 7Q,. 

The normal reaction N between the slider and 
the guides is perpendicular to its motion and the 
force R in the pin at O does not move its point of 
application: thus neither of these forces does 
work (see Fig. 7.26). 


af “ 
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Figure 7.26 


Kinetic energy. As the mechanism is initially at 
rest, the initial k.e. is zero. Since the motion of 
OA is rotation about a fixed axis, the final k.e. of 
OA, from equation 7.8, is $19 @o,’. The slider B 
has no rotation and its final kinetic energy, from 
equation 7.7, is simply 4mzp?. 


Gravitational energy, Vg. We will take as 
datum levels the separate horizontal lines through 
the mass centres of link and slider when 6 = 0 and 
thus make the initial value of Vg zero. When 
@= 45° the mass centre of the link has risen 
through a height a/V2 and that of the slider 
through a height /, and so the final value of Vg is 
MgalV2+ mel. 


Strain energy, V_. Initially the strain energy is 
zero and in the final position the spring has been 
compressed an amount /; the final value of Vg is 
thus 3k/?. 

Substituting in (i) gives 


= TQ, = Mo oa? + #nvg? + Mg—- 
32 V2 


+ mgl + kl : — fo] (ii) 


Before we can evaluate wo, we need to express 
vg in terms of wo,. Since y = /tan@, 


Vp = dy/dt = Isec* Od0/dt = Isec? Pwo 


and at 6= 7/2, vg = 2lwo,. 
Substitution in (11) gives 


11 
39 7Q, = (19+ 4ml*) won” 


V2 


from which wo, can be found. 

Comparison of this method with the free-body- 
diagram approach and the difficulty associated 
with integrating the equation of motion shows the 
superiority of the energy method for this 
problem. 

What if the force S on the pin P has been 
required? This force does not appear in the 
energy method, but this does not mean that the 
energy method is of no help. Often an energy 
method can be used to assist in determining an 
unknown acceleration and then a free-body- 
diagram approach may be employed to complete 
the solution. 


+9(MS +m + 3kl? 


Example 7.3 
A four-bar chain ABCD with frictionless joints is 
shown in oe bole 





LE ann 
AB = 1m 
BC = CD = 2m 
T( a ZCBE = ZBCE = 30° 
@ 
O ay 
en D 


Figure 7.27 


CD has a moment of inertia about D of 6 kg m? 
and its mass is 4.5 kg. BC has a moment of inertia 
about its mass centre E of 1.5 kg m? and its mass is 
4kg. At the instant when both AB and CD are 
vertical, the angular velocity of AB is 10 rad/s and 
its angular acceleration is 50 rad/s*, both 
measured in an anticlockwise sense. 


Neglecting the inertia of AB, determine the 
torque T which must be applied at A to produce 


the above motion. 

Solution The velocity of B is wx AB 
= 10k x 1j = —10i m/s. The velocity diagram is 
shown in Fig. 7.28 and it can be seen that link BC 
is not rotating (Ww = 0). 


10m/s 
b,c,e a,d 


Figure 7.28 


The kinetic energy of link BG is thus 3Mvg” and 
that of CD, for fixed-axis rotation about D, is 
4Ip b*. It would clearly not be correct to write the 
power equation (section 7.8) as 


d 
T-w= To = ai (4Mv," + 4 dp’ ) 


since 4Mzv,? is not a general expression for the k.e. 
of link BC (it is the particular value when AB is 
vertical). As vw, and a, do not have the same 
direction, the correct power equation is 


d 
T-w= Tw =~ (Mvp: vp t+ He + pd") 


= Mug: ag + Ipdd (i) 
since &=0. 
The acceleration of B is 
ap, = [—1(50)i— 1(10)j7] m/s” 
From the velocity diagram we find ¢ = 10k/2 
= 5k rad/s and thus 
ac = [—2¢i — 2(5)7j] m/s” 
The acceleration diagram is shown in Fig. 7.29 
and ¢ is given by 


cc’ 50 . 
“cp 73 = 25 rad/s 





Figure 7.29 
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From the velocity diagram we see _ that 
VE = —10i m/s; the component of a; in the same 
direction is ag -i = —(50—25/V3) m/s”. Substitut- 
ing into the power equation (i) gives 


T10 = 4(10)(50 — 25/V’3) + 6(5)(25) 
and T=217.2Nm 


Example 7.4 

A slider-crank chain PQR is shown in Fig. 7.30 in 
its equilibrium position, equilibrium being main- 
tained by a spring (not shown) at P of torsional 
stiffness kK. Links PQ and QR are of mass m and 
2m and their mass centres are at G, and G» 
respectively. The slider R has a mass M. The 
moment of inertia of PQ about P is /p and that of 
QR about G is ZIg2; also, PG,;=G,Q 
= QG, = G,R=a. 





Figure 7.30 


Find the frequency of small oscillations of the 
system about the equilibrium position, #= 6), 
neglecting friction. 


Solution Equations of motion for the links can 
of course be obtained from a free-body-diagram 
approach, but this would involve the forces in the 
pins and would be extremely cumbersome. 

Use of the power equation leads directly to 
the required result. In this case we have 
power = d(energy)/dt = 0, since the energy is 
constant for the conservative system and clearly 
no power is fed into or taken out of the system. 

Let the link PQ rotate clockwise from the 
equilibrium position through a small angle B as 
shown in Fig. 7.31. The new positions of the 
various points are shown by a prime. 






G, ,-° ~ G, y 
eon 
R R' P 
Figure 7.31 


Kinetic energy. Link PQ has fixed-axis rotation 
about P and its k.e. is thus 2/pB*. By symmetry, 
the angular speed of OR is also B. The k.e. of QR 
is given by 4g Bh? + (2m) vg", where 
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d 
22 >. (PG;) 
dt 


7 < [3acos(6) + B)i— asin(6)+ B)j] 


= —3asin(6>+B) Bi—acos(6)+ B)j 
The k.e. of slider R is 4Mvp” where 


d —> d 
—— ‘yy — — + , 
VR = APR )= Ai [4acos(@)+ B)i] 


= —4asin(@)+ B)Bi 


Gravitational energy. A convenient datum level 
is the horizontal through PR. The mass centre of 
each of the links PQ and OR is at a height 
asin(6)+ 8B) above the datum and their gravita- 
tional energy is thus, from equation 7.27, 


VG = mgasin(6) + B) + (2m) gasin(@) + B) 


The slider R moves the datum level and thus 
has no gravitational energy with respect to this 
level. 


Strain energy. The couple applied by the spring 
to the link PQ in the equilibrium position is 
clockwise and equal to kyp, where yo is the angle 
of twist. As link PQ rotates clockwise through an 
angle B, the angle of twist is reduced to (yo— B) 
and thus the strain energy, from equation 7.28, is 


2k (Yo — B)°. 
The total energy E is thus 


E = {k.e.}+{Vgo}+ {Ve} 
= {i[pB* + 31g2B° + 3(2m) 
x [9a* sin?( + B) + a*cos?(8 + B)] B? 
+ 4M.16a’sin*(6) + B) B*} 
+ {3mgasin(@ + B)} + {2k(yo- B)*} 
= constant (since the system is conservative) 


Since the above is a general expression for the 
energy, it can be differentiated to give the power 
equation. The term B° arises which is negligible 
for small oscillations. We note that, since B 1s 
small, sin( 6) + 8) sin 6) and cos(@9 + B) = COS Oy, 
but these approximations must not be made 
before differentiating. After dividing throughout 
by B, we find, since B7 is small, 


IB+kB =kyo- 


where /= lp + Io - 2m a (9a sin 2 
+ a*cos* 09) + 16Ma’ sin? 6. 


3mga cos 6 (a) 


It can be shown by the method of virtual 
work, or otherwise that kyo = 3mgacos 6p so that 
equation (i) reduces to J8+kB=0. Thus, for 
small 8B, the motion about the equilibrium 
position is simple harmonic with a frequency of 
(1/2a)V (k/Z). 


Example 7.5 

The mechanism shown in Fig. 7.32 is in 
equilibrium. Link AB 1s light and the heavy link 
BC weighs 480 N, its mass centre G being midway 
between B and C. Friction at the pins A and C is 
negligible. The limiting friction couple Q; in the 
hinge at Bis 1ON m. 





Figure 7.32 


Pin C can slide horizontally, and the horizontal 
force P is just sufficient to prevent the collapse of 
the linkage. Find the value of P. 


Solution This problem has been solved earlier 
in Chapter 4 (example 4.3). There a free-body 
diagram was drawn for each of links AB and BC 
and the unknown forces were eliminated from the 
moment equations. It will now be solved by the 
method of virtual work and the two methods will 
be compared. 

If in the virtual-work method we treat forces 
due to gravity and springs and friction as being 
externally applied, the total virtual work done 
may then be equated to zero. In order to obtain 
the correct sign for the virtual work done by the 
internal friction couple Q; in the present problem, 
we may use the following rule: the virtual 
displacements must be chosen to be in the same 
direction as the actual or impending displacements 
and the virtual work done by friction is given a 
negative sign. 

Applying this rule, we let the virtual displace- 
ment of C be &x to the right, since this is the 
direction in which it would move if the 
mechanism were to collapse. 

If a mechanism has a very small movement, the 
displacement vector of any point on _ the 
mechanism will be proportional to the velocity 
vector. Thus we can draw a small-displacement 
diagram which is identical in form with the 
corresponding velocity diagram. This results in 





Figure 7.33 


Fig. 7.33, where ab is drawn perpendicular to 
AB, bc is drawn perpendicular to BC and oc is of 
length 6x. 

Since the weight W acts vertically downwards 
and the vertical component (hg) of the displace- 
ment of G is also downwards, the virtual work 
done by W is positive and given by +W/(hg). 

The virtual work done by P is —P(oc), since 
the force P is opposite in sense to the assumed 
virtual displacement. 

The virtual work done by the friction couple Q; 
is —Q;|5|, where |5¢| is the magnitude of the 
change in the angle ABC. AB rotates clockwise 
through an angle ab/AB and BC rotates 
anticlockwise through an angle bc/BC. [If 
Fig. 7.33 had been a velocity diagram then of 
course the angular speed of AB would have been 
given by ab/AB, and so on.] The change in the 
angle ABC ts thus 

ab be 


& = — +— 
°= AB BC 


Summing the virtual work to zero gives 
ab be 
W(hg)—P =Oh—— + — |= 0 


The virtual displacements ab, bc and hg are 
scaled directly from the diagram to give 


480(0.1875 6x) — P(6x) 
(Se | _ 








0.2235 0.3605 


which, on dividing throughout by dx, gives 
P= 40.0N. 

Comparing the virtual-work solution of this 
problem with that of the normal statics/free-body- 
diagram approach of Chapter 4, it can be seen 
that here we are not concerned with the forces at 
A and B and the vertical component of the force 
at C. However, for this simple problem the more 
straightforward approach of Chapter 4 is to be 
preferred. 

The virtual-work method comes into its own 
when many links are connected together. In such 
cases, drawing separate free-body diagrams for 
each link and writing the relevant equations 1s a 
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very lengthy means of solution, whereas the 
virtual-work method disposes of the problem 
relatively quickly (see, for example, problem). 


Example 7.6 

A roller of weight W is constrained to roll on a 
circular path of radius R as shown in Fig. 7.34. 
The centre C of the roller is connected by a spring 
of stiffness k to a pivot at O. The position of the 
roller is defined by the angle @ and the spring is 
unstretched when 6 = 90°. 





Figure 7.34 


a) Show that the position 6 = 0 is one of stable 
equilibrium only if W/(Rk) >0.293. 

b) If W/(Rk) = 0.1, determine the positions of 
stable equilibrium. 


Solution The strain energy V¢_ in the spring is 
zero when centre C is at B. We can also make the 
gravitational energy Vg zero for this position by 
taking AB as the datum level. 





Figure 7.35 


From Fig. 7.35, the stretch in the spring is 
OC — OB = 2Rcos(6/2) — RV 2 and C is a vertical 
distance Rcos @ below AB. Thus, using equations 
7.27 and 7.28, the total potential energy V 1s given 
by 

V= Vo + VE 
= —WRcos 6+ 4k[2Rcos(0/2) — RV 2} 
The equilibrium positions are given, from 
equation 7.39, by 
dV/dé = WRsin 6+ k[2Rcos(6/2) — RV 2] 
x [—Rsin(6/2)] 
= R*k {sin@[W/(Rk) -1] 
+ V2sin(0/2)} = 0 (i) 
a) One solution to equation (i) is clearly 6 = 0. 
Now, 
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dV. cs 
qez R*k {cos @[W/(Rk) — 1] 
+ (V2/2)cos(6/2)} (ii) 
and when @ = 0, 


d*V F 
Wee R°k[W/(Rk) —1+0.707] 
= R*k[W/(Rk) — 0.293] 
For stability, from equation 7.40, 
d*V/de7>0 i.e. W/Rk>0.293 
b) Substituting W/(Rk)=0.1 in equation (i) 
gives 
dV/dé = R*k[sin 0(—0.9) + V2sin(0/2)] = 0 
”.V2sin(6/2) = 0.9sin @ = 1.8 sin(@/2) cos(6/2) 
We know that the solution @=0 represents 


unstable equilibrium. The other solutions are 
given by 


cos(@/2) = V2/1.8 = 0.786 
hence, = +76.4°. 


The type of stability at these two positions can 
be confirmed by substituting for 6 in equation (ii): 


d?V/d6" 
= R*k[0.235(0.1 — 1) + 0.707(0.786)] 
= R*k[-0.211+ 0.556] >0 


Thus, at @= +76.4°, the system is in stable 
equilibrium. 


Example 7.7 

During the erection of a structure, three beams 
are connected as shown in Fig. 7.36. Beam ABC 
may be considered as fixed at A and to deform in 
torsion only. The vertical beams BD and CE may 
be considered as equal rigid uniform members. 
The torsional stiffnesses of AB and BC are k, and 
k> respectively and the weights of BD and of CE 
are each W. Determine the torsional stiffness 





Figure 7.36 


requirements for AB and BC so that the structure 
is stable in the position shown. 





Figure 7.37 


Solution See Fig. 7.37. The elastic strain energy 
for a torsional spring is 


6 
Ve= | (torque) dé 
0 
but torque = k@ and therefore 
6 
Ve= | kod@ = k67/2 
0 


For this system we have 
Ve = k, 6,7/2 a kK» (8, a A; )7/2 


The gravitational potential energy, taking AC 
as datum, is 


Vc = Wacos 6, + Wacos 6, 
Hence V=k,0,7/2+k2(0)— 0,)7/2 
+ Wacos 6, + Wacos @p 
For equilibrium we have, from equation 7.42, 
0V/d0, = 0 = k, 0, + k2 (0 — 6, )(—1) 
— Wasin@ 
and dV/d@,=0 = k2(@— 6,)— Wasin@, 


By inspection it is clear that 6; = 62 = 0 is one 
condition for equilibrium. To test for stability we 
use inequalities 7.44: 








a-V 

—~5 =k, +k,— Wacos6,>0 
00, 

a°V 

—>5 =k,— Wacosé@,>0 
005 

a7V 

= —k, 
00,305 
a7V a°V a7V_ \? 
and —>-—>5- >0 

00,7 30> 00,005 


Therefore, for stability when 6, = 6, = 0, we 
must have 


k,+k»—-Wa>0 (i) 


k> — Wa>0 (ii) 
and (ky + k> = Wa)(k2 = Wa) = k,” >0 (111) 


Expanding this last inequality and dividing by 
(Wa)? gives 


— }|— ]-|—- + — 14+ 1>0 
Wa/\Wa Wa Wa 
( k, 2(k2/Wa)—1 
or |— |>— 
Wa 


(k,/Wa) —J] 


If we now plot (k,/Wa) against (k,/Wa) we can 
see the range of values of stiffness (shown 
cross-hatched in Fig. 7.38) which will ensure a 
stable structure. 


e 
a Wa 
ae (a) 

Stable Wa 


(iv) 
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Figure 7.38 
Example 7.8 


A Simpson gearset as shown in Fig. 5.23(b) has 
forward gear ratios of 2.84, 1.60, 1.00 and a 
reverse ratio of 2.07. The maximum input torque 
is 200 Nm. 

Assuming that the efficiency of the gearbox is 
100% determine the output torque and the torque 
on the clutches and/or band brake, which are 
operative at a steady engine speed for each gear. 


Solution We can apply the power equation to 
the gearbox and, since there is no change in 
kinetic energy and no losses, the net power into 
the system must be zero, that is 


power in — power out = 0 
Now 
power = torque X angular speed = Q X w 
SO 
in in — Qout @out = O 
also @i,/Woy, = the gear ratio G, therefore 
Qin = Qout X G. 


If we consider the torques about the central 
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axis applied to the gear train less the case, we 
have the input torque, the output torque and the 
holding torque between the fixed case and that 
part of the gear which has been fixed by the 
operation of the various clutches and band brake. 

For first and second forward gears the forward 
clutch carries the input torque of 200 Nm, but for 
third gear the input torque is divided between the 
forward and direct clutches. In reverse the input 
torque 1s applied through the direct clutch. 

For first gear the output torque = 
—200 x 2.84 = —568 Nm and the sum of the 
torques is zero for steady speed running, thus 


200 — 568 + Qy = 0 
or Oy = 368 Nm. 


This torque is transmitted either through the 
Sprag clutch or through the low/reverse clutch 
depending on whether lock down or normal drive 
has been selected. (See the description of the 
operation of the gearbox in section 5.11.) 

For second gear the output torque = 
—200 x 1.60 = —320 Nm so the moment equation 
gives 


200 — 320+ Q, = 0 
hence Qy = 120 Nm. 


This torque is transmitted through the intermedi- 
ate band. 

For third gear the output torque is equal to the 
input torque so it follows that the holding torque 
is zero. It is left as an exercise for the reader to 
show that the proportion of the input torque 
carried by the forward clutch is 1/(1.60). (This is 
achieved by considering the equilibrium of the 
input planets.) 

In reverse the output torque is 2.07 x 200 = 414 
Nm. Now the moment equation gives 


200 + 414+ Qy = 0 
or Qy = —614 Nm 


and this torque is carried by the low/reverse 
clutch. 

An alternative method for finding the holding 
torques is to assume that the whole gear assembly 
is rotating at an arbitrary speed 11, this means that 
the stationary parts of the gearbox are rotating at 
Q, and the input and output shafts have their 
speeds increased by 2. The power equation now 
becomes 


Qin (Win - 0) =F Qout (Wout a ()) a On = 0 
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OF (Qin @in + Qout Mout) 
+ 0 (Qin oe Qout a Qu) =0 


and since 2 is arbitrary this equation must be true 
for all values of 0, including zero, it follows that 
both bracketed terms must individually be equal 
to zero, thus repeating the previous results. It 
should be noted that this method assumes no 
internal friction whereas the moment equation is 
always true. 


Problems 


7.1. A slider B of mass 1 kg is released from rest and 
travels down an incline a distance of 2 m before striking 
a spring S of stiffness 100 N/m (see Fig. 7.39). The 
coefficient of friction between the slider and the plane 
is 0.1. Determine the maximum deflection of the 


spring. 
ger 


S 


Figure 7.39 30° 


7.2 See Fig. 7.40. A light rope, passing over a light 
pulley P, connects the sliding collar C, mass 2 kg, to the 
spring of stiffness 50 N/m. The collar is released from 
rest in the position shown, the tension in the spring 
being 20 N in this position. Find the speed of the collar 
when it has travelled 40mm down the inclined rod. 
Neglect friction. 


VE 


120 mm 


45° ~P 
Figure 7.40 


7.3. Asmall toy motor car A, mass 100 g, travels along 
a track T as shown in Fig. 7.41. The track consists of 
two circular arcs AB and BC which have centres O and 
QO, respectively and which lie in the same vertical plane. 
The motor torque remains constant at 7x 107*Nm 
between A and C and the motor shaft rotates through 
one revolution while the car travels a distance of 1 cm. 





Figure 7.41 


If the speed of the car at point X is 2 m/s, determine 
(a) the speed of the car and (b) the force on the track as 
the car passes the point D. 


7.4 a) Asatellite of mass m moves from a point P, at a 
height /,; to a point P, at a height hz above the Earth’s 
surface. The gravitational attraction between the Earth 
and the satellite obeys the inverse-square law, the 
distance concerned 1n this law being measured between 
the centres of Earth and satellite. 

Prove that the work done by gravity on the satellite 

as it travels from P, to P2 is m[g2(4. + R)—g1(4, + R)], 
where g; and g, are the gravitational field strengths at 
the points P,; and P, respectively, R is the effective 
radius of the Earth, and h is taken to be positive in a 
direction away from the centre of the Earth. 
b) A satellite is in orbit around the Earth. At one 
point in its trajectory it is at a height of 8000 km above 
the Earth’s surface and its speed is 4000 m/s. Determine 
its speed when it is at a point 1000 km above the Earth’s 
surface. 

Take the effective radius of the Earth to be 6370 km 
and g to be 10 N/kg at the surface of the Earth. Neglect 
air resistance. 


7.5 A lunar module is jettisoned by the parent craft 
when its height above the lunar surface is 100 km and 
the speed is 600 km/h. Determine the speed of the 
module just prior to impact with the lunar surface (a) 
neglecting the variation of g with height and (b) taking 
into account the variation of g. 

Take the value of g at the surface of the Moon to be 
1.62 N/kg and the effective radius of the Moon to be 
1.74 x 10° km. 


7.6 A four-bar linkage consists of three similar 
uniform rods AB, BC and CD as shown in Fig.7.42. 
Each has a length of 0.5m and a mass of 2.0kg. A 
torsion spring (not shown) at A has a stiffness of 40 
N m/rad, one end of the spring being fixed and the 
other end attached to AB. 

Cc vs 





Figure 7.42 


Initially the mechanism is held with AB vertical, and 
in this position the spring exerts a clockwise couple of 
80 N m on AB. If the mechanism is then released, what 
is the angular speed of AB when 6 = 30°? 


7.7 A roller of radius R has an axial moment of inertia 
{and a mass m. Initially the roller is at rest and then it is 
pulled along the ground by means of a horizontal rope 
attached to its axle C, the tension in the rope being a 
constant 7). If the roller rolls without slipping show 


that, after it has travelled a distance /, its speed 1s 
R[2Tol/(1+ mR?)}*”. 


7.8 A motor drives a load through a _ reduction 
gearbox. the torque developed between the rotor and 
the stator of the motor is 7y. The total moment of 
inertia of the motor shaft is Jy, and the damping torque 
is Cy times the motor shaft speed wy. The effective 
moment of inertia of the load shaft is 4, and the 
damping torque on this shaft is C, times the load speed 
w_. The shaft drives a load torque 7,. If ey = ne, 
show that 


niy- TL = (+ n7Iy) a+ (Cy tn°Cy) or 


7.9 Ata particular instant, the acceleration of a motor 
car is a and its speed is v. The engine power is Pg and 
the power used up in overcoming friction, rolling and 
wind resistance is P,. The rear-axle ratio 1s n,:1 and 
the gearbox ratio is n,: 1. The total mass of the car is M 
and the effective engine inertia /,. The total wheel and 
axle inertia is /, and other inertias can be neglected. 
The rolling radius of the tyres is R. 
Show that 


Pp — Py = [I.(ngna/R)* + Iy(U/R7) + M]va 


7.10 In problem 5.18 a steady input torque of 25k Nm 
is applied to the shaft attached to carner C. Assuming 
that there is no loss in power, find (a) the output 
torque, (b) the power transmitted, (c) the fixing torque 
exerted by the casing on S. 


7.11. Anepicyclic gear consists of a fixed annulus A, 
a spider X which carries four planet wheels P and a sun 
wheel S as shown in Fig. 7.43. The power input is to the 
sun wheel, and the spider drives the output shaft. The 
numbers of teeth on the annulus, each planet and the 
sun wheel are 200, 50 and 100 respectively. The axial 
moment of inertia of the sun wheel and the associated 
shafting is 0.06 kg m* and that of the spider is 0.09 
kg m’. Each planet has a mass of 2.0 kg and an axial 
moment of inertia of 0.0025 kg m?. The centres of the 
planet wheels are at a radius of 120mm from the 
central axis of the gear. 





Figure 7.43 


A torque of 30 N m is applied to the sun wheel, and 
the load torque in the output shaft is 60Nm. 
Determine the angular acceleration of the load. 


7.12 The two mechanical systems shown in Fig. 7.44 
are in their equilibrium positions. At (a) a uniform 
cylinder of mass m, and radius r rests at the bottom of a 
cylindrical surface of radius R, and at (b) a uniform rod 
of mass m, and length / rests at 30° to the vertical. 


Problems 109 


| 
I wre 





Figure 7.44 


Determine the natural frequency of each system for 
small oscillations. 


7.13 An electric locomotive develops a constant 
power output of 4MW while hauling a train up a 
gradient of slope arcsin (1/70). The mass of train and 
locomotive is 1 x 10°kg. The rotational kinetic energy 
is 10 per cent of the translational kinetic energy. The 
resistance to motion per unit mass of train is given by 


R = (12.8 + 0.138v) 107° N/kg 


where v is in m/s. 

By use of the work energy principle, find (a) the 
acceleration of the train at the instant when its speed is 
15 m/s; (b) the maximum speed at which the train is 
capable of ascending the incline. 


7.14 The mechanism shown in Fig. 7.45 is used to 
transmit motion between shafts at A and D. The 
moment of inertia of AB about A is 0.45 kg m’, that of 
BC about its mass centre G is 0.5 kg m? and that of CD 
about D is 0.12 kg m’. The mass of BC is 20 kg. 





AB = 0.3m 
BG = 0.3m 
BC = 0.5m 
CD = 0.2m 
AD = 0.6m 
Figure 7.45 


When the mechanism is in the configuration shown, 
the torque applied to shaft A is 40Nm, the angular 
velocity of AB is 10 rad/s and its angular acceleration is 
30 rad/s’, all measured in a clockwise sense. 

Determine the torque applied to the shaft at D by the 
link CD. Neglect gravity. 


7.15 A motor car with rear-wheel drive is fitted with a 
conventional bevel differential gear. 

a) Neglecting inertial effects, show that at all times 
the torques applied to each rear wheel are equal and 
independent of the separate speeds of the wheels. 

b) See Fig.7.46. The car is being driven along a plane 
curve at a constant speed such that the path of each 
wheel centre is a circular arc. L and R are the left- and 
right-hand rear wheels and R, and Rp are the 
corresponding radii of the paths. Denoting the angular 
speeds of L and R and the cage of the differential gear 
by w, @p and we respectively, find expressions for wy, 
and wp in terms of wc. Hence show that the power 
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Figure 7.46 


flows to wheels L and R are 


+G 


respectively, where P is the net power supplied by the 
engine and G= Rr/R,. Neglect transmission losses 
and slip at the wheels. 


G 
and ——P 
14+G 


7.16 Solve part (a) of problem 6.25 by an energy 
method. 
AB=0-:2m 
BC =0-4m 
BD=0-2m 


Figure 7.47 


7.17 See Fig. 7.47. The 100N and 250N forces are 
applied to the mechanism as shown. Equilibrium 1s 
maintained by the application of the couple 7. 
Determine the magnitude of T, neglecting the effects of 
friction and gravity. 


7.18 Trace the car bonnet mechanism of example 4.2 
and find the force in the springs by the method of 
virtual work. 


7.19 A slider-crank chain ABC has attached to it at C 
a spring of stiffness 2600 N/m as shown in Fig. 7.48. The 
spring is unstrained when @ = 90°. A constant couple of 


AB=-O:2m 





A 
Figure 7.48 


50 Nm is applied to link AB and the system is in 
equilibrium. Determine the value of 6, neglecting 
gravity. 
7.20 A beam of rectangular cross-section rests across 
a cylinder of radius R as shown in Fig. 7.49. Show that, 
for the position shown to be one of stable equilibnum, 
R>h. 

The beam is then rolled without shpping around the 
cylinder to the unstable equilibrium position. If this 





~rE | 
h 


Figure 7.49 | 


occurs when the beam is inclined at 22.5° to the 
horizontal, show that h = 0.948R. Also show that the 
least value of the coefficient of friction between the 
beam and the cylinder which prevents slip in the 
unstable equilibrium position is 0.414. 





Figure 7.50 


7.21 In the system shown in Fig. 7.50, the spring has a 
stiffness of 600 N/m and is unstrained when its length is 
0.15 m. If the roller R has a mass of 3 kg, determine the 
value or values of x for an equilibrium configuration. 
State whether the equilibrium is stable or unstable. 


7.22 A uniform rod of mass m and length / can pivot 
about a frictionless pin at O. The motion is controlled 
by a spring of torsional stiffness k. 





Figure 7.51 


a) Ifthe system is to be in stable equilibrium when the 

rod is vertical, as shown in Fig. 7.51, show that 

k>me)l/2. 

b) Ifk = mgi/4, find the stable equilibrium positions. 
vs ff 





Figure 7.52 


7.23 See problem 7.22. A second uniform rod of 
length 7; and mass m, is pinned to the first as shown in 
Fig. 7.52 and relative motion between the two rods is 
restrained by a torsional spring of stiffness k,. If the 
system is to be in stable equilibrium in the position 
shown, what are the conditions that ensure stability? 


& 
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8.1 Linear momentum 
We have shown in Chapter 3 that, for any system 
of particles or rigid body, 


F= Mrz (3.15) 
Integrating this equation with respect to time 
gives 


| Fa = | Micar — Mrg2—Mroc, 
1 


] 


(8.1) 
The integral {7F dt is known as the impulse and 
is a vector quantity. Because 
>» m,7; = Myc = the linear momentum 
we can write 
impulse = change in linear momentum 
or, symbolically, 
J=AG 
8.2 Moment of momentum 


From Fig.8.1 we see that the moment of 
momentum about the z-axis of a particle which is 





Figure 8.1 
moving on a circular path, radius R;, about the 
Z-axiS 1S 

Lo = Ri(m,oR;) 


For a rigid body rotating about the z-axis with 
angular velocity w, the total moment of momen- 
tum is 


Lo= DR; (m;@R; ) 
ic w>m;R? 
Since m;R? is Io, the moment of inertia of 


the body about the z-axis, the total moment of 
momentum for this case 1s 


(8.2) 


In Chapter 6 we showed that, for a rigid body in 
general plane motion, 


Mg =Ige@ (6.11) 


Integrating this equation with respect to time 
gives 


Lo =; Ipo@ 


2 Z 
| Moedt == | Igwdt = Ig@2—-Ig @| (8.3) 
1 I 


that is, 


moment of impulse = change in moment of 
momentum 


or, symbolically, 
Ko — ALeG 


If rotation is taking place about a fixed axis 
then equation 6.13 applies which, when inte- 
grated, leads to 


| Moar = | lowar = Io @,—-—loa, (8.4) 
1 1 
OT Ko = ALo 


8.3 Conservation of momentum 
If we now consider a collection of particles or 
rigid bodies interacting without any appreciable 
effects from bodies outside the system, then 
> mF, = 0 

> m7; = constant 


so that (8.5) 


1.e. linear momentum is conserved. 
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Extending equation 6.12a for a system of 
bodies, 


DY 1ge@+ Dro Mace = 0 (8.6) 
Integrating with respect to time gives 
~Igwt+>drGMvce = constant (8.7) 


which is an expression of the conservation of 
moment of momentum. The term ‘angular 
momentum?’ is often used in this context but is not 
used in this book since the term suggests that only 
the moments of momentum due to rotation are 
being considered whereas, for example, a particle 
moving along a straight line will have a moment 
of momentum about a point not on its path. 


8.4 Impact of rigid bodies 
We can make use of these conservation principles 
very effectively in problems involving impact. In 
many cases of collision between solid objects the 
time of contact is very small and hence only small 
changes in geometry take place during the contact 
period, although finite changes in velocity occur. 
As an example, consider the impact of a small 
sphere with a rod as shown in Fig. 8.2. The rod is 
initially at rest prior to the impact, so that u, = 0 
and w, = 0; uy, v and w, are the velocities after 
impact. 
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Figure 8.2 
Conservation of linear momentum gives 
(8.8) 


and conservation of moment of momentum about 
an axis through G gives 


mv, = Mun + mv> 


(8.9) 


So far we have two equations, but there are three 
unknowns. To provide the third equation we shall 
make some alternative assumptions: 

i) the rigid-body kinetic energies are con- 
served, or 

li) the two objects coalesce and continue as a 
single rigid body. 


mv,a = Iga .+mv2a 


Case (i) 
We shall call case (i) one of ideal impact. By 
conservation of the rigid-body kinetic energy, 


(8.10) 


This case is often called elastic impact, but in 
many cases we have elastic deformation of the 
bodies during impact after which the objects are 
left in a state of vibration. This vibration energy 
may easily account for all the initial rgid-body 
kinetic energy. 

An interesting consequence of equations 8.8 to 
8.10 is the relationship which exists between the 
velocity of approach and the velocity of recession 
of the points of contact. 

Velocity of approach = 2, 
Velocity of recession = (uz + aa) — v2 (8.11) 


kmv,? = 4Mup’ + gw’ + 4d" 


Rewriting equations 8.8 to 8.10, 
M 


01 — U2 = — ln (8.12) 
m 
D1 — 02 = —5 (wa) (8.13) 
ma 
M I 
V1°— 07° = u? + mr (wa)? (8.14) 


Substituting for u. and (a) in equation 8.14 
gives 
m 
(B — 2 )(d, +02) = M (v,—22)° 


2 
ma 
ho v2) 


Ig 
p 
(= Jee V2) 
Or 9,—-% =!|—+— _ 

1 2 M Ic 1 2 
But + ( (2 +2) 
ut u a= (v, —v>)| — + 
2 7F @) 1 2 M 7 

= VU, +p 


therefore (u. +a ,a—v2) = 2 (8.15) 
that is, the velocity of recession of the points of 
contact is equal to the velocity of approach. 

This result, which is called Newton’s rela- 
tionship, is often quoted only for simple linear 
impact but it can be shown to be true for the 
general case of ideal impact of rigid bodies. For 
non-ideal impact a coefficient of restitution, e, 1s 
introduced, defined by 


__ velocity of recession 
velocity of approach 


Great care must be exercised when using this 
coefficient since its value depends on the 
geometry of the colliding objects as well as on 
their material properties. 


Case (ii) 
This case is usually called inelastic or plastic 
impact. Here equation 8.14 is replaced by 


V2 = U2 + ana (8.16) 


which corresponds to e = 0. 
We now have from equations 8.8, 8.9 and 8.16 


m ma? 
= (Uz + wa) = Vy MI. 
G 

2 


«(1% ME) (8.17) 
M Io : 


Using equations 8.13, 8.17 and 7.26, it can be 


shown that 
final k.e. 1+(alkay 
nalk.e. _ (a/kg) Pl 


initialk.e. M/m+1+(a/kc)y 
where kg = (Ig/M)*”. 


8.5 Deflection of fluid streams 
If we regard a fluid stream as a system of 
particles, then we can determine the forces 
required to deflect the stream when under steady 
flow conditions. It is possible to equate the force 
to the sum of the separate mass—acceleration 
terms for each particle, but it is much easier to use 
rate of change of momentum directly as follows. 
If the fluid has a density p and is flowing at a 
constant rate then the velocity at any point in 
space will be constant in time. In Fig. 8.3 the 
boundary ABCD contains a specific number of 
particles which after a time At occupy a space 
A’B'C’'D’. The momentum within the region 





Figure 8.3 
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A’B'CD does not change, so the change in 
momentum is simply 


momentum of DCC’D’ 
— momentum of ABB’A’ 


or pA2(CC’)v,— pA;(AA’) 2, 


Since the mass within the boundary ABCD is 
the same as within A’B’C’D’, 


pA>(CC’) = pA, (AA’) 

But AA’ =2,At 

and CC’ = v2 At 

therefore the change in momentum is 

(8.18) 


and this must equal the impulse R At supplied by 
the external forces supporting the vane. 


(pA2 022 — pA; 0,0; ) At 


The mass flow rate 1s pA 2 
— pA? =m 


(8.19) 
hence m(v.—wv,)At=RAt 
(8.20) 


In a similar manner the moment of the forces 
acting on the guide vane can be equated to the 
change in unit time of the moment of momentum, 
to give 


or R= (mass flow rate)(v2—v,) 


Mo = (mass flow rate)(r2 + v2 —r, Xv) 
(8.21) 


8.6 The rocket in free space 

The rocket is a device which depends for its 
operation on the ejection of mass, and again the 
mechanics is best understood by considering the 
rate of change of momentum. 


oe 


Referring to Fig. 8.4 and using the following 
notation: 


Figure 8.4 


my = mass of rocket structure 
m, = mass of fuel 
m. = mass of exhaust 


v =velocity of the rocket 
v; = velocity of the jet relative to the rocket 
m = mass flow rate from rocket to exhaust 


the momentum of the complete system of rocket 
and exhaust is 
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(8.22) 


where z, is the average velocity of the exhaust 
gases. 

After a time interval of At, the momentum 
becomes 


G+ AG = (mo +m,—mAt)(w+ Av) 
+m.v.+ mAt(v—9;) 


G= (119 + Mp) V+ MeVe 


thus the change in momentum is 
AG = (mo+m,)Av—mAto,—mAtAv (8.23) 
oe AG dv. 
giving Ga = (mot mi) — Mv; 
Hence, the external force acting on the system 
F= ed = Cran — mo; 
di dt ; 
If the rocket is in free space then the external 
forces on the system will be zero; therefore 


(8.24) 


OF (8.25) 
dt Mo + Mg 


I 


If we draw the free-body diagram for the rocket 
and fuel only, as shown in Fig. 8.5, where T is the 
thrust of the rocket motor, then 


Figure 8.5 


d 
fn ma— (8.26) 
dt 
because in this free-body diagram all particles 
have the same acceleration. 
Comparing this with equation 8.24, we see that 


T= m2; (8.27) 
8.7 Illustrative example 

In problems such as that in the previous section, 
there is a temptation to write an expression for 
the momentum of the rocket plus fuel and then to 
differentiate this expression with respect to time 
in order to establish the external force required. 
The reason why this does not produce the correct 
result is simply that equations 8.24 and 8.26 apply 
to a specific group of particles whereas the mass 
of the rocket plus unburnt fuel is changing. A loss 
of momentum due solely to particles leaving a 
prescribed volume does not require that a force 
be applied to the boundary of that volume. The 


following example may help to illuminate this 
point. 

Consider two trucks running, with negligible 
friction, on horizontal tracks one above the other 
as shown in Fig. 8.6. The upper truck is initially 
moving at a speed v, and then feeds sand at a 
constant rate via a hopper. The lower truck, 
empty mass M2, is at rest when it starts to receive 
the sand. What is its subsequent motion? 





Figure 8.6 


The line NN is moving at the same rate as the 
sand. Consider the mass of truck and sand above 
the line NN. The sand, once it has left the truck, 
continues with the same horizontal velocity 
throughout its free fall; therefore the horizontal 
component of riomentum does not alter during 
fall and so no force is required to maintain the 
motion, even though the truck is itself losing 
momentum. The region below NN does exhibit a 
change in horizontal momentum G. 

G = (initial mass of sand in free fall) 7, 


+(M,+sand)v2 (8.28) 
After time Af, 
G + AG = (initial mass of sand in free fall 
—mAt)v, +(M,+ sand + mAt)(v2 + Av) 
Hence the change in momentum is 
AG = —mAtv, + (M, + sand) Av, 
+m AtAv, + mAto, 


AG 
so that limy,,; 0 (=<) = —m(v, — v2) 


d 
+ (M, + sand) = 


Since the external horizontal force is zero, 


dv 
0= —tin (0, — 22) + (M2 + rt) (8.29) 
Alternatively we can write 
horizontal momentum of the system 
= constant 


(M, — mt)v, + (M>+ mt)v. = M;2, (8.30) 


because we have already argued that 2 is 
constant. Therefore 


mtv, 


a 
M,+mt 


(8.31) 

If we attempt to use F= > ma, we find 
difficulty in evaluating the acceleration of the 
sand particles as they hit the lower truck. 
However F=)>,)ma may be usefully employed 
when considering the upper truck since we know 
that the sand in free fall has no horizontal 
acceleration at any point prior to hitting the lower 
truck, therefore the horizontal force must be 
zero. 


8.8 Equations of motion for a fixed 
region of space 
A further way of forming the equations of motion 
is to consider a fixed region of space. Initially we 
use the impulse—momentum relationship for the 
known number of particles which originally 
occupied the prescribed region. 

In Fig. 8.7, particles are leaving the region with 
a velocity v, normal to the surface and entering 
the region with a velocity v,. The density of the 
material is p and A is the area of the aperture. 
The unit vector a is in the direction of the 
outward normal to the surface of the region. 





Figure 8.7 
Now 

impulse = change of momentum 
SO 


> F At = A(momentum within region R) 
+ (p,A_¥g At) vgn, 
— (pPAp a At) 4 (—np) 


d nel 
> F= = (momentum within R) 


= PaAgva ne + Po App Mp 
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d 
or > F—)> pAv?n =— (momentum within R) 
di (8.32) 


The terms pAv’ could be regarded as fictitious 
forces acting on the surface of the region and 
directed towards the interior, for both inflow and 
outflow. 

Because velocity is not absolute, it is permis- 
sible to choose a region of fixed shape but moving 
at a constant velocity relative to some other 
inertial frame of reference. In this case all 
velocities should be reckoned relative to the 
moving region. 

The method just described may be applied to a 
jet engine moving at a constant speed v relative to 
the air. In Fig. 8.8 the inlet speed relative to the 
region R (often called the control volume) will be 


4 
2 2 
Pole, = eh <P, Av 
Control volume _ _ 4 


Figure 8.8 


v; = v, since the control volume is taken to have a 
velocity v. The exit speed is the speed of the jet 
relative to the nozzle, v;. Thus 


—P+poAo?/7 — p,A;v" = 0 (8.33) 


since in this case there is no momentum change 
within the region. 

As we have steady flow conditions, the mass 
flow rate in must equal the mass flow rate out: 


therefore equation 8.33 may be rewritten: 
P=m(v,;—v) (8.35) 
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Example 8.1 

Figure 8.9 shows two shafts AB and BC which can 
rotate freely in their respective bearings. Initially 
their angular velocities are w, and w, in the same 
sense. At time t = 0 the clutch B is operated and 
connects the shafts together. The clutch is 
spring-loaded and the maximum couple it can 
transmit is Qo. The total axial inertia of shaft AB 
is J, and that of BC is J,. 

a) Find the final angular velocity and the time 
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Figure 8.9 


taken for slipping to cease. 
b) Show that the energy lost is 


kL 
Ay ee es 2 
in) 


Solution The horizontal and vertical forces 
acting on the system are shown in the free-body 
diagrams (Fig. 8.10) but are not relevant to this 
problem since they do not appear in the axial 
moment equations. 





Figure 8.10 


While the clutch is slipping, the couple it 
transmits is Qo and when slipping ceases the 
shafts will have a common angular velocity, say 
wc. The directions for Qo are marked on the 
free-body diagrams on the assumption that 
W, > Gd. 


Shaft AB: 
[Mc oS Igo] 
—Qo = 1, dwap/dt 


~ |" Qoar = oe =N(@c-o) (i) 


@) 





Shaft BC: 
[Mc ca [go] 
dwgc 
+ a | 
Qo aay 


| Qodt= |™ hdope = b(wc~ o) (ii) 


Adding equations (i) and (11) we obtain 
(+ b)wc— (U0, + hw) = 90 


and we note that, for this case, there is no change 
in moment of momentum. The final angular 
velocity is 


wc = (10,+ he,VvU,+h) (iil) 


Until time ¢, when slipping ceases, the 
transmitted couple Qo is constant, so that 


| Qodt= Qo (v) 


Combining equations (iii) and (iv) with either 

(i) or (ii), we find 
= 1, 1,(@1 — @) 
Qo(h +h) 

and note that, since we have already assumed 
@, > @, the time taken is positive! 

The energy change (final energy minus initial 
energy) is 

2(1, + Ip) wc? — (4h, @,* + 4 o>”) 


which after substitution of wc from equation (iii) 
and some manipulation is equal to 


[ 2 2 
-a( : Joe) 


+h 





Example 8.2 

Figure 8.11 shows a box of mass m on a roller 
conveyor which is inclined at angle a to the 
horizontal. The conveyor consists of a set of 
rollers 1, 2, 3, ..., each of radius 7 and axial 
moment of inertia / and spaced a distance / apart. 
The box is slightly longer than 31. 





Figure 8.11 


If a=30°", r=50mm, J=0.025 kgm’, 
/= 0.3 m and m = 30 kg, and if the box is released 
from rest with the leading edge just in contact 
with roller 4, (a) determine the velocity of the box 
just after the first impulsive reaction with roller 6 
takes place and (b) show that, if the conveyor is 
sufficiently long, the box will eventually acquire a 
mean velocity of 2.187 m/s. 

Assume that the box makes proper contact with 
each roller it passes over and that the time taken 
for the slip caused by each impact 1s extremely 
short. Also assume that friction at the axles is 
negligible. 


Solution Let us consider a_ general case 
(Fig. 8.12) just after the front of the box has made 





Figure 8.12 


contact with a roller D and slip has ceased. The 
velocity of the box is vpcay where the subscript 
‘(a)’ denotes ‘after impact’. The angular velocity 
w of rollers A, B, C and D will be w = vpyay/r. 
The box then immediately loses contact with 
roller A which, in the absence of friction, 
continues to rotate at the same angular velocity. 
Until the next impact, energy will be conserved. 
The box accelerates under the action of gravity to 
a velocity Yg,p) Just before it makes contact with 
roller E, where the subscript ‘(b)’ denotes “before 
impact’. 
The kinetic-energy increase is 


1 > 3 VE(b) J 
is + a I a SZ 
E MPE(b) 2 ( r 


1 3 Vp(a) % 
7 ; Mp (ay = > (222) 


and the gravitational energy decrease is mgl/sina. 
Hence 


2 5, 2mglsina 
YE(b) = Yd(a) 


m+3i/lr 
= ogg? 2OOMO-81N0.3)sin30" 
30 + 3(0.025)/(0.05) 
VE(b) = [Ppcay’ + 1.4715] (i) 


The box then contacts roller E (Fig. 8.13) 
which receives an impulsive tangential force Pe. 


x 


ee 





Figure 8.13 


The equal and opposite force acting on the box 
rapidly changes its speed and at the same time 
impulsive reactions Pg, Pc, and Pp occur with 
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rollers B, C and D. The velocity of the box just 
after the impact is denoted by 2 ,,a). 


For the box [>) F, = még], 


dv 
mgsina—Pet+ Pp+Pct+Pp= ve 


Integrating to obtain the impulse-momentum 
equation, 


& Ag Ar 
| mgsinadt — | Pedt+ | Ppdt 
0 0 Q 


Ar Ar 
+| Pedt+ | Ppdt = mM (VE\a) — VE(py ) (11) 
0 0 


Since the impact forces are large, we assume that 
the first integral is negligible. 


For the rollers [> Mg = Iga], 


dw. dwp 
Per=I—, —-Ppr=i—., 
ca dt oe dt 
dwc dwp 
—Pecr = I— d —Ppr=i— 
cr Ar an Br di 
Ar Ar 
r| Pear = 1(72—0)—| Ppdt 
0 y 0 


-s (7 _ “=| 
r r 


At At 
= -r| Pcdt = -r| Ppdt 
0 0 


Substituting into equation (ii) gives 


m+ 31/r? 
VE(a) ~ PE) \ + Al/r2 
30 + 3(0.025)/(0.05)? 
= AD LAIN NIE\NIT NE\2 
F() 39 + 4(0.025)/(0.05)2 
VE(a) = OVE(by/7 


Just before first contact with roller 5 [equation 

(i)], 

Vs(p) = [0+ 1.4715]"”* = 1.2131 m/s 
and, just after [equation (iii)], 

Vs(ay = 6(1.2131)/7 = 1.0398 m/s 
Similarly, 

Verb) = [(1.0398)* + 1.4715]"”* = 1.5977 m/s 

and a) = 6(1.5977)/7 = 1.3694 m/s 
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If the box eventually acquires a steady mean 
velocity, then the velocity lost at each impact will 
be exactly regained at the end of the following 
impact-free motion. After a few trials we find 
that, if the velocity just before impact is 
2.3551 m/s, the velocity just after the impact 
{equation (it1)] is 


v = 6(2.3551)/7 = 2.0187 m/s 


and the velocity just before the next impact 
[equation (1i)] is 


v = [(2.0187)* + 1.4715]? = 2.3551 m/s 


which is the same as just before the previous 
impact. 

Since the acceleration between impacts is 
constant, the mean velocity v,, is 


Um = 3(2.0187 + 2.3551) = 2.1869 m/s 


Example 8.3 

A building block ABCD (Fig. 8.14) falls vertically 
and strikes the ground with corner A as shown. 
At the instant before impact the mass centre G 
has a downward velocity vq of 4m/s and the 
angular velocity @) of the block is 5 rad/s 
anticlockwise. The mass of the block is 36 kg and 
Ig = 1.3 kg m’. 


AB=0‘5m 
BC =0-25m 





Figure 8.14 


Assuming that the impact force at A is of very 
short duration and that after impact the block 
rotates about A, find (a) the angular velocity 
just after impact, (b) the energy lost in the impact 
and (c) the angular velocity w, just before corner 
B strikes the ground. 


Solution The free-body diagram (Fig. 8.15) 
discloses the two forces acting on the block during 





Figure 8.15 


the impact: the weight mg and the large impact 
force P. 

Now the moment of impulse about G for an 
impact time At is 


Ar 
| Mode = Io (1 ~ a) 
0 


which is the change in moment of momentum. 
This does not help, since we cannot determine 
Mg as all we know about P is its point of 
application. 

The moment of impulse about point A is 


At 
| Made 
0 


= {moment of momentum at ¢ = At] 
— [moment of momentum at ¢ = 0] 


Ma, = mg(AG)sin@ and, since mg is a force 
of ‘normal’ magnitude, fo'M, dt is negligible as At 
is very small. Thus there is no change in moment 
of momentum about A during the impact time At. 

(In general we note that, if a body receives a 
single blow of very short duration, during the 
blow the moment of momentum about a point on 
the line of action of the blow does not change.) 


x 
v,*w, (AG) 


I 6 





Momenta at t=O Momenta at ¢=A/ 


Figure 8.16 


From Fig. 8.16 we can write for the moments of 
momentum 


[La ]=o = Ig @ok+ To x MVUGo 

and [La],-0 = 1g@0+(AG) cos 9% (mz ) 
[La haar = Igaik+re X mvg 

and [La]-a;= Ig@1+ (AG) my, 


Equating the moments of momentum about A, 
we have 


= Ig Wo + (AG) COs 9 (mv) 


"2 Ig + m(AGY 


_ 1.3(5) + (V'5/8)cos[45° + arctan(2)]36(4) 
7 1.3+36(V5/8)" 
= 4.675 rad/s 
At time t = 0, the energy is 
4mvg* + 4g w* = $(36)(4)? + 4(1.3)(5)? 
= 304.3 J 
At time ¢ = At, the energy is 
mv," + 4g@,” = [3(36)(V5/8)? + 3(1.3)] 
x (4.675)? = 45.0 J 
and the energy lost 1s 304.3 — 45.0 = 259.3 J. 
There is no energy lost from time f = At to the 
instant just before corner B strikes the ground, 
when the angular velocity is w,. In this interval, 
the centre of mass G falls through a vertical 
distance 
hy = (AG)(sin 69 — sin 45°) 
= (V5/8)[sin {45° + arctan(3)} — sin 45°] 
= 0.06752 m 
The gravitational energy lost is 
mghy = 36(9.81)(0.06752) = 23.85 J 
The kinetic energy when the angular velocity is 
@> 1S 
$[Ig + m(AG)?] a.” = 2.0562" 
Equating the total energies at the beginning 
and end of the interval, 
2.056w7 = 45.0 + 23.85 
w@> = 5.7842 rad/s 


Example 8.4 

A fluid jet of density p and cross-sectional area A 
is ejected from a nozzle N with a velocity v and 
strikes the flat blade B as shown in Fig. 8.17. 
Determine the force exerted on the blade by the 
fluid stream when (a) the blade is stationary and 
(b) the blade has a velocity u in the same direction 
as v (u<v). Assume that after impact the fluid 
flows along the surface of the blade. 


—e 7) 
N —— fo 
Figure 8.17 


Solution 
a) The free-body diagram on the left of Fig. 8.18 
is for the fluid which is outside the nozzle. The 
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P,=0 fe i R 
Figure 8.18 


force P, = 0 since the pressure in the fluid just 
outside the nozzle is assumed to be zero. The 
mass flow rate at the blade is pAv, the velocity 
change of the fluid stream is (0Q—v) and from 
equation 8.20 the force acting on the fluid stream 
at the blade is P, = pAv(—v) = —pAv* to the 
right, that is a force of pAv to the left. The 
force acting on the blade to the right is thus pAv”. 
The force R which holds the blade in equilibrium 
is also equal to pA”. 


—~ if 
P=0 P, 
= Z Bek 
Figure 8.19 a 


b) The free-body diagram on the left of 
Fig. 8.19 is for a fixed quantity of fluid. If we now 
change the frame of reference to one moving at a 
constant velocity u with the plate, then the 
left-hand boundary will have a constant velocity 
(v—u). Thus the change in momentum its 


—pA(v—u)(v—u) = —pA(v—u)* 
and P,— P, = —pA(v-u)’ 
But P, = 0 and therefore 
P, = pA(v—u)y?=R 


Alternatively, a control volume moving with 
the plate could be used, in which case the actual 
and ‘fictitious’ forces are as shown in Fig. 8.20. 


' 


= : 
P,+pA(v—-—uy ' 





Figure 8.20 
Hence, 


P,+pA(v—u)?— P,=0 


since the change in momentum within the control 
volume is zero. 


Example 8.5 

An open-linked chain is piled over a hole in a 
horizontal surface and a length /, of chain hangs 
below the hole as shown in Fig. 8.21. Motion is 
prevented by a restraining device just below the 
hole which is just capable of preventing motion if 
the length of chain below it is J), the mass/unit 
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Figure 8.21 


length of the chain being p. An object of mass mg 
is hooked on to the lower end of the chain and is 
then released. 

If], =1m,4=3m, mo = 5 kg, p= 1 kg/m and 
g = 10 N/kg, show that the velocity v of the object 
after it has fallen a distance x is given by 


_ ace + 43x + 4x’) | 
(6+x)* 


Neglect frictional effects apart from those in the 
restraining device and ignore any horizontal or 
vertical motion or clashing of the links above the 
hole. 


Solution If we consider the forces acting on the 
complete chain and attached object (Fig. 8.22), 
which is a system of constant mass, then we can 
write 


d 
> forces = a (momentum) (i) 
‘TTY 
: preg 
Figure 8.22 


The free-body diagram for the chain and 
attached object shows the weights mog and mcg 
acting downwards, mc being the mass of the 
complete chain. The restraining force Fy, which 
we assume to be constant throughout the motion, 
and N, the resultant contact force with the 
surface, both act upwards. Fo = plog and it 1s 
reasonable to assume that N is equal and opposite 
to the weight of the chain above the hole: 
N=([mc— p(l,+x)|g. We note that the motion 
takes place since, when x = 0, numerically, 


(19+ mc )g>(N+ Fo) 


The mass which is in motion is m9+ p(/, +x) 
and its downward velocity is v. Thus, for equation 
(i) we can write 


(mo + mc)g—N— Fo 
d 
a? [{79 + pi, +x )} 2] 
[mo + pli tlo +x Ig 
= [mot pth +x) +0? Gi 


Substituting numerical values and replacing 
dv/dt by vdv/dx we have 


10(3+x) = o| (640 +o| 


It is not necessary to use numerical methods 
with an equation of this type as it can readily be 
solved by making a substitution of the form 
z=(6+x)v [note that dz/dx = (6+x)dv/dx +2] 
and multiplying both sides of the equation by 
(6+x). This leads to 


dz 
1013 +x ){6+x) =z— 
(3+x)(6+ x) z- 


which when integrated gives the desired result. 


Example 8.6 

A rocket-propelled vehicle is to be fired vertically 
from a point on the surface of the Moon where 
the gravitational field strength ts 1.61 N/kg. The 
total mass mp of the rocket and fuel 1s 40000 kg. 
Ignition occurs at time t = 0 and the exhaust gases 
are ejected backwards with a constant velocity 
v; = 3000 m/s relative to the rocket. The rate m 
of fuel burnt varies with time and is given by 
m = 600(1 — e~°-') kg/s. Determine when lift-off 
occurs and also find the velocity of the rocket 
after a further 6s. 


Solution From equation 8.27, the effective 
upthrust 7 on the rocket is 


T = mo, = 600(1 — e~°°*')(3000) (i) 
The weight W of the rocket plus fuel at time f¢ is 


W = (mp-mt)g 
= [40000 — 600(1 —e~ °°) t](1.61) (ii) 


Motion begins at the instant 7 acquires the 
value of W. Using a graphical method or a 
trial-and-error numerical solution we find that 
lift-off begins at time t= 0.728s. Thereafter the 
equation of motion is (see the free-body diagram, 
Fig. 8.23) 


Figure 8.23 tr 


dv 
T—-W=ma=m— 
dt 


Substituting for T and W, re-arranging and 
integrating we find that 


v= | #@ae 


where 
1—e 9-")(18 x 10° 
f(t) = Pe v= EH 
40000 — 600(1 — e~9-%")¢ 


and f) = 0.728 s. 

We shall evaluate the integral numerically 
using Simpson’s rule (Appendix 3) and calculate 
the values of f(t) at 1s intervals from t = 0.728 s 
to t= 6.728 s. 


tls 0.728 1.728 2.728 3.728 4.728 5.728 6.728 
f(t 0 2.124 4.159 6.117 8.008 9.842 11.63 
—2 

ms 


The velocity at t = 6.728 s is given by 


v = 3[0+ 11.63 + 4(2.124+6.117+9.842) 
+ 2(4.159 + 8.008)] 
= 36.1 m/s 


Example 8.7 
A sphere of mass m, is moving at a speed wu, in a 
direction which makes an angle 6 with the x axis. 
The sphere then collides with a stationary sphere 
mass mz such that at the instant of impact the line 
joining the centres lies along the x axis. 
Derive expressions for the velocities of the two 
spheres after the impact. Assume ideal impact. 
For the special case when m, = mz show that 
after impact the two spheres travel along paths 
which are 90° to each other, irrespective of the 
angle 6. 


Solution This is a case of oblique impact but this 
does not call for any change in approach 
providing that we neglect any frictional effects 
during contact. Referring to Fig. 8.24 we shall 
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me OG) 
Uy V; 
a 
V2 
Figure 8.24 


apply conservation of linear momentum in the x 
and y directions and for the third equation we 
shall assume that, for ideal impact, the velocity of 
approach will equal the velocity of recession. 

Conservation of momentum in the x direction 
gives 


m,u,cos 6 = m,v,COSa+ M72 (i) 
and in the y direction 

m,u,sin@ = m,v,sina (11) 
Equating approach and recession velocities gives 

U, COS 8 = v.—v, COS a (111) 


Note that the velocities are resolved along the line 
of impact. 
Substituting equation (111) into (1) 


M,U,cos 6 = m,[v2— u, cos 4] + mv 


2m,u,cos 6 
thus v2 = 
(m, + mz) 
From (ili) 
(m,— mp) 
V1 COS @ = V2 — U, COS 6 = uy, cos 8B 
(m, + mz) 


and from (11) 

v1 SIN@ = u,cosé 
therefore as 

v1" = (v,sina)* + (v, cosa)? 

V,= Uy; sin 6+ cos” pare yy 
m,+m) 

and 
(m, + mz) 
(m,— mz) | 


From this equation it follows that if m, =m) 
a = 90° for all values of @ except when @= 0; 
which is of course the case for collinear impact. 


tana = tané 
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Example 8.8 

A solid cylindrical puck has a mass of 0.6 kg and a 
diameter of 50mm. The puck is sliding on a 
frictionless horizontal surface at a speed of 10 m/s 
and strikes a rough vertical surface, the direction 
of motion makes an angle of 30° to the normal to 
the surface. 

Given that the coefficient of limiting friction 
between the side of the puck and the vertical 
surface is 0.2, determine the subsequent motion 
after impact. Assume that negligible energy is lost 
during the impact. 


Solution It is not immediately obvious how to 
use the idea of equating velocity of approach with 
that of recession, so we shall in this case use 
energy conservation directly. 


Figure 8.25 


Referring to Fig. 8.25, which is a plan view, and 
resolving in the x and y directions 


—pJ = musinB— mosina (i) 
—J = —mucosB — (mvcosa) (ii) 


and considering moments about the centre of 
mass 


pJr = Iw = mko?w. (iii) 
Equating energy before impact to that after gives 
im 

2772 2 
From (i) and (ii) with J = J/m 
u? = (vsina— pJ)* + (J—vcosa)* 
=v? +J7(14+ pw”) —2pJ (cosa + psina) 
and from (iii) 
pdr 
~ ke? 
substituting into (iv) gives 
v =v +J*(1+p?)— 20] (cosat psina) 


m mko? 
— 2 +—— « (iv) 


@ 


2 
P(E) 
or 0=J[J[1+ u7(1+ (r/kg)*)] 
— 2vw(cosa + psina)] 
For a non-trivial solution 
2v(cosa+ psina) 
1+ y*(1+(r/kg)*) 


Inserting the numerical values (noting that 
kg =r'V2) 


2 x 10 x (cos30° + 0.2 x sin 30°) 
1+ 0.27(1+2) 
= 17.25 Ns/kg 
From (i) 
usin B = vsina — pJ 
= 10 X sin30°— 0.2 x 17.25 
= 1.55 


and from (ii) 


ge 


J= 


ucosB = J—vcosa 
= 17.25 — 10 X cos30° 


= 8.59 

therefore 

u = (1.557 + 8.597)" = 8.73 m/s 
and 

B = arctan (1.55/8.59) = 10.23° 
Also 

wr = pl (r/kg)? = 0.2 x 17.25 x2 

= 6.9 m/s 

Or 


w = 6.9/0.025 = 276 rad/s 


We stated previously that the speed of 
recession equals the speed of approach for the 
contacting particles. In this case the direction is 
not obvious but we may suspect that velocities 
resolved along the line of the resultant impulse is 
the most likely. The angle of friction y is the 
direction of the resultant contact force so 
y = arctan(z) = arctan(0.2) = 11.3°. The angle of 
incidence being 30° lies outside the friction angle 
so we expect the full limiting friction to be 
developed. We therefore resolve the incident and 
reflected velocities along this line. 


Component of approach velocity 
= 10 x cos(30° — 11.3°) = 9.473 m/s 


Component of recession velocity 
= ucos(B+ y) + wrcos(90° — y) 


= 8.73cos(10.23° + 11.3°) + 6.9c0s(90° — 11.3°) 


= 9.473 m/s which justifies the assumption. 


If the angle of incidence is less than y then the 
impulse will be in a direction parallel to the 
incident velocity. 


Problems 


8.1 A rubber ball is dropped from a height of 2m on 
to a concrete horizontal floor and rebounds to a height 
of 1.5m. If the ball is dropped from a height of 3 m, 
estimate the rebound height. 


(AXBXCKDXE) 
(a) 
A% 
h) 
4 
ABQ Of® 
Cb) 





Figure 8.26 


8.2 Figure 8.26 shows a toy known as a Newton’s 
cradle. The balls A, B, C, D and E are all identical and 
hang from light strings of equal length as shown at (a). 
Balls A, B and C are lifted together so that their strings 
make an angle 6) with the vertical, as shown at (b), and 
they are then released. Show that, if energy losses are 
negligible and after impact a number of balls rise 
together, then after the first impact balls A and B will 
remain at rest and balls C, D and E will rise together 
until their strings make an angle @ to the vertical as 
shown at (c). 


8.3. Figure 8.27 shows two parallel shafts AB and CD 
which can rotate freely in their bearings. The total axial 
moment of inertia of shaft AB is J, and that of shaft CD 
is 15. A disc B with slightly conical edges is keyed to 
shaft AB and a similar disc C on shaft CD can slide 
axially on splines. The effective radii of the discs are rg 
and rc respectively. 

Initially the angular velocities are w,k and ajk. A 
device (not shown) then pushes disc C into contact with 
disc B and the device itself imparts a negligible couple 
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to shaft CD. 
Show that, after slipping ceases, the angular velocity 
of shaft CD is 


pte Ih any — (rc/rg)h @, 
Pht h(rclray 


Why is the moment of momentum not conserved? 


Ai 





Figure 8.28 


8.4 See Fig. 8.28. A roundabout can rotate freely 
about its vertical axis. A child of mass m is standing on 
the roundabout at a radius R from the axis. The axial 
moment of inertia of the roundabout is 7,4. When the 
angular velocity is wy) the child leaps off and lands on 
the ground with no horizontal component of velocity. 
What is the angular velocity of the roundabout just 
after the child jumps? 


8.5 Figure 8.29 shows the plan and elevation of a puck 
resting on ice. The puck receives an offset horizontal 
blow P as shown. The blow is of short duration and the 
horizontal component of the contact force with the ice 
is negligible compared with P. Immediately after the 
impact, the magnitude of uv, the velocity of the centre 


of mass G, is %. 
ee 
Bi 


a 


P 


Figure 8.29 3 


If the mass of the puck is m and the moment of 
inertia about the vertical axis through G is J, determine 
the angular velocity after the impact. 


8.6 A uniform pole AB of length / and with end A 
resting on the ground rotates in a vertical plane about 
A and strikes a fixed object at point P, where AP = 5. 
Assuming that there is no bounce, show that the 
minimum length 5 such that the blow halts the pole 
with no further rotation is b = 2//3. 
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8.7 A truck is travelling on a horizontal track towards 
an inclined section (see Fig. 8.30). The velocity of the 
truck just before it strikes the incline is 2 m/s. The 
wheelbase is 2 m and the centre of gravity G is located 
as shown. The mass of the truck is 1000 kg and its 
moment of inertia about G is 650 kg m*. The mass of 
the wheels may be neglected. 

a) If the angle of the incline is 10° above the 
horizontal, determine the velocity of the axle of the 
leading wheels immediately after impact, assuming that 
the wheels do not lift from the track. Also determine 
the loss in energy due to the impact. 

b) If the angle of the incline is 30° above the 
horizontal and the leading wheels remain in contact 
with the track, show that the impact causes the rear 
wheels to lift. 


8.8 A jet of water issuing from a nozzle held by a 
fireman has a velocity of 20 m/s which is inclined at 70° 
above the horizontal. The diameter of the jet 1s 28 mm. 
Determine the horizontal and vertical components of 
the force that the fireman must apply to the nozzle to 
hold it in position. Also determine the maximum height 
reached by the water, neglecting air resistance. 





Figure 8.31 


8.9 See Fig. 8.31. A jet of fluid of density 950 kg/m° 
emerges from the nozzle N with a velocity of 10 m/s and 
diameter 63 mm. The jet impinges on a vertical gate of 
mass 3.0 kg hanging from a horizontal hinge at A. The 
gate is held in place by the light chain C. Neglecting any 
horizontal velocity of the fluid after impact, determine 
the magnitude of the force in the hinge at A. 


8.10 A jet of fluid is diverted by a fixed curved blade 
as shown in Fig. 8.32. The jet leaves the nozzle N at 





Figure 8.32 


25 m/s at a mass flow rate of 20 kg/s. Neglecting the 
effects of friction between the fluid and the blade, 
determine the direct force, the shear force and the 
bending moment in the support at section AA. 





Figure 8.33 


8.11 Figure 8.33 shows part of a transmission system. 
The chain C of mass per unit length p passes over the 
chainwheel W, the effective radius of the chain being 
R. The angular velocity and angular acceleration of the 
chainwheel are w and a respectively, both in the 
clockwise sense. 

a) Obtain an expression for the horizontal momen- 
tum of the chain. 

b) Determine the horizontal component of the force 
the chainwheel exerts on its bearings B. 


8.12 A container (Fig. 8.34) consists of a hopper H 
and a receiver R. Initially the hopper contains a 
quantity of grain and the receiver is empty, flow into 
the receiver being prevented by the closed valve V. The 
valve is then opened and grain flows through the valve 
at a constant mass rate ro. 





Figure 8.34 


At a certain instant the column of freely falling grain 
has a length /. The remaining grain may be assumed to 
have negligible velocity and the rate of change of / with 
time is small compared with the impact velocity. Show 
that (a) the freely falling grain has a mass ro(2//g)"” 
and (b) the force exerted by the container on the 
ground is the same as before the valve was opened. 


8.13 An open-linked chain has a mass per unit length 
of 0.6 kg/m. A length of 2m of the chain lies in a 
straight line on the floor and the rest is piled as shown 
in Fig. 8.35. The coefficient of friction between the 
chain and the floor is 0.5. 

If a constant horizontal force of 12 N is applied to 





Figure 8.35 


end A of the chain in the direction indicated, show, 
neglecting the effects of motion inside the pile, that 
motion will cease when A has travelled a distance of 
3.464 m. (Take g to be 10 N/kg.) 


8.14 Figure 8.36 shows a U-tube containing a liquid. 
The liquid is displaced from its equilibrium position and 
then oscillates. By considering the moment of 


vw 


k- ~—+ 


Figure 8.36 


momentum about point O, show that the frequency f of 
the oscillation is given, neglecting viscous effects, by 


ped | 22 
Qa V U+ aR 


Also solve the problem by an energy method. 


8.15 A length of chain hangs over a chainwheel as 
shown in Fig. 8.37 and its mass per unit length is 
1 kg/m. The chainwheel is free to rotate about its axle 
and has an axial moment of inertia of 0.04 kg m?. 





Figure 8.37 


When the system is released from this unstable 
equilibrium position, end B descends. If the upward 
displacement in metres of end A is x, show that the 
downward force F on the ground for 1<x<2 is given 
by 


4—3x-—x? 
F=681/G=1)4-— —_— IN 
6.628 +x 
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8.16 a) A rocket burns fuel at a constant mass rate r 
and the exhaust gases are ejected backwards at a 
constant velocity u relative to the rocket. At time t = 0 
the motor is ignited and the rocket is fired vertically and 
subsequently has a velocity 2. 

If air resistance and the variation in the value of g can 
both be neglected, and lift-off occurs at time t= 0, 
show that 


v=uln — gt 
M-rt 8 


Where M is the initial mass of the rocket plus fuel. 

b) A space vehicle is fired vertically from the surface 

of the Moon (g = 1.61 N/kg). The vehicle is loaded with 

30000 kg of fuel which after ignition burns at a steady 

rate of 500 kg/s. The initial acceleration is 36 m/s”. 
Find the mass of the rocket without fuel and the 

velocity after 5 s. 





8.17 An experimental vehicle travels along a horizon- 
tal track and is powered by a rocket motor. Initially the 
vehicle is at rest and its mass, including 260 kg of fuel, is 
2000 kg. At time ¢ = 0 the motor is ignited and the fuel 
is burned at 20 kg/s, the exhaust gases being ejected 
backwards at 2020m/s relative to the vehicle. The 
combined effects of rolling and wind resistance are 
equivalent to a force opposing motion of (400 + 1.007) 
N, where v is the velocity in m/s. At the instant when all 
the fuel is burnt, brakes are applied causing an 
additional constant force opposing motion of 6000 N. 

Determine the maximum speed of the vehicle, the 
distance travelled to reach this speed and the total 
distance travelled. 


9 
Vibration 


SECTION A 
One-degree-of-freedom 
systems 


9.1 Introduction 

Mechanical vibration is said to occur when parts 
of a system execute periodic motion about a 
static-equilibrium configuration. In the simplest 
cases only one co-ordinate is required to describe 
the position of the system, which is thus defined 
to have one degree of freedom. If friction is very 
small, this co-ordinate performs oscillations with 
simple harmonic motion — at least for small 
oscillations. 

Any real system can deform in many ways and 
therefore requires many co-ordinates to describe 
its position — it is said to possess many degrees of 
freedom. However, the result of analysis which 
follows in Section B indicates that, for linear 
systems, one many-degrees-of-freedom system is 
equivalent to many one-degree-of-freedom sys- 
tems, thus a detailed study of one-degree-of- 
freedom systems is a necessary prerequisite. 


9.2 Free vibration of undamped systems 
One of the simplest systems is the combination of 
a rigid body and a light linear spring as shown in 
Fig. 9.1. The mass m is supported by a light spring 
which has a constant stiffness k. If x is the 


ye Be 


m 


Figure 9.1 


extension of the spring, the free-body diagram is 
as shown in Fig. 9.2. Thus the equation of motion 
iS 


mg — kx = mx 


(9.1) 


By letting y = x—mg/k, i.e. y is the deflection 
from the static equilibrium position, we obtain 


my + k(y +mg/k) = mg 


or mi+kx=mg 


or my+ky=0 9.2) 
ytky ( 


kx 
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The solution of equation 9.2 is (see Chapter 2) 


y = Acosw,t+ Bsinw,t (9.3) 

where w, = V(k/m) (9.4) 
Differentiation with respect to time gives 

y =o, (—Asinw,t+ Bcosa,t) (9.5) 

and y= -—a,7(Acosw,t+ Bsina,t ) (9.6) 


= — yy 
thereby justifying the solution given in equation 
9.3. 

The constants A and B depend on the initial 
conditions so that if, when t = 0, y = Vandy = Y, 
substitution of these values into equations 9.3 and 
9.5 gives 


Y=A 
and V=a,B 
thus y= Ycosa,t+(V/e,)sin wat (9.7) 
An alternative form for equation 9.7 is 
y = Ccos(@,t— ¢) (9.8) 


C= V(Y¥74 V7/a,7) 
and tang = V/(w, Y) 


where 





Figure 9.3 


A plot of y against time is shown in Fig. 9.3, in 
which the following terms are defined. 


i) Amplitude, C — the maximum displacement 
reckoned from the mean position. Twice C is 
referred to as the peak-to-peak amplitude. 

ii) Periodic time, 7— the minimum time interval 
after which the motion is repeated. 

ili) Frequency, v -— the number of cycles 
performed in unit time; hence v = 1/T. 


One cycle of this periodic motion may be 
represented by the projection of a line OA, 
rotating about O at an angular speed w,, on to a 
diameter of the circle as shown in Fig. 9.4. 






C'sin(w, 1-9) 


Figure 9.4 


From this figure it is clear that the time for a 
complete cycle is given by 


w,1 = 27 
thus T = 2n/o, (9.9) 
and v = w,/(277) (9.10) 
From equation 9.8 we have 
v = dy/dt = —w, Csin(w,t — ¢) (9.11) 


and from Fig. 9.4 we see that the projection on 
the vertical axis is 


Csin(w,t— %) = —v/w, 
9.3 Vibration energy 


The kinetic energy of the system discussed in 
section 9.2 1s 
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4mv* = 4mC’w,"sin’(w,t— ¢) 
and, since w,* = k/m, we have 
Amv” = 4kC?sin?(w,_t — ) 
the strain energy in the spring is 
4kx* = 3k[Ccos(w,t— 6) + mg/k}? 
= $kC*cos*(w,t— #) 
+ kCcos(w,t— &) mg/k + 3k (mg/k?) 
and the gravitational potential energy is 
—mgy = —mgCcos(a,t — ¢) 
The total energy 1s 
E = hmv? + 4kx* + (—mgy) 
= $kC* + 4k(mg/k)° (9.12) 
The second term in equation 9.12 is a constant 
and is the strain energy in the spring when in the 


Static-equilibrium position; hence the energy 
associated with the vibration is 


E, = 3kC? = 4me@,2C? (9.13) 


or, maximum strain energy reckoned from the 
static-equilibrium position = maximum kinetic 
energy = Ey. 

We see that constant forces, such as gravity, 
merely change the static-equilibrium position and 
do not affect the vibration, so it is customary to 
consider only motion and energies relative to the 
static-equilibrium configuration. 

Reworking our example, we may write 


—ky = my 


knowing that the weight is opposed by an equal 
but opposite spring force. 
Alternatively, using energy, we write 


E, = imy’ + 4ky’ = constant 
dE, /dt = myy + kyy = 0 


thus my+ky =0 


9.4 Pendulums 
A case in which gravity may not be neglected, of 
course, is in the study of pendulums. Here, 
however, the effect of gravity does not produce a 
constant effect — as we shall show. 

For the simple pendulum shown in Fig. 9.5 we 
have, by considering moments about O, 


oe 


—melsin @ = Ip 8 


For a simple pendulum (light rod with 


128 Vibration 


Figure 9.5 | mg 


concentrated mass m), Ip = ml’, so 


—meg)lsin 6 = ml*6 (9.14) 
This equation is non-linear, but, as is true for 
most systems, if we consider only small oscilla- 
tions about the equilibrium position the equation 
becomes linear. For small 6, sin@é—@; hence 
equation 9.14 becomes 


—mgl@ = ml76 


or 6+(g/1)0=0 (9.15) 
& 1 ig 
th n=./7 d vyz=—._/- 
uS Ww | j and vp av I 
If the mass is not concentrated, then 
—mgl0 = 158 
or 6+(mgl/Io)0=0 (9.16) 


where / is the distance of the centre of mass 
from O. 
Using the parallel-axes theorem 


Ilo = 1g 4+ ml? = mkg?+ ml’ 


leads to 
2_mgl_ mee 
Ig omke?t+tmP 11 +k,7/l") 


I g 
th a 
a yas 


9.5 Levels of vibration 
At this point it is helpful to consider the orders 
of magnitude of vibration in terms of human 
comfort and machine tolerance. It is convenient 
to consider a plot of log(velocity amplitude) 
against log(frequency). 

The velocity amplitude is given by 


Wn 


(9.17) 


@ = 27v(displacement amplitude) = 27vx 
and the acceleration amplitude by 

a = 2mvb = (2rv)*k 
therefore logdad = logy +logd+log2z7 


and log¢ = —logv+ logd—log2a 
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so that, on a graph of logé against log v, lines of 
constant @ appear as straight lines of slope —1 and 
lines of constant ¢ appear as lines of slope +1, as 
shown in Fig. 9.6. 


9.6 Damping 

In all mechanical systems there is some means by 
which the vibrational energy is reduced, so 
without external stimulus any system will even- 
tually come to rest. The most common means are 
some form of internal friction which converts the 
vibrational energy into thermal energy or the 
dissipation of energy into the surroundings by 
the generation of sound and vibration in any 
supporting structure or surrounding fluid. 

A system in which energy is dissipated is said to 
be damped. If the damping is large then periodic 
motion will not occur and the system, once 
disturbed, will return toward an equilibrium 
position without the velocity reversing. Such 
motion is called aperiodic. 

One means of providing extra damping is to 
make use of the viscous properties of fluids. 
Figure 9.7(a) shows a damper of the dashpot 
type, in which oil 1s forced through holes in the 
piston by a force proportional to the velocity of 
the piston relative to the cylinder. The usual 
symbol for a viscous damper is shown in Fig. 
9.7(b). 

Another form of damping is eddy-current 
damping, in which a conductor is moved relative 
to a magnetic field. This also requires a force 





(b) 
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proportional to the relative velocity of the 
conductor and field. 


9.7 Free vibration of a damped system 

The system shown in Fig. 9.8 consists of a rigid 
body of mass m, a spring of stiffness k and a 
damper having a damping coefficient c such that 
the force exerted on the damper is cx. The 


k [~ 
kx 
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equation of motion for the mass is 
—kx —cx = mx 

which is usually written as 
mk +cx+kx =0 (9.18) 


If c=0 the motion is simple harmonic and, 
remembering that 


el? = cos@+jsing 


where j = V(—1), we may write the solution of 
equation 9.18 as 


x = 3(A-jB)el°"+HAt+jB)e 10" 
= Acosw,t+ Bsine,t 
where w, = V(k/m). 


For very large damping the inertia effects will 
be small, so that the motion is described by 


cx+kx =0 
or dx/dt = —(k/c)x 


Thus | _ (lx ax =— f (k/c)dt 
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In (x/x9) = —(k/e)t 
—(k/c)t 


giving 
or xX = Xge 


So for small and large damping the solution for 
x is of the form 


x = Ae” 


therefore we shall try this form as a general 
solution to equation 9.18. Thus if 


x=Ae” 
then x= AAe”* 
and X = A7Ae”* 


Substituting these terms into equation 9.18 
gives 


(mA? + cd +k)Ae* =0 
which, for a non-trivial solution, means that 
mdr*+cA+k=0 (9.19) 
Solving for A gives 
A = —(c/2m) + V[(c/2m)? — k/m] 
When (c/2m)?>k/m, both values of A are real 
and negative so that the form of the solution is 
x=Ae *“+Be 


and we see that the motion is aperiodic. 
When (c/2m)?<k/m, 


A = —(cl2m) + jV[k/m — (c/2m)* ] 
in which case 
x = A’ exp{—(c/2m)t+ j[k/m— (c/2m)*}'71} 
+ B’exp{—(c/2m)t—j[k/m— (ci2m)* ]""72} 
or x = exp{—(c/2m)t]{A cos[k/m — (c/2m)*]*t 
+ Bsin(k/m —(c/2m)*}"*t} (9.20) 
It is convenient to introduce some characteris- 
tic parameters so that equation 9.20 is readily 
applicable to other physically similar situations. 
We have noticed that when c/2m>V(k/m) the 
motion is aperiodic and when c/2m< V(k/m) the 


motion is periodic; hence critical damping is 
defined by 


Cerit. k 
2m J m 
OF Cert, = 2V (km) 
The damping ratio, ¢, is defined by 


(9.21) 
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ee 
Corit. 7 2V (km) 


Since V(k/m)=o,, the undamped natural 
frequency, we have 


Cort, = 2MV (k/m) = 2ma, 
and C= Coir = M2lw, 


The equation of motion, equation 9.18, can 
now be written 


mx + m2lw,x + m(k/m)x = 0 
giving finally 
¥+ 2,4 + 0,7x = 0 (9.22) 


Noting that c/2m = fw, , equation 9.20 may be 
written 


x=e §°"[Acoswgt+ Bsinwgt] (9.23) 
where wg = [k/m—(c/2m)*]'” 
= (w 2 ty) oye 
= w, V(1— £7) (9.24) 


Differentiating equation 9.23 with respect to 
time gives 
x=e7 £°"'T( Bag — Aw, ) COS Wat 
— (Awg+ Blo, )sin wgt | (9.25) 
The constants A and B depend on the initial 
conditions. For example if, when t = 0, x = x9 and 
x = 0, then 
Xo = A 
and 0 = Bwoy— Alo, 
B= fw, Alwg = xodV(1 — {*) 
x=xge *°"*[cos wat 
+ {GUV(1—£7)} sinwgt] (9.26) 


A plot of x against ¢ is shown in Fig. 9.9. The 
periodic time T is given by 


Hence 
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wWyl =27 
ei 
Wd Oa V(1- £7) 


and the damped natural frequency 


so T= 


The variation of wy/w, with ¢ 1s shown in 
Fig. 9.10. 


“4 
Why 
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Logarithmic decrement 

A convenient way of indicating the amount of 
damping is to quote the logarithmic decrement 
(‘log.dec.’) which, referring to Fig. 9.9, is defined 
as 


6 = In (Xn/Xn41) 
Xs e $f F(wt) 





But = my Ff 
Xana € SOD Feat + T) 

thus 

§ = fw,T = fw, 27/[0,V (1 — £7)] 

= 2nt/V (1-27) (9.27) 

and for small damping 

6=2n6 (9.28) 
Specific loss 


A further way of indicating the amount of 
damping in lightly damped systems is to evaluate 
the energy lost per cycle as a fraction of the 
energy at the start of the cycle. 


Specific loss = ($kx%p2 — 8kXn43)/(2KXp”) 
= 1-—(p41/tn y° 
= 1-exp[—2fw, T] 
so, for small damping, 


specific loss = 1—[1—2f@,T+...] 


= 260, T= 4r6=26 (9.29) 
Coulomb damping 
When the damping force has a_ constant 


Lm x 2 
Figure 9.11 (x70) 
magnitude and always opposes the motion, it is 
known as Coulomb damping. 


In Fig. 9.11 the coefficient of sliding friction is 
taken to be constant, so the equation of motion is 
—kx — f(sign of x) = mx 
mx +kx = +f (9.30) 

9.8 Phase-plane method 
A plot of velocity against displacement is known 
as a phase-plane diagram. The phase-plane 
method is readily adapted to give a graphical 
means of solving any single-degree-of-freedom 
vibration problem. In this book we shall be using 
it only for linear systems, or systems where the 
motion can be described by a number of linear 
differential equations (sometimes known as 

piecewise linear systems). 

The phase-plane method is based on the fact 
that, for a constant external force, a graph of x 
against x/w, 1s a circle. In Fig. 9.4 we saw that the 
projection of a rotating radius gave x and —<x/, 
on the horizontal and vertical axes respectively. 
In order to plot x/w, in the positive sense, it is 
simply necessary to reverse the sense of rotation. 
In general, the equation 


ax + bx = A = constant 


transforms to a circle with centre at x = A/b, 
x/w, = 0. If the initial conditions are given, then 
one point on a circle of known centre completely 
defines the circle, as shown in Fig. 9.12. If after a 
given interval of time or at a specific value of x or 
x the constant changes, this just alters the position 
of the centre of the circle, the radius, of course, 
changing so that the trajectory on the phase plane 
is continuous. 
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Application to Coulomb damping 
From equation 9.30, 


mi+kx=-—f (x>0) 

mi+kx=+f (x<0) 
Assuming initial conditions t = 0, x = x9, x = 0, 
we may draw part of a circle on the phase plane, 


see Fig. 9.13, for x<0. At point A the velocity 
changes sign and the centre of the circle moves 
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from x = f/k to x = —f/k. This process continues 
until a point C is reached such that 


—flk<x<flk 


at which instant the motion ceases. 

The amplitude of vibration drops by 2f/k each 
half cycle, thus the decay rate is linear with time 
and not exponential; also, it is seen that the 
periodic time is not affected by the damping. 


9.9 Response to simple input forces 
Consider the two systems shown in Fig. 9.14 in 
which P = P(t) and xo = x(t). In both cases x is 


x 
kx 
a) P 
Cx 
Xo ae 
kx 
b) 
CX 
Figure 9.14 


the extension of the spnng. The equation of 
motion for (a) is 


—kx —cx+ P = mk 


or %*+2f0,%+0,7x = P/m (9.31) 
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and for (b), 
—kx-cx = m(%y+ xX) 
or £€+2lw,X+ 07x = —Xo (9.32) 


We note that equations 9.31 and 9.32 are of the 
same form. 


Response to a step input 
Assume P = Poy for t>0 and P = 0 for t<0. 
The solution of equation 9.31 is 
x=e *°"'TAcoswytt+ Bsinwgt] 
EP, of mo,” 
= complementary function 

+ particular integral 
It is seen that the particular integral Po/ 
mw,” = Po/k is simply the final steady-state 
solution after the complementary function has 
become zero. There are many formal mathema- 
tical methods for determining the particular 
integral, but for these simple cases the result can 


be achieved by inspection. 
If, when f=0,x =Oandx=0 


then O0=A+Po/k 
and 0= Bw,—Alo, 


hence x =—e *°'(Po/k) 
x [coswgt + UV (1 — £7) sin wgt] + Po/k 


or x/(Po/k) = (1—e7 £@"*cos@gt) 


e- Cw&yt 
a Va) sin wat (9.33) 
x eee 
and SiN wyt (9.34) 


tq (Polk) VA — 6?) 
A graph of x against time is shown in Fig. 9.15. 
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The overshoot (xmax— Po/k) occurs when the 
velocity is first zero, i.e. when wgt = 77, sO 


(Xmax — Po/k) = (Po/k) exp[—fa/V (1 —£7)] 
X max = Polk 


or pee =e *" for small damping. 


Response to impulsive input 

If at ¢= 0 a short-duration impulse Pr is applied, 
then at t=0, x =0 and, since impulse equals 
change in momentum, 


x=Pr/m 
giving 
Pr eT Se! 
* mo, V1— £7) 
a graph of which is shown in Fig. 9.16. 
4 
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Figure 9.16 


Response to a ramp input 
A ramp input is of the form 


P=0 for t<0 
=at for t20 


thus the equation of motion is 
mk+cx+kx = at 
or *£+2l0,%+0,°x = at/m 


In this case the steady-state solution is a 
constant velocity V, or x = Vt+ 5, so for large f, 
when x = 0, 


2fw,V + w,*(Vt+ b) = at/m 
Thus, equating the coefficients of powers of f, 
2fw, V+ ,"b = 0 


and w,"V = alm 
therefore V = alma,” = alk 
and Oia. 9 alike 


Hence the general solution is 
x=e £°" TA coswyt+ Bsinw,t] 
+ atlk — 2falw,,k 
For initial conditions x = 0, x = 0, 
0 = A —2a/lw,k 
and 0= (Bawg— Aw, ) + alk 
hence A = 2fa/w,k 


pao oe 
— koypV 1-2) koaV (1-2) 


and 


2 a= 26) 
~ konV(1—-2@) 
giving 
: (e270) 
= Cwnot ae 
x f 2zco 0 Vi=e) 


a 





+ @,t-2 
wnt 20} 


(9.36) 


n 





Figure 9.17 
Figure 9.17 shows the form of the response. 


9.10 Periodic excitation 
By use of the Fourier theorem, any periodic 
function representing a physical disturbance may 
be replaced by a series of sinusoidal disturbances. 
The total response to this excitation applied to 
a linear system is the sum of the individual 
responses to each of the sinusoidal disturbances — 
this is known as the principle of superposition. 


Fourier series 

Consider a function of time that repeats after a 

periodic time T, 

le. f(t)=f(t+T) 

Assume that 
f(t) = agt+a,coswott+...+a,cosnagt 

+...+b,sinwott...+6,sinnwot 
+...(where wo = 27/T) 

This is known as a Fourier series. 


Multiplying both sides by cosnwot and integrat- 
ing over one cycle gives 


T T 
| f(t) cosnwotdt = a, | cos* nwytdt 
0 0 
All other terms are zero since 


T 
| (cOSnwotsin Ma t)dt = 0 
0 
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T 
| (cOSna@gtcosmuyt)dt=O0 for n#m 
0 

rT . . 

| (sinnwptsinma@st)dt=0 for n#m 

0 

However, when m= n, 


T 
| cos*nwytdt = T/2 


0 
T 
hence | f(t) cosnwotdt = a, T/2 
0 
and similarly 
T 
| f(t)sinnwotdt = b, 7/2 
0 


To summarise, we have 





1 fF 
fine =| f(t) de (9.37) 
T Jo 
De 
a, = =| f(t) cosnwotdt (9.38) 
0 
DEE 
b,== | f(t)sinnaytdt (9.39) 
T Jo 
where Wo = 27/T (9.40) 
T/2 
A-7- 
t=0 f 
—-A 
Figure 9.18 =< ———T——> 


As an example consider the square wave shown 
in Fig. 9.18. By the Fourier theorem, 


ag = 0 
and a, =0 
as the wave is asymmetrical about the ¢ = 0 axis, 
2 ¢ TR 
b,=2x- | ASinnaotdt 
T Jo 
4Al cosnaot |?” 
ae 
2A | 1—cosna 
“7 





NWO 0 
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Substituting integer values for 1 in the above 
expression gives 





n 1 2 3 4 5 
7 
b,— 2 0 ‘ 0 2 
IA 3 5 
nh& 1/3 1/2 2rr /3 
Figure 9.19 


Figure 9.19 shows the result of taking the first 
three non-zero terms, 1.e. m = 5, and also a plot 
using the first nine non-zero terms, 1.e. 2 = 17. 


9.11 Work done by a sinusoidal force 
If a sinusoidal force F = Focos(wt+ @) acts on a 
particle moving with simple harmonic motion 
such that x = Xcosq@pt, then the work done is 


JFdx = — J Focos(wot + h) wo X sin wot dt 
= & Fy X{—cos b J (cos wtsin wot) dt 
+ sin d f (sin wt sin wot ) dt] 


If the integration is taken over a long period of 
time then the integral will tend to zero unless 
@® =. (This statement may be proved by 
methods similar to those used in the development 
of the Fourier theorem.) 

With w = wy the work done per cycle 1s 


| "" Fdx = wFyX[—cos¢(0) + sing(T/2)] 


=0 


= 7F)Xsing (9.41) 


Hence we see that the maximum work done per 
cycle occurs when @ = 90°, i.e. when the force is 
in phase with the velocity. 

The phasor diagram shown in Fig. 9.20 shows 
the displacement x as the projection on to a 
horizontal diameter of the rotating line ON. 
Similarly the velocity 


v9 = —wXsinwt = —Vsinawt 





Figure 9.20 


and the acceleration 
a= —w*X coset = —Acoset 


can be depicted by rotating lines on the diagram. 
V and A are the velocity and acceleration 
amplitudes respectively. 


9.12 Response to a sinusoidal force 

The linear damped §single-degree-of-freedom 
system shown in Fig. 9.14(a) has a sinusoidally 
varying force applied to the mass. Measuring x 
from the position of no strain in the spring, the 
equation of motion is 


Focos wt — kx — cx = mx 
(9.42) 


The solution of equation 9.42 1s in two parts: 
the complementary function, which is a solution 
when Fy = 0, plus the particular integral. 

The complementary function has been dis- 
cussed in section 9.7 and 1s seen to be a transient 
term leading to no motion as time increases. The 
particular integral is a steady-state solution which 
exists when the transient has died away. 

There are many ways of finding the steady-state 
solution, but we will base our solution on physical 
reasoning. 

We assume that the steady-state solution is of 
the form 


x = Xcos(at— >) (9.43) 


where w is the forcing frequency. Energy must be 
transferred to the system, since the damper is 
dissipating energy, hence the steady-state- 
response frequency is the same as the forcing 
frequency for reasons given in the preceding 
section. The amplitude X and the phase angle ¢@ 


or mxX+cx+kx = Focoswt 


are constants to be determined. 
Substituting equation 9.43 into equation 9.42 
gives 
—mw*X cos(wt — h) — wc Xsin(wt — >) 
+kXcos(wt— o) = Focoswt (9.44) 


This equation is represented on the phasor 
diagram shown in Fig. 9.21. From the diagram, 





bcouet kx cos(w!-@) 


Figure 9.21 
Fy? = (kX — mw’ X)* + (w@cX) 
thus X=Fp/V[(k—mw’)?+o’c7] (9.45) 


If w is small then the maximum value of X is 
Fo/k. Dividing both numerator and denominator 
in equation 9.45 by k leads to 


y= Folk 
V{[1—(@l@n)’ P+ (26c0/, )”} 
where w, = V(k/m) 
and £= c/Coiy, = C/(2V km) 
From Fig. 9.21, 
tand = wcX/(kKX — mw’*X) = wcl(k — mw) 
= 2¢(w/w, )/[1— (w/w, )*] (9.47) 


An alternative mathematical treatment using 
complex numbers will now be given. It is known 
that 


wc X sin(wt-O) 


(9.46) 


e/° = cos@t+jsing 


where j=V(-1), so the real part of 
e! “= Re(e!*’) = coswt. Also 


Re[e!‘“!~ ©] = cos(wt — ¢) 
Equation 9.42 may be written 
¥+26w,X + w,7x = (Fo/m) Re(e!“") 
and its steady-state solution as 
x = XRe(e) ““e7)¢) 
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If the real part of one side of an equation is equal 
to the real part of the other side then so must the 
imaginary parts be equal; we may therefore drop 
the reference to real part and write 
¥+2lw,% +0,7x = (Fo/m)e} (9.48) 
eX (9.49) 
Substituting equation 9.49 into equation 9.48 
gives 
(—w + 2a, jo + w,”)Xe} “e 1? = (Fo/m)e!“ 
thus —w?X+2lw,jwX+ w,7?X = (Fo/m)e” 





we Re 


Figure 9.22 


This may be represented on an Argand diagram 
as shown in Fig. 9.22. This figure is seen to have 
the same form as Fig.9.21 and _ obviously 
equations 9.46 and 9.47 are obtained. Equation 
9.45 may be written in non-dimensional form as 


Xx = 
(Folk) 





] 
V{[1— (elon)? P + (2o/ep )*} 


where yw is known as the dynamic magnifier. A 
plot of ~ against w/w, for various values of ¢ is 


=p (9.50) 





Figure 9.23 


given in Fig. 9.23 and a plot of phase angle @ 
against w/w, is shown in Fig. 9.24. 


b m/2 
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() 0-5 1-0 1-5 
Figure 9.24 


9.13 Moving foundation 

In Fig. 9.25 the system is disturbed owing to the 
vibration of the foundation and it is assumed that 
the base movement xp is not affected by the 
subsequent motion of the mass. This type of 
vibration occurs in many situations ranging from 
the vibration of an instrument on a moving 
vehicle to the motion of a building during an 
earthquake. 


Xo tx 
pe 
Cx 
Figure 9.25 


We have a choice of co-ordinate to specify the 
motion of the system. We can measure the 
motion of the mass relative either to the base or 
to an inertial frame of reference. Both are useful 
but we shall use the former as it is the strain in the 
elastic member which is usually of greater 
interest; hence x here will be the movement of the 
mass relative to the base, giving the absolute 
motion of the mass as x + Xo. 

The equation of motion for the mass is 


—kx —cx = m(X%o+X) 
or mX+cx+kx = —mXo 
which may be written 

¥+2lw,% + w,°xX = —Xo (9.51) 

If the base movement Is Xp = Xocos wt 
then %) = —w*Xcoswt 


hence *+2f0,%+,7x = w*Xoe!” 


it being understood that only the real part is 
finally required. Making the usual assumption for 
steady-state vibration that x = Xe!“e 3%, we 
obtain 


—w°X + 26w, 0X + w,7X = w' Xe! (9.52) 





Figure 9.26 


The Argand diagram representation of equa- 
tion 9.52 is shown in Fig. 9.26. From the diagram 
we obtain 


y= w°Xo 
V[(@,7 — w+ 420,70" | 
(w/w, )°Xo 
| V1 = (lag PP +42 (lon )} 
260, 0X 26 (w/a, ) 


(9.53) 


(9.54) 





0 0-5 1-0 
Figure 9.27 


A plot of X/Xo is shown in Fig. 9.27. 


9.14 Rotating out-of-balance masses 

The problem of vibration generated by rotating 
machinery is very common because it is 
impossible to manufacture a machine which is 
perfectly balanced. We will idealise the problem 
to that of a rigid frame carrying a rotating wheel 
with its centre of mass eccentric. In Fig. 9.28 the 
total mass is M and the mass of the rotating part is 





wt 
p11 
(b) ft) 
(M-v7) 
+ + 
Figure 9.28 Rx Cx 


m, with its centre of mass eccentric by an amount 
e from the axis of rotation. 

From the free-body diagram, the equation of 
motion 1s 


—kx—cx = (M-—m)x 
+ md*(ecos wt + x + const.)/dt? 
= (M—m)x+m(—wecoswt +X) 
= Mx¥ — mew* cos wt 


or Mx¥+cx+kx = mew’ cosat (9.55) 


(9.56) 


or ¥%+2f0,%+0,7x = (mew /M)coswt 





kx Re 


Figure 9.29 


This equation has the same form as equation 
9.51 therefore a detailed solution need not be 
given, but the resulting Argand diagram is shown 
in Fig. 9.29. 


9.15 Transmissibility 
It is often required to determine the magnitude of 
the force which is transmitted to the foundation. 
For the above case it will be the sum of the spring 
force and the damping force; thus 
transmitted force 

=kx+cx 

= kX cos (wt — ¢) — cXwsin (wt — >) 

= F,cos(wt— B) (9.57) 
where F; is the modulus of the transmitted force 
and £ is a phase angle. 
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Using complex notation, 
kXeiler- 4) +jcXwe!' ol %) — Fei(et— B) 
which leads to 
kKX+jcX = F,e!(~ ®) 
or, dividing through by M, 
ow, X + j2lw, 0X = (F,/M)e)6? ”? 
From Fig. 9.29, 
F. = X(k2 +0207)? 
F/M = X{a,* + (26a, 0)? |"? 
but X = (ew* m/Mw,” ){[1 — (w/w, )* |’ 
+ (2f@lw,)? }>"” 
mS | 1+ (2fw/w, )? 
me N [1 = (wlog PP + Cfelan)” 


(9.58) 





59) 


The ratio of the transmitted force to the 
‘out-of-balance’ force F,/mwe is known as the 
transmissibility of the mounting. Curves of 
transmissibility against w/w, are plotted in 
Fig. 9.30. 


Lf 


gee 


Pe 
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Figure 9.30 


It is seen from Fig. 9.30 that the amplitude of 
the force transmitted is adversely affected by the 
presence of damping at the higher frequencies, 
although for w/w,> V2 the force transmitted is 
still less than the ‘out-of-balance’ force exerted on 
the bearings of a rigidly mounted frame. 

A similar problem exists when a body is to be 
isolated from a moving foundation. In this case 
the absolute amplitude of the mass compared to 
the amplitude of motion of the foundation is also 
known as the transmissibility — see example 9.5. 
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9.16 Resonance 
Resonance is the condition of a system, subject to 
a sinusoidal excitation, exhibiting a maximum 
response to a given input. If the damping of the 
system is very small then resonance occurs when 
@=w,, at which frequency all parameters — 
displacement, velocity, acceleration, spring 
deflections, etc. — tend to large values. However, 
when the damping is larger, 0.1<£<0.4 say, the 
various parameters reach their maxima at 
different frequencies. 

In the case of a constant-amplitude applied 
force, the amplitude resonance occurs at a 
frequency lower than w, given by 


Wres. = Wn vl we 2¢7) (9.60) 


For the moving-foundation case, the maximum 
amplitude of relative motion occurs at 


Wres, = @n/V(1—-20) (9.61) 


In both cases we see that resonance does not 
occur when (> v2. 

For small damping ({<0.3), the response at 
resonance is close to that when w = w, so for the 
first case 


XI(Fo/k) max. = 1/2¢ (9.62) 
and for the second case 
(X/Xo) max. * 1/2¢ (9.63) 


9.17 Estimation of damping from the 
width of the peak 

Figure 9.31 is a sketch of a resonance peak for 
small damping. It is obvious that the lower the 
damping the sharper the peak. Equation 9.50 
gives 


XI(Fo/k) = UV {1 — (ol, °F 
+ 4é a 





Figure 9.31 


The values of w when X/(Fo/k) = (1/20)/V2 are 
found from 


1 1 
82? [1 —(wlag)? P+ 42? (long 
or (w/w,)*—(2—42)(w/w,)? + (1-82) =0 
The two roots of the quadratic are 
= (1-20?) + V[(1— 227)? 


—(1-82)] 
=1-27+V(4¢4+42) 


fea 
hence |—] —|— 
Wh Wn 


= 2V (404442) =4¢V(1+2) 


(a/w, 12 


- + 
so that (aos a \ates “:) = 4¢V(1+2) 
Wy Wn 
If the damping is small, £<1, and 
(w, + @)/2~w,, we obtain 
aay (9.64) 
Wn 


In other words, the width of the resonance peak 
at 0.707 of the height of the peak equals 22a, . 


SECTION B 
Two-degree-of-freedom 
systems 


9.18 Free vibration 

If a system requires two independent co-ordinates 
to define its configuration then it is said to have 
two degrees of freedom. The simplest example is 
the two-mass two-spring system shown in 
Fig. 9.32. The choice of co-ordinates is arbitrary, 
the most obvious ones being x, and x2 which are 
the displacements of the individual masses. 
However another convenient set would be the 
extensions of the springs which are x, and 
(x. —x,) respectively. We shall use both of these 
sets in turn. 





Figure 9.32 


Kix, my k2(x2 —X}) M> 


Figure 9.33 


Using the first arrangement we see from 
Fig. 9.33 that the equations of motion are 


—k,x,;+k2(%.—-x,) =m, x, (9.65) 
and —k3(x.»—x,) = mx, (9.66) 
Re-arranging gives 

m,X, + (ki + k2)x1—k2x2 = 0 (9.67) 
and Mo X— Kox,+kox> = 0 (9.68) 


These equations may also be written in matrix 
form as 


Small 

O my ix 

ee Echo 
—k> k> X2 0 


In compact form the above equation may be 
written 


[M ](x) + [K](x) = (0) 


where the square matrix [M | is known as the mass 
matrix and the square matrix [K] as the stiffness 
matrix. 

We shall now assume that both masses oscillate 
with simple harmonic motion at the same 
frequency. Our intention is to see what conditions 
must prevail if the assumption is valid. 

Thus we assume that 


xX, = Ae"! 


and x>= Be”. 


(9.69) 


We have again used the complex form knowing 
that with A imaginary the motion is sinusoidal. 
x= Xsin(wt) would be a suitable form of 
assumption in this case but the complex form is 
preferred as it simplifies the algebra for more 
advanced problems. 

Substituting into equations 9.67 and 9.68 and 
dividing through by the common factor e*’ we 
obtain 


[m,A°+(k, +k,)JA—kB = 0 
—k»A + [mA +k>]B = 0. 


These are a pair of simultaneous homogeneous 
equations and so cannot be solved for A and B 
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directly, however two expressions for the ratio 
B/A can be found, 1.e. 


BoomA°+k, +k | k> 
A k> > A“ at K> 
From the second equality we find 
m,mzA*+ [yn kyo + mk, + mk] A? 
+k5k,=0 (9.71) 
This is a quadratic in A’ with positive real 
coefficients. From the theory of linear equations 
both roots will be real and negative; let these 
roots be —w,* and —@,”. 
Thus the four roots are +jw,, +jw. where 
j = V-1, and the general solution is 
xX, = Aje’®"'+As,e 12"! 
+ Ase?! + Age le 
Xx. = B,e! rent ee Bye fo! 
+ Be! ere Byel?! 
Since e/° = cos @+jsin 6, the above two equations 
can be written in the form 
x, = [Ecos(w,t)+ Fsin(@,?)] 
ss [Gcos(w2t) + Hsin (wt)] 
Xy = p,[Ecos(w,t)+ Fsin(w,¢)] 
+p2[Gcos(@t)+Hsin(wt)} (9.72) 
The constants £, F, G and H are functions of the 
A and B coefficients, their values depending on 
the initial displacements and velocities of the 
masses; pt; and py are defined in the next 
paragraph. 
The ratio B/A has two values one when w = , 
and the other when w=a,. Using the first 
equality in equation 9.72 the amplitude ratios 


and yz are defined (the second equality would 
lead to the same result). 


(9.70) 


=m" +k; +k, By, Bz 


ks A a 
—mM, Wy’ +k, +k B, B, 

and ———_ = — = — = fo 
k, A3 Ag 


From the above argument it is seen that it is 
possible to choose the starting conditions such 
that G=H=0, in which case both masses 
vibrate with a frequency w,/(27) and the ratio 
of their amplitudes is y,. Similarly, if initial 
conditions are chosen such that F and F are zero 
then the system may oscillate at a frequency a» 
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and with an amplitude ratio of po. 

It now follows that for any arbitrary starting 
conditions the motion may be considered as the 
sum of the two special cases just mentioned, the 
proportion of each case depending on the actual 
values of the starting conditions. 

This fact is the cornerstone of the analysis of 
multi-degree-of-freedom vibrating systems. We 
see that for the two-degree-of-freedom system 
there are just two distinct frequencies at which 
vibration can occur, these are known as the 
principal natural frequencies and associated with 
each is a unique amplitude ratio known as a 
principal mode shape. 


Example 
We shall now consider a simple problem in detail 
in order to fix our ideas of principal modes. 





m, =m, =2kg 
k, =k; = 98N/m 
k, = 32 N/m 


Figure 9.34 


Figure 9.34 shows a symmetrical two mass 
three spring system. The equations of motion 
using SI units are 


—98x, + 32(x.-—x,) = 2%) 
and —98x,+32(x; —x>) = 2%, 


2 Olfz, 130 -32 c | 
or Zs = 

0 2 X> —32 130 X2 0) 
Substituting x, = Ae*’ and x, = Be™’ we obtain 


32B = (2A7+ 130)A 
32A = (2A7+ 130)B 


so B/A = (2A? + 130)/32 = 32/(2A7 + 130) 
yielding (2A? + 130)? = 32? 

therefore 2A7+130 = +32 

so A? = —49 or —81 

and A= +j7 or +/9 

hence B/A = +1lor —-1. 


The general solution is 


x, = [Ecos(7t)+ Fsin(7t)] 

+ (+1)[Gcos(9t) + Hsin (9r)] 
x2 = [Ecos(7t) + Fsin(7t)] 

+(—1)[Gcos(9t) + Hsin (91)] 


Let us assume that the system starts from rest 
with initial displacement of x,=0 and 
X2=0.01m to the right. Differentiating the 
expressions for displacement we obtain the 
velocities 


x, = 7[Esin(7t) + Fcos(7t)] 

+ (+9)[Gsin (9t) + Hcos(9r)] 
X2 = 7[Esin(7t) + Fcos(7t)] 

+(—9)[Gsin (9t) + Hcos (9t)] 


Substituting for time t = 0 


x,=0=E+G (a) 
x, =0.001=E-G (c) 
in = 0=7F-9H (d) 


From (b) and (d) F = H = 0 and from (a) and (b) 
we obtain 


FE = 0.005 and G = —0.005 
so finally 


X, = 0.005 cos (7t) + 0.005 cos (9t) 
X72 = 0.005 cos (7t) — 0.005 cos (9t) 


These two equations may be written in matrix 
form as 


xy 0.005 +0.005 
ff os |e (7t)+ Repos cos (9) 

from which we can see that the motion is the sum 
of an in-phase motion of equal amplitudes at a 
frequency of 7/(27r) Hz plus an out-of-phase 
motion with equal amplitudes at a frequency of 
9/(27) Hz. 

The principal frequencies and mode shapes are 
shown in Fig. 9.35. 


9.19 Coupling of co-ordinates 

Let us return to the first system shown in 
Fig. 9.32. Instead of using the displacement of the 
masses aS co-ordinates we are now going to use 
the deflection of the springs denoting the 
extension of the left spring by x and the extension 
of the right spring by y. The motions of the 
masses will be x and (x + y) respectively. 

The equations of motion are now 


time 


it 
— 


MODE 1 w, = 7 rad/s 
MODE 2 1 —] w = 9 rad/s 
Figure 9.35 
and —kyy = m)(X+¥) (9.74) 


In comparison with the previous co-ordinates 


Me ef and y = (%.—-X)). 


If we look at the matrix equation 9.69 we see that 
both the square matrices are symmetrical but if 
we form the matrix equation from 9.73 and 9.74 
this will not be so. It can be shown that by 
re-arranging the equations the mass and the 
stiffness matrices can both become symmetrical. 
In this case we can achieve this end by adding 
equation 9.73 to equation 9.74 to give equation 
9.75 and forming the matrix expression from 
equations 9.75 and 9.73. 


Thus —k\x = (m, + m,)X+ my (9.75) 
a oT 
and : 
M> Ms 
k, Ox 0 
+ = 9.76 
h eb | ed 


It should be noted that the numerical method 
used for the previous example does not require 
the matrices to be in symmetrical form. 

If there are no off-diagonal terms in the 
stiffness matrix then the co-ordinates are said to 
be statically uncoupled. Similarly, as in equation 
9.69, if there are no off-diagonal terms in the 
mass matrix then the co-ordinates are said to be 
dynamically uncoupled. It is important to note 
that it is the co-ordinates which are coupled or 
uncoupled and coupling therefore depends only 
on the choice of co-ordinates and is not a function 
of the system. 
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Clearly it would be advantageous if co- 
ordinates could be chosen such that uncoupling 
occurs in both mass and stiffness matrices, in 
which case we would be left with two single- 
degree-of-freedom equations and the solution 
would be simple. 


9.20 Normal modes 

Since any motion of our system can _ be 
represented by the addition of the principal 
modes it is possible to write 


te ele 
x2 Pl P2A 72 
or xy = m(t) + m(E) 


Xo = py M(t) + po m(C) 


The square matrix is known as the modal 
matrix since each column is a mode shape. The 
new time dependent variables 7), n2 are known as 
the principal co-ordinates. We will write equation 
9.77 in a compact form as 


(x) = [A](y) 
and the equation of motion as 

[m](*) + [k](@x) = (0) 
Substituting equation 9.77 into the equation of 
motion gives 

[m][A ](H) + [KJ[A](m) = (0) 


The modified matrices will not be symmetrical so 
we now pre-multiply by [A]’, the transpose of the 
modal matrix, giving 


[A] [me][A}[a][A]" + [A][A] [0] = [0] 


We next prove that the modified mass and 
stiffness matrices are diagonal. 


(9.77) 


9.21 Principle of orthogonality 
Each of the principal modes is a solution to the 
equation of motion so it follows that 
Ay? [m](A) + [K](A1) = (0) (9.78) 
As? [m](Az) + [k](A2) = (0) (9.79) 
If we pre-multiply equation 9.78 by (A2)* and 
equation 9.79 by (A,)° we get 
Ai’ (Az)" [m](41) + (42) *[k](41) = 0 (9.80) 
Ay? (Ai)* [m](42) + (A1)"[k](42) =0 (9.81) 
Each of the terms in the above two equations is 
a scalar so must equal its own transpose. The 
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transpose of a product is a product of transposed 
matrices taken in reverse order. Therefore the 
second terms in the equations are identical, 
providing that the mass and stiffness matrices are 
symmetrical. Similarly the first terms are the same 
apart from the different A. 

Subtracting equation 9.80 from 9.81 gives 


(Az* — A1*)(A1)[m](A2) = 0. 


Since, in general, Az does not equal A,, it follows 
that 


(A; ){m](Az) = 0 
and (A,)[k](A2) =0 


If we apply this principle to the numerical 
example 


where =| =< = 


—32 36 


the modal matrix [A] = [(A,)(A2)] = b a 


196 - 


so A alla] =| as 


0 4 
The corresponding scalar equations are 
47, + 19672 = 0 


and 47)+324m = 0. 


The two natural frequencies are V(196/4) = 7 
rad/s and V(324/4) = 9 rad/s. 

As we have already calculated the natural 
frequencies there is no need to diagonalise both 
mass and stiffness matrices: either one will do. 
Further, because of the orthogonality principle, 
we know that all off-diagonal terms are zero so 
only the diagonal terms require to be calculated. 
Thus, in general, the ith mode modal mass is 
(A,)"[m](A;). For the problem just considered 


mee of SB 


wn of SL] 


We have shown the application of principal or 
normal mode analysis to a simple free system but 
the method is also applicable to forced systems as 
shown in the next section. 


and [4]"[m][A] = y 


9.22 Forced vibration 

Consider again the system shown in Fig. 9.32 but 
this time with a forcing term f, (t) applied to mass 
1. The matrix form of the equations of motion are 
as before except for the non-zero term on the 
right. 


S aie 
ee SE-B 


For the general case where f; is an arbitrary 
function of time it is easiest to use the normal 
mode analysis. So the first step is to solve for 
the free vibration case, to obtain the natural 
frequencies and the modal matrix, and use this to 
uncouple the equations. Hence 


(AJ" [meJfA IH) + [AT LKIAI@) = arf 


leading to 
M14, + @,°M,m = (Ai)'(f, 0)" 
M2 ty + w” Mz Nz = (A2)" (f, 0)" 


These equations can be solved for 7, and 7 and 
then the values of x, and x2 can be found by use of 
the modal matrix. 

If the forcing term is sinusoidal then the 
steady-state solution can be found directly from 
the equations of motion by assuming that the 
response is also sinusoidal and at the same 
frequency as the _ forcing function. If 
f, = F,cos(wt) then we assume that 


i | = fe cos (wt) 


where X, and X, are the unknown amplitudes. 
Substitution into the equation of motion and 
dividing through by the time function we obtain 


10 mill toe ee bello. 
Q mp, || X> —k, ky || X> 0 
k,+k.—w*m, —k, X,|_ | Fi 
—k ie ak . F | 


This is a pair of simultaneous equations and can 
be solved for X, and X,. In full we have 


(ky + kz — w?m,)X, + (~k2)X2 = F; 
(—k2)X, + (kz — w m2) Xz = 0 


Hence 
y= F, (ky — @* m2) 
: wm mM, — wo (mk, + mk. + my ky) + ky ky 
and 
Fk 
ae 1%2 


wm, Ms — a" (mzk, +myk,+m,k>2) +k, k» 


Notice that the denominators are the same in 
both expressions and are identical to the left-hand 
side of the frequency equation 9.71 with A? 
replaced by —w”. It follows that when the forcing 
frequency equals either of the natural frequencies 
@, OF w, the amplitudes become infinite. A plot of 
the amplitude versus frequency is shown in 
Fig. 9.36 from which it should be noted that a 
negative amplitude indicates that the displace- 
ment is out of phase with the force. 


amplitude 






frequency 


Figure 9.36 


An interesting condition exists when w equals 
Vkp/m. At this frequency the amplitude of the 
driven mass becomes zero, the second mass is 
acting as a vibration absorber. 


In this section we have seen that a two-degree-of- 
freedom system has two natural frequencies and it 
follows that a system with n degrees of freedom 
will have n natural frequencies. Many of the 
analytical techniques introduced above can 
readily be applied to systems with three or more 
degrees of freedom — these are known as lumped 
parameter systems. 

Continuous systems, such as vibrating beams or 
shafts, have an infinite number of degrees of 
freedom and can be shown to have an infinite 
number of discrete frequencies and mode shapes; 


@ 
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they require different analytical techniques which 
are outside the scope of this book. 


Discussion examples 
Example 9.1 


Find the natural frequency of small oscillations of 


the inverted simple pendulum shown in 
Fig. 9.37(a). 
mg 
/ =i 
k5@ 
A 





Figure 9.37 


Solution As is usually the case, the motion is 
considered to consist of small oscillations about 
the static-equilibrium position. This implies that 
for small angles cos @—1 and sin@— @, thus the 
spring force acting on the rod will be sensibly 
horizontal. 

From the free-body diagram shown in Fig. 
9.37(b) we have, by considering moments about 
A, 


mgl6 — k (1/2) 6(/2) = ml26 
or 6+(k/4m—g/l)6=0 (i) 


thus the natural frequency is given by 


Vz == | (|— 
27rVN\4m 1 
1 //100 9.81 
Se (ee aye i 
Qn fe a (1) 


Alternatively, an energy approach may be 
used: 


gravitational potential energy = mglcos 6 
strain energy = 3kx7 _ 
kinetic energy = $ml*(6)? 


total energy 
E=mglcos@ — 
+ 4kx? +4ml*(6)" 
so dE/dt = —mglsin 00+ kxx + m/’00 = 0 
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For small angles, 
x=H0 and x= 46 
thus —mglé+k(i/2)?6+ml*6=0 
or 6+(k/4m—g/l)6=0 (iii) 


Notice that in this method we cannot use the 
small-angle approximations until after the dif- 
ferentiation has been completed, otherwise the 
potential-energy term would have been lost. 

Another interesting point is that if k/4m<g/l 
the frequency becomes imaginary, in which case 
the solution of equation (iii) is 


6=Ae+Be *! 


where A = (g/l—k/4m)"*. For example, if @ = 68, 
é = 0 when ¢ = 0, then 
60=A+B 
6=0=AA-AB 
A= B= 3460 


thus 6@=460(e*'+e *) = d@coshaAt 


From this result we see that for a small 
disturbance from the equilibrium position, 6 
increases with time showing that the system is 
unstable. 


Example 9.2 

A simple weighing machine is constructed as 
shown in Fig. 9.38(a). The beam and scale-pan 
together form a rigid body which has a moment of 
inertia about the pivot of 0.084 kg m?. The spring 
stiffness is 7000 N/m. 





Figure 9.38 


a) Find the force per unit velocity for a viscous 
damper placed in the position indicated such that 
the motion is just aperiodic when there is no load 
on the scale-pan. | 


b) With the system as specified in part (a), a 
mass of 4.5kg is placed in contact with the 
scale-pan and is then released. Find the maximum 
deflection of the beam. Assume that the system 
performs small oscillations. 


Solution In this example the effect of gravity, 
for small displacements, is merely to change the 
datum position. Hence we have the choice of 
measuring the deflection either from the position 
of zero strain in the spring or from the 
static-equilibrium configuration. Using the latter 
choice, the free-body diagram (Fig. 9.38(b)) 
shows only the forces additional to the self- 
balancing static set. 
Taking moments about O gives 


—k41031— 316431 = 198 
or 6+ [cl?/(41o)]0+ [kl2/(4Ip)]0 = 0 (i) 


From equation 9.21 we see that the critical value 
of (cl7/4Ig) is 2V (kl7/4I9) 


Io (=) 
OF Corie, = C = 8-5 | | 
l Alo 


ay i(®)- ; (™ x ad 
ey 0.300? 
= 323 N s/m 


When a mass is placed on the scale-pan it has 
two effects: firstly the moment of inertia of the 
beam is increased and secondly the equilibrium 
position is altered, so once again we have a choice 
of datum position. Let us keep the same datum as 
used in part (a) of the example so that now @= 0 
is not an equilibrium position. The free-body 
diagram 1s as shown in Fig. 9.38(c). 

The equation of motion is 


Mel — (k17/4)@— (cl7/4)@ = (In + MI’ )@ 


where the parallel-axes theorem has been used to 
determine the new moment of inertia about O. 
Hence 


6+ [cl7/4U[o + MI*)6+ [k17/4U1g + MI’) J0 

= Mgl/(In+ MI’) (ii) 
_ 323 x 0.150? 
~ 0.084 + 4.5 x 0.32 


c(U/2)? 


but ———, 
Io + MI 


= 14.86=2fw, 


k (1/2)? 7000 x 0.157 


es = = 322.1 
Io+ MP? 0.084+4.5x0.3 


and 


1 
thus vy, = — V322.1 = 2.86 Hz 
27 


The 
= 0.414. 
The particular integral of equation (ii) is the 
Steady-state solution, which is just the final 
equilibrium position, and is, by inspection, 
— Mel 4.59.81 x0.3 
* k (#2)? 7000 x 0.150? 
= 0.084 rad = 4.82° 
The general solution is 


A=e 6°" (Acoswytt+ Bsin wat) + Og 


damping ratio ¢£= 14.86/(2V322.1) 





The initial conditions are t = 0, @= —6,,, = 0; 
hence 


O=A+é,, 
Now 6=e7 &2"'{(—{w,A + Bug) cosagt 
+ (—fw, B—- Awg)sinwgt} 
0 = —fw, A+ Bag 
sothat A=—6, and B= —w,6,,/wg 
The maximum value of @ will occur when 6 = 0, 


ie. O@=e7 $°"'O..(C w,7/wg + wg) SiN wat = 0 


thus 


@ will be zero when sinwgt = 0, and so the first 
maximum will be when wgt = 7. 


Hence @max =e 6°" 7 °*(—6,,COS 77) + Og5 
= 6,.[e7 Cn mies + 7] 


SO 
Om = 4.82° {exp[—70.414/V/(1 — 0.4147)] + 1} 
= 1.15° + 4.82° = 5.97° 


Example 9.3 

The basic construction of a vibration velocity 
transducer is shown in Fig. 9.39(a). The mass of 
0.042 kg is suspended by a spring having a 
stiffness of 52.9N/m and the viscous damping 
force is 0.707 of the critical value. If the 
transducer is vibrating with s.h.m., derive an 
expression for the ratio 


velocity amplitude of the mass relative to the case 
velocity amplitude of the base 
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X+Xpo 


a = 
G 


at RX Ck 
(a) (b) 
Figure 9.39 
Over which frequency range may the instru- 
ment be used if the above ratio is to be in the 
range 1.0+10%? 


Solution This type of transducer is designed to 
operate at frequencies higher than the natural 
frequency of the internal spring—-mass system such 
that, in the operating range, the mass is sensibly 
Stationary. The output signal, which is propor- 
tional to the velocity of the mass relative to the 
case, 1s closely proportional to the velocity of the 
case. 

In the free-body diagram, Fig. 9.39(b), x is the 
displacement of the mass relative to the case and 
Xo 1s the displacement of both the case and the 
object to which the transducer is attached. 

The equation of motion is 


—kx—cx = m(X%p+X) 
Or mx+cx+kx = —mXo (i) 
Given that 
Xo = Xpcoswt = Re(Xye) “) 
the steady-state solution is assumed to be 


x = Xcos(wt— d) 
= Re(Xe) (e— %)) 


Substitution into equation (i) gives 


(—mw*X + cjwX + kx elo | 
= w’mXye) 


thus kX+jcwX —mw*X = mXyw’e!? 


which is shown on an Agrand diagram in 
Fig. 9.40. 


Im 


cwX 





kX Re 


Figure 9.40 O 
From the diagram we see that 
mo’Xo9 = XV [(k— mw")? +c? | 
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The ratio required is 
wX XX mo 
wX, Xo Vilk—-me?)y+c207] 
but k/m = w,” = 52.5/0.042 = 1250 
and c/m=2¢V(km)/im = 20, 


thus = of 

us —_ Sa] 8 

Xo V[(@n? ~ 0?) + 4079? 7] 
(wlw,)? 


~ Vit — (wlo, PP +42 (wl, )?) 
With ¢= 1/V2, 
X/Xo = (wl, P/V {1 + (wlo, )*] 


which, by inspection, is less than unity, therefore 
putting X/Xo = 0.9 gives 


0.97[1 + (w/w, )*] = (w/w, )* 
thus w = 50.867 
and vy = 50.867/27 = 8.1 Hz 


Thus, above 8.1 Hz the response is such that 
0.9< wX/wX9< 1.0. 

The same mechanical arrangement is suitable 
for an accelerometer, but the transducer is now 
used below the natural frequency so that the mass 
and case have small relative movement. The 
output is made proportional to the strain in the 
spring which, in an ideal situation, is proportional 
to the acceleration of the instrument. The 
sensitivity of the accelerometer is proportional to 
X/w*X_ where 


= (22) ee 
Xy\o)  Vi1~—(elan)y° +42 (o/w,)*} 


see Fig. 9.23. 

It is interesting to note that in this transducer 
the choice of £= 1/V2 has the added advantage 
of delaying the output relative to the input by a 
constant time lag, due to the fact that the phase 
angle is nearly proportional to the frequency (see 
Fig. 9.24). 

If the output is x= Xcos(wt—@), then if 
d@ = aw, where a is a constant, we have 


x = Xcosa(t—a) 


hence a is a time lag, which is independent of 
frequency. This implies that if the waveform is 
not sinusoidal no distortion of the waveform will 
take place since all the harmonics, within the 


working range, will be delayed by the same time 
lag. Thus the output waveform will be that of the 
input. 


Example 9.4 

A rack of electronic instruments (Fig. 9.41(a) ) is 
isolated from a vibrating floor by four antivibra- 
tion mountings, each with the same stiffness and 
damping coefficient. 


LES 


iy 
(a) 
X+XG 
x0, k C : | 
he: kx cx 
(b) 


Figure 9.41 


A free-vibration test is carried out and it is 
recorded that the amplitude of vertical vibrations 
drops by 90% in 4 cycles or 1.5 seconds. If the 
floor is vibrating vertically what will be the 
amplitude of vibration of the rack (a) when the 
frequency is 3 Hz and the amplitude is 1 mm, (b) 
when the frequency is 30 Hz and the amplitude is 
0.1 mm? 


Solution The characteristics of the system are 
determined by the natural frequency and the 
damping ratio, both of which may be found from 
the free-vibration trace. 

From the definition of log. dec., 


6 = In(X,/X,) = In(X2/X3) ete. 
but In(X,/X4) = In(X, X>)(X5/X3 )(X3/X4) 
= 36 


thus 6 = 31n(10/1) = 0.767 
From equation 9.27, 
§=2nr/V(1-2) 
Since ¢ is small, 
= 8/27 = 0.767/27 = 0.122 
The damped natural frequency is 4/1.5 = 2.67 


Hz and, since ¢ is small, #,~wg = 2.6/7 X27 
= 8.38571. 

The equation of motion for the rack (see Fig. 
9.41(b)) is 
or X¥+2fw, 4+ 0,°x = —Xo (1) 
where x is the movement of the rack relative to 
the base. . 

If the movement of the base is xg = Xoe)™, 


then we assume that x = Xe!(“'— ®, which, when 
substituted into (i), gives 


— w°*°X+2lw,jwX + w,7X = Xoe!” (ii) 
The Argand diagram is shown in Fig. 9.42. 





Figure 9.42 


We require the absolute motion of the rack, 
Z=x+X. Letting 


z= Zeer 
then ze? A = Velo" M4 Vee 
or Ze !®= Xe !9+ Xy 


thus w’?Ze}’? ® = o’X+ a*X,)? 


so on the diagram w7Z is the vector OA. 
The diagram yields 


w°Z = XV [w,* + (20, 0)" ] 
but = w° Xo = XV[(@,?— w”)? + (2faq0)"] 
Zn. w,* + (2fw, 0)” 
ae Xo 7 Mc — e + (2f@,, w)* 
7 I 14+ 42 (w/w, )? 
7 [1 — (w/w, )* |? + 427 (w/a, ) 


This equation is identical to equation 9.59 and 
therefore gives the transmissibility. 
For part (a) of the example, 


w/w, = v/v, = 3/2.67 = 1.125 and € = 0.122 
| 1+4x 0.122? x 1.1257 
sO: ap 2\2 2 2 
Xo (1 — 1.1252)? +4 x 0.1227 x 1.125 
=241 
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thus the amplitude of motion of the rack is 
2.71X1=2.71 mm. 
For part (b), 


Z - | 1+4x 0.122? x 11.257 
Xo V[(1—11.257)? +4 x 0.122? x 11.257 
= 0.023 


thus Z=0.023 x 0.1 = 0.0023 mm 

Example 9.6 

Figure 9.43(a) shows a light elastic structure in 
the form of a quadrant which is supporting an 
object which may be modelled as a concentrated 
mass of 16 kg. Static tests on the structure at A 
were carried out to determine the elastic 
characteristics. The results of the tests are as 
follows. 

A steady force of 100 N in the y direction 
produced a deflection of 19.6mm in the y 
direction and 12.5 mm in the x direction. A steady 
force of 100N in the x direction produced a 
deflection of 8.9mm in the x direction and 
12.5 mm in the y direction. 

Determine the natural frequencies of free 
vibration in the xy plane and the associated mode 


shapes. j 4 


A 


= 


(b) 
Figure 9.43 


Solution In the free-body diagrams, Fig. 
9.43(b), P and Q are the forces (in Newtons) 
acting on the structure in the x and y directions 
respectively, so from the test data the deflections 
in the x and y directions will be 


x = (0.089P + 0.125Q)107? m (i) 
y = (0.125P + 0.196Q)1077 m (ii) 
For the mass 
—P = 16% 
and —Q=16y 


Substituting these values of P and Q into 


148 Vibration 


equations (i) and (ii) gives 

x = —16x 107 °(89¥ + 1259) 

y = —16X 10 °(125¥ + 1969) 
We now assume that x = Xe“ and y = Ye” from 
which <= XA*e*" and y = XA7e*’. Substitution 
gives 
X(1+89a716 x 107°) + ¥125A216 x 1076 = 0 (iii) 
X125A7 16 X 107° + Y(1+ 196A 16 x 107°) =0 (iv) 


For ease of calculation let A* = A716x10~° so 
that from equation (iii) we have 


X/Y = —125A7/(1+89A7) (v) 
and from (iv) 
X/Y = —(1+196A?)/125A?2 (vi) 


Equating the two expressions for X/Y given by 
(v) and (vi) we have 


(125A2)? = (1 +89A2)(1 + 196A2) 
and this leads to a quadratic equation in A? 
(196 x 89 — 1252) A4 + (196 + 89)A2+1=0 
or 1819A*+285A7+1=0 


The roots of this equation are A* = —0.00359 and 
~—0.153 so A* = —3590/16 and —153000/16 there- 
fore A = +j14.98 and +/97.79. 


This means that the circular frequencies 
(w = jA) are 14.98 and 97.79 (w? = 224 and 9563) 


from which the frequencies (@/(27)) are 
2.38 Hz and 15.56 Hz. 


From equation (vi) (or we could have used (v)) 
we obtain two values for X/Y, one for 
A? = —0.00359 and one for A? = —0.153 


so X/¥ = —(1—196 x 0.00359)/ 


(125 x 0.00359) 
= —0.660 
and = —(1— 196 x 0.153)/(125 x 0.153) 
= +1.516 


To visualise the meaning of mode shape in this 
example the direction of motion for the two 
modes is plotted in Fig. 9.44. From this figure it is 
clear that the directions are at right angles to each 
other: that is they are orthogonal. This is also 
demonstrated by the condition for two lines to 
be normal to each other that is, the product of 
their gradients shall be —1. In this case 
(—0.660) x (1.516) = —1.00. 





Figure 9.44 


It is helpful to re-order the data in standard 
matrix format. The structural data may be written 


as 
x]__ ,[ 89 125][P 
P]-1°*las aslo 


inverting this equation gives 


P|_{ 107751 Taek 
Q| [|-68719 48928 


From the free-body diagram 


al-['o sels] 


therefore by eliminating P and Q 


16 Olfx : 107751 —68719][x]_ [0 
0 161 ¥ —68719 48928 10 


The matrix equation is solved by assuming that 


‘eof 


and substituting into the previous equation gives 


16A*+ 107751 — —68719 Wl-[0) 
—68719 16A2 + 48928 |i Y| |0 


Putting the determinant of the square matrix 
equal to zero yields the same quadratic in A? as 
before and hence the same natural frequencies. 
The mode shapes are found from one of the two 
scalar equations which form the matrix equation. 

The modal matrix with the x deflection taken as 
unity is used to transform to the principal 
co-ordinates 7, and 7 


Eilean au 


Transforming the mass matrix 


1 —0.660 1/16 0 1 1 
1 1.516 || O 16]{—-0.660 1.516 


[23.0 0.0 
| 0.0 52.3 


As a check we will transform the stiffness 


matrix 
1 —0.660 107751 —68719 1 1 
1 1.516 || —68719 48928 || —0.660 1.516 
220 0 | 
= 10 
Q 11.8 


The two uncoupled scalar equations are 
23.07, +220 x 10°, =0 
and 52.37+11.8 10°» =0 


from which we find that w,* = 220x10°/ 
23.0= 9565 (rad/s)? and ww,” =11.8x10°/ 
52.3 = 226 (rad/s)*. These two values compare 
well with the values obtained previously, the 
small differences being due entirely to rounding 
errors. 


Example 9.7 

The system shown in Fig. 9.45 consists of two 
wheels connected by a flexible shaft. The whole 
assembly is free to rotate in two journal bearings. 
This arrangement is a model of an electric motor 
driving a load. The load, A, has a moment of 
inertia J, = 0.03 kg m? and the moment of inertia 
of the rotor, B, is J = 0.05 kg m’. The torsional 
stiffness of the shaft is S000 Nm/rad. 





Figure 9.45 


The system is initially at rest when a constant 
torque of 16 Nm is suddenly applied to the rotor, 
B. Derive an expression for the torque in the 
shaft. 


Solution This example has a feature not 
specifically mentioned in the text, which is that 
one of the natural modes is that of rigid body 
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rotation. This does not interfere with setting up 
the equations of motion and finding the natural 
frequencies, but the forcing term is best treated 
by the use of the normal mode method. Therefore 
we will start by considering the free vibration 
problem. However we shall set up the equations 
with the forcing term included for future 
convenience. 

From the free-body diagrams shown in 
Fig. 9.46 we obtain, by moments about the axis of 
rotation, for wheel A 


A 
£ T 
Figure 9.46 


T= L9a 
and for wheel B 
To- T= lp 6: 


For the shaft we have T = k (0g — 0, ) which when 
substituted into the two equations of motion lead 
to 


To = —k0,+k6g+4+ Ip 6 (11) 


or in matrix form 
I, O ]f 6, ’ k —k ih -|5 
0 Ipl| 6, —k k || 6p To 


9 A 
Assume} “| = e*‘ for the case when Tp = 0 
Op B 


Substitution into the previous equation and 
dividing through by e”’ gives 


I, dA°+k —k A 0 
-k a - 7 
The characteristic equation is given by putting the 
determinant of the square matrix equal to zero 
(Un A7+k)\Upa?t+k)—k’? =0 
which leads to 
In TpaA* + Ua t+ Ip) kA? = 0 


therefore 
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_Ua+Js) k 
Taly 


N=0 or AZz= 


So we see that one natural frequency is zero 
corresponding to the rigid body mode and the 
other frequency is 


1 (Ua t+Ip) 
217 Tals 


k 


The corresponding mode shapes are found from 
either of the two equations involving A and B, 
1.€. 

B I,A°+k 


SS =1 OF 


rm k —I,/Tp 


The first value of unity shows that for the rigid 
body mode both wheels move in unison as 
expected. The second vibratory mode shows that 
the motions are out of phase. 

Putting numbers to the expressions we have 


First mode frequency = 0 
mode shape B:A = 1:1 


Second mode frequency 


so jew + 0.05 
~ 2rV 0.03 x 0.05 


mode shape B: A = —0.003:0.005 = —3:5 


5000 = 82.19 Hz 


In order to solve the forced vibration problem 
we shall in this case use modal analysis. We know 
that using the modal matrix to change to principal 
co-ordinates will enable us to reduce the coupled 
equations to two single degree of freedom 
equations. 

The transformation relationship is 


(0) = [A](m) 


I 1 
where the modal matrix [A] = 1 —3/ A 


and we now use this to diagonalise the equations 
of motion 


[M4](0) + [K](@) = (F) 
[A]* [M][A](%) + [A] "[K][A](m) = [A]’ (F) 
For the mass matrix 


1 1 0.03 O jl 1 
1 -—3/5j, O 0.05 ][1 —3/5 


_ {0.08 0 
0 0.048 
Similarly the transformed stiffness matrix is 


h 0 
0 12800 


The right-hand side of the equation becomes 


k isla - oc 


So the two uncoupled equations are now 


0.0487), + 128007, = 9.6 
Or Ty = 200 
and 12 + 516.47 n = 200 


Now Os = + ™ and O05 = — 0.67 


so the torque in the shaft T = k(@g — @,4) = 
k(—1.6n2) therefore we only need to solve for 7. 

The initial condition is a state of rest hence at 
t=0, m=0 and 7,=0. The complementary 
function plus the particular solution of the 
equation ts 


NM = Gcos(516.4t) + Hsin (516.4t) 
+ 200/516.47 


att=0 7 =0 therefore G = —200/516.47. 
M2 = 516.4(—Gsin (516.4) + Hceos (516.4) ) 
att=0 7 =Otherefore H =0 
hence ym = 200/516.4°(1 — cos (516.4t)) 
and finally the torque 


T = —5000 x 1.6 
X (200/516.47 )(1 — cos (516.41) ) 


T = —6.0(1 — cos(516.4¢)) Nm. 


This method of solution is general and may be 
followed for more complex problems, however 
for this particular case, and with the benefit of 
hindsight the co-ordinates can be changed by 
inspection to remove the rigid body mode. 

If we add equations (i) and (11) we have 


1,64 + Ip 6 = To 
and if we subtract Jp x (i) from I, X (ii) 


Ia Tp (6p — 64)+ kU +1p)(O3 — 94) =I, To 


Let 03 — 0, = ¢, the twist in the shaft 
kKUatip) , To 
falp Ip 


This equation can now be solved for ¢ in the same 
way as in the previous method, the torque in the 
shaft simply being kd. 


thus $+ 


Example 9.8 

The trailer shown in Fig. 9.47(a) consists of a 
body supported by springs on an axle having two 
wheels. The mass of the body is 360 kg and the 
wheels plus axle assembly has a mass of 90 kg. 
The stiffness of the suspension is 72 kKN/m and the 
stiffness of the tyres is 180 KN/m (both stiffnesses 


are total). 
X2 
m2 


V 
- 
5 k>(x1 —X2) 


xy 


k,(xo—%1) 


k, ¥ 4 Xo 


(a) (b) 
Figure 9.47 


The trailer is drawn along a road which has a 
sinusoidal surface with a wavelength of 3m and 
an amplitude of 10mm. Determine the critical 
speeds of the trailer and the speed at which the 
axle will have no vertical motion. Calculate also 
the response at a steady 50 km/hr. 


Solution Figure 9.47(b) shows the free-body 
diagrams for the system considering vertical 
motion and forces. The displacement at the 
bottom of the tyre is x9 = Xgcos(wt). The 
frequency v depends on the speed on the trailer V 
and the wavelength A. These quantities are 
related by V = Av. 
The equations of motion are 


ky (Xo — x1) —k2(%1 — 42) = m1 
ky (x1 —X2) = moX2 


Now in complex form x9 = Xje’*’, therefore in 
matrix form the equations of motion are 
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i 0 I? 
0 M> X> 


(aes —kyz || x, aS ef" (i) 
—k, k> X2 0 


The solution of this equation is in two parts, the 
complementary function which is the free 
vibration response and the particular integral or 
steady state response. Any real system will have 
sufficient inherent damping to ensure that the free 
vibration will die away leaving only the steady 
state motion. 

For the steady state solution we assume 


xX = Xx, eivt 
X2 xX? 


Substituting into (i) and dividing through by the 
common factor e/“’ we obtain the algebraic 
equations 


—m,w*+k,+k, —k> X1 =: sy 
—k> —m,0* +k, X> 0 


Inserting the numerical values 


—90w* + 252000 —72000 X 
—72000 —360w" + 72000 || _X, 
a ew 
0 
Evaluation of X; and X, may be achieved by 


pre-multiplying both sides of the equation by the 
inverse of the square matrix. 


Mel" 


1 a 72000 ve (i) 
ae ll 


A 72000 252000 — 90w7 0 
where A = (72000 — 360w* )(252000 — 90” ) 
— (72000) 


is the determinant of the square matrix. 

It should be noticed that putting A = 0 leads to 
a quadratic in w* which is identical to the 
characteristic equation with A* = —w*. As might 
be expected the two frequencies for which A = 0 
are the natural frequencies of free vibration with 
X9 = 0. At these frequencies the amplitudes tend 
to infinity and the system Is said to resonate. Note 
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that resonance simply means that the amplitude 
of vibration is a maximum. 


. Expanding the equation A = 0 gives a quadratic 
In w 


360 X 90w* — (72000 x 90 + 252000 x 360) a 
+ (72000 x 252000 — 720007 ) = 0 
32.4 X 10° w* — 97.2 x 10°w* + 12.96 x 10° = 0 
the roots of which are w” = 140 or 2860 
The corresponding frequencies (v) are 
V140/(2) = 1.88 Hz 
and V/2860/(27) = 8.51 Hz. 
The corresponding road speeds are (V = Av) 
3 X 1.88 = 5.64 m/s (20.3 km/hr) 
and 3%X8.51 = 25.53 m/s (91.9 km/hr). 
From equation (ii) we see that 
X, = (72000 — 360w* )1800/A 
and X, = 72000 x 1800/A 


thus _X, = 0 when 
w” = 72000/360 = 200 


or w = 14.14 


so that frequency = 14.14/(27) =2.25 Hz the 
road speed being 3X2.25=6.75 m/s (24.3 
km/hr). 

At 50 km/hr V=50/3.6=13.9 m/s and 
w = (13.9/3)2a7 = 29.11 


so A= 32.4x 10°(29.11)* 
— 97.2 x 10°(29.11)* + 12.96 x 10° 


= —46 x 10° 
therefore 
X, = (72000 — 360 x 29.117)1800/A 
= 9.12 mm 


and X= 72000 x 1800/A = —2.82 mm 


The amplitude of compression of the tyre 
= Xo>~ X,; = 10—9.12=0.88 mm _ and _= the 
compression of the spring = X,—X2= 9.12 
— (—2.82) = 11.94 mm. 


Problems 


9.1 Determine the frequency of oscillation of the 
systems shown in Figs 9.48(a) and (b). 





Figure 9.48 


9.2 A body of mass m hangs from a hinged support at 
OQ. The centre of mass G is at a distance a from O. 
When the body is given a slight disturbance from the 
equilibrium position, it oscillates with a frequency v. 
Determine the moment of inertia about O. 





Figure 9.49 


9.3 Determine the natural frequency of small 
oscillations of the bell-crank lever shown in Fig. 9.49. 
Neglect the mass of the arms. Take BC as horizontal 
when in the static equilibrium position. 





Figure 9.50 


9.4 An electric motor of mass m is supported by four 
springs, each having a stiffness k, as shown in Fig. 9.50. 
If the polar moment of inertia is Jo, find the natural 
frequency of small oscillations (a) for vertical motion 
and (b) for torsional motion about G. 


9.5 A flywheel with a polar moment of inertia of 0.65 
kg m? is supported in frictionless bearings and is under 
the control of a torsion spring having a torsional 
stiffness of 4 N m/rad and a viscous damper. When the 
flywheel is displaced from its equilibrium position and 
released, the ratio of successive amplitudes of 
oscillation of the flywheel in the same sense is 10:1. 


a) Determine the frequency of the damped oscilla- 
tions of the flywheel. 


b) The flywheel is displaced through 1 radian from its 
position of static equilibrium and held at rest; it is then 
released. Determine its angular velocity after a time 
interval equal to one quarter of the damped periodic 
time. 


9.6 A homogeneous solid sphere, of radius a, rolls in 
a hemispherical cup of radius R. Determine the natural 
frequency of small oscillations about the equilibrium 
position. 


9.7 A balanced wheel, with its axle contacting two 
parallel rails bent into circular arcs, oscillates in a 
vertical plane as shown in Fig. 9.51. The radius of the 
axle is r, that of the arcs is R, and the radius of gyration 
for the wheel about its axis is k. 





Figure 9.51 


Assuming that the amplitude of the oscillation is kept 
small, and that no slip occurs, derive from first 
principles a differential equation representing the 
motion of the wheel and hence show that the frequency 
of the oscillation is the same as that of a simple 
pendulum of length 


L=(R-r)[1+(k/r’)] 


9.8 A mass of 0.2 kg is supported by a spring of 
stiffness 500 N/m. A mass of 0.6 kg is dropped through 
a height of 20 mm on to the smaller mass and does not 
rebound. Find the frequency and amplitude of 
vibration. 


9.9 When a package of mass 1.2 kg is placed on the 
platform of a weighing machine, the platform comes to 
rest 60mm _ below its unloaded position when all 
oscillations have ceased. In order to reduce oscillation 
and expedite the weighing procedure, a dashpot is 
added to the mechanism, providing viscous damping of 
magnitude 14.4 N at a platform velocity of 1 m/s. 

Identical packages are delivered to the platform for 
checking by means of a chute, and it may be assumed 
that a package has a vertical velocity of 35 mm/s when it 
makes contact with the weighing platform. 

Determine the greatest height to which the platform 
will mse above the static-loaded position on the first 
upward swing after acceptance of a package. 


9.10 A mirror galvanometer is constructed as shown 
diagrammatically in Fig. 9.52, damping being provided 
by a fiuid in the casing. The instrument has an 
undamped natural frequency of 100Hz, damping is 
64% of the critical damping, and the d.c. sensitivity is 
16 rad/mA. Determine (a) the damped natural 
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Figure 9.52 


frequency, (b) the maximum deflection if a current of 
50 nA is suddenly passed through the instrument. 





Figure 9.53 a CCE 
9.11 A large structure has a mass M and a natural 
frequency w. As shown in Fig.9.53 damping is 
provided by a damper connected to a rigid body of mass 
m. Assuming that the motion of the structure is still 
approximately simple harmonic, determine the amount 
of energy absorbed per cycle by the damper. What 
value of c will give maximum energy absorption per 


cycle? Buffer 


l-7 kg 





Spring | m/s 


Figure 9.54 


9.12 A shock-absorber consists of a solid buffer, a 
spring, and a piston rod and piston as indicated in 
Fig. 9.54. The piston moves in an oil-filled cylinder and 
this arrangement may be assumed to give a force, 
resisting motion, that is proportional to velocity. The 
shock-absorber is to be tested by placing it horizontally 
and projecting a body of mass 3.6 kg against it. This 
body is to strike the buffer at a speed of 1 m/s and may 
be assumed to remain in contact with the buffer until 
brought to a halt. Assuming the damping to be adjusted 
to give the critical value for this arrangement, and using 
the data given below, estimate the distance the buffer 
should travel. The spring has no initial compression and 
its stiffness is 525 N/m. The mass of the moving parts of 
the shock absorber is 1.7 kg. The mass of the spring is 
negligible. 


9.13. A support platform carrying a machine can be 
represented by a 5200kg mass mounted on two 
relatively long light pillars as shown in Fig. 9.55. The 
platform is constrained to move in the plane containing 
the centre-lines of the pillars. Measurements show that, 
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Figure 9.55 


when a horizontal force of 7500N is applied to the 
mass, the resulting horizontal displacement of the mass 
is 1.5mm. 


a) Calculate the operating speed of the machine 
which should be avoided to reduce the nsk of 
appreciable vibration of the platform. 


b) During tests with the machine switched off, the 
platform is made to vibrate at its natural frequency and 
a velocity pick-up indicates a peak horizontal velocity 
of 0.09m/s. Find (i) the amplitude of horizontal 
vibrations and (ii) the peak value of the horizontal 
acceleration of the platform. 


9.14 A machine which is subjected to a vertical 
sinusoidal force of constant amplitude is to be mounted 
on a rigid foundation. Discuss the problem of limiting 
the force transmitted to the foundation for each of the 
following cases (a) the forcing frequency has a fixed 
value which is rapidly attained after starting; (b) the 
forcing frequency is a variable, having a known upper 
limit. 

Sketch vector diagrams and response curves to 
illustrate your answer. 


9.15 A light shaft, which has a stiffness in torsion of 
108 N m/rad, is fixed at one end and carries a wheel 
with a moment of inertia of 0.84 kg m? midway along its 
length. If the free end of the shaft is given a torsional 
oscillation with an amplitude of 1° and a frequency of 
3 Hz, find the amplitude of steady-state oscillations of 
the flywheel. 


9.16 A recording instrument is used in a location 
where the floor is subject to vertical simple harmonic 
vibrations of frequency 6.37 Hz and amplitude 1 mm. 

The mass of the instrument is 4.5kg and it is 
separated from the vibrating floor by spring mountings 
of stiffness 1800N/m and some internal viscous 
damping. The amplitude of steady-state vertical 
vibrations of the instrument is observed to be 
0.412 mm. 

Write down the equation of motion of the instrument 
and find the degree of damping in the mountings, 
expressed as a percentage of the critical value. 


9.17. A punching machine of mass 510 kg is supported 
by a mounting which has a stiffness of 240 kKN/m and 


exerts a viscous damping force of 9600 N at 1 m/s. Part 
of the machine moves vertically with simple harmonic 
motion through a stroke of 40 mm and has a mass of 
8 kg. 

Calculate the amplitude of forced vibrations when 
the machine is running at 380 strokes/min. 


9.18 A motor is mounted on flexible supports which 
permit it to oscillate through a small angle about the 
axis of the motor frame. The torsional stiffness of the 
supports acting on the motor frame is 3 kN m/degree 
and the moment of inertia of the motor frame about the 
axis of rotation is 14.4 kgm*. When the motor is 
running, the frame 1s subjected to a reaction torque of 
1500sin3@t N m, where w is the rotor speed and ¢ is the 
time. 

Determine the amplitude of steady-state torsional 
oscillation of the motor frame when the rotor speed is 
400 rev/min. If, under resonant conditions, this 
amplitude must not exceed 5 degrees, what percentage 
of critical damping must be applied? 


9.19 A velocity pick-up is constructed as shown in 
Fig. 9.56. The output voltage is 0.2 V for a relative 
velocity between the seismic mass and the case of 1 m/s. 
The details of the instrument are seismic mass 0.01 kg, 
spring stiffness 160 N/m, and viscous damping co- 
efficient 1.75 Ns/m. The case is rigidly attached to a 
surface which ts vibrating sinusoidally at 25 Hz. 


CASE 
SPRING 
MASS 


DAMPER 


Figure 9.56 


What is the peak output voltage when the peak 
velocity of the surface is 1 m/s? 


9.20 Figure 9.57 shows part of a recording instru- 
ment. The light spring AB of torsional stiffness S is 
connected to the pointer DE via the coupling C. 
Backlash in the coupling permits a relative angular 
rotation By between shafts BC and CD. The pointer 





Figure 9.57 


DE has an axial moment of inertia /, and all other 
inertias are to be neglected. End A is held fixed, and 
the pointer is oscillating with an angular amplitude ag. 
Determine the periodic time T of the oscillation and 
sketch the graph of T against ag. 


9.21. A spring of torsional stiffness 0.200 N m/rad of 
twist is fixed at one end and attached to a flywheel of 
moment of inertia 5 x 10~* kg m” at the other end. The 
motion of the flywheel is opposed by dry friction such 
that the torque required to initiate motion ts 0.022 N m 
but once motion has started the resisting torque is 
0.015 N m. Viscous damping is negligible. 

The flywheel is held in a position where the torque in 
the spring is 0.200 N m and is then released. Find (a) 
the time taken for all motion to cease and (b) the 
residual torque in the spring. 


9.22 A simple model of a motor vehicle suitable for 
investigating the relationship between pitch and bounce 
is shown in Fig. 9.58. The mass of the vehicle is 1300 kg 
and its moment of inertia about a transverse axis 
through the centre of mass is 1500 kgm*. The 
combined spring stiffness at the front axle is 28 kN/m 
and that at the rear axle is 24 kN/m. 


Figure 9.58 


Show that, if the effects of damping are neglected, 
the natural frequencies for motion in the fore and aft 
vertical plane are 1.0 Hz and 1.31 Hz. Show also that 
the corresponding mode shapes expressed in terms of 
angle of pitch to amplitude of bounce, 6/x, are +0.114 
rad/m and —7.654 rad/m. 


9.23 Determine the natural frequencies of free 
torsional vibration of the rotor system shown in 
Fig. 9.59. The moment of inertia of the rotor at A is 
sufficiently large for the end at A to be considered as 
fixed. 

The moments of inertia of rotors B and C are 
0.5 kgm? and 1.5 kgm? respectively. The shaft is hollow 
with an outside diameter Dy, of 50 mm and an internal 
diameter D; of 45 mm. The length L of shaft between A 
and B is 1.0m and between B and C it is 0.3m. The 
shear modulus G for the material of the shaft is 
80 GN/m’. 

Note that from Chapter 12 the torsional stiffness of a 
shaft is Ga(Do' — Df )/(32L). 
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Figure 9.59 


9.24 An overhead gantry crane has a trolley, of mass 
225 kg, which ts driven along a horizontal track by 
means of a cable and is shown in Fig. 9.60. When the 
drive mechanism to the cable is held stationary the free 
vibrations of the trolley along the track have a natural 
frequency of 1.65 Hz. 


Figure 9.60 


Determine the possible natural frequencies of 
vibration of the trolley along the track when it is 
supporting a load of mass 225 kg by means of a light 
inextensible cable having a free length of 0.6m, the 
drive mechanism to the cable again being stationary. 


9.25 An instrument is to be mounted on a foundation 
which is vibrating at 50Hz. A spring is inserted 
between the foundation and the instrument, and a 
vibration absorber having the same mass as the 
instrument is connected to the instrument by a spring 
identical to that used between the instrument and the 
foundation. 

If the mass of the instrument is 0.6 kg, determine the 
stiffness of the springs so that the amplitude of the 
vibration of the instrument is zero. 

What will then be the natural frequencies of the 
complete system? 





Figure 9.61 


9.26 Figure 9.61 shows a double pendulum consisting 
of two equal uniform slender bars each of mass m and 
length L. Friction at the pivots is to be neglected. 
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Determine the natural frequencies for small oscilla- 
tions about the equilibrium position. 

(Hint: The small angle approximation implies that all 
non-linear terms can be excluded. Such terms are the 
centripetal accelerations and any product of co- 
ordinates. ) 


9.27 A structure carries two heavy machines, one at 


point A and one at point B. The static deflections when 
the machine at A is installed are 5 mm at A and 2 mm at 
B. When the machine at B is added the deflection at B 
is increased to 6 mm and that at A becomes 8 mm. Ifa 
7 Hz sinusoidal force of amplitude equal to 1% of the 
weight of machine A is applied to the machine at A 
what is the amplitude of motion of the structure at A 
and B? Find also the natural frequencies of the system. 
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Introduction to automatic control 


10.1. Introduction 
This chapter is devoted to an examination of 
elementary mechanical control systems. The 
discussion will be limited to the class of systems 
whose motion can be described by linear 
differential equations with constant coefficients. 
In practice many control systems have non-linear 
elements, but the overall motion can very often 
be closely approximated to that of a purely linear 
system. The main features of all control systems 
can be introduced by discussing specific examples. 

Let us consider the position control of a 
machine tool which has only straight-line motion. 
Let the actual position of the tool be defined by x, 
and the desired position by x;. The variables x, 
and x; are referred to as the system output and the 
system input respectively. 

The system error, x,, is formally defined by 


(10.1) 


and it is the object of the control system to take 
corrective action and reduce this error to zero. 

Assume that the tool is initially at rest and that 
the system has zero error. If a new position is 
required, the appropriate input is applied, giving 
rise to an error in position. The controller then 
acts, attempting to reduce the error to zero, and, 
for a linear system, the motion of the tool will be 
described by a linear differential equation. 

A human operator often forms part of a control 
system. As an example of this consider the case of 
a man driving a car at a speed which he wishes to 
remain constant at 100 km/h. This constitutes a 
speed-control system where the desired speed or 
input, v; , is 100 km/h. The output, v,, is the actual 
speed of the car, and the error, v,., is the 
difference between input and output. 

If, for example, the car meets a headwind, the 
drop in speed (the error) will be noticed by the 
driver who, among other things, is acting as an 
error-sensing device, and he will take corrective 
action by adjusting the position of the accelerator 


Xe =Xj—-Xo 


pedal in an attempt to reduce the error to zero. If 
the head wind is such as to cause a rapid increase 
of error, the corrective action will not be the same 
as that for a slow change. Thus we observe that 
the driver’s control action takes account not only 
of the magnitude of the error, v, , but also the rate 
of change of error, dv, /dt. 

Later we shall see that in some control systems 
a measure of the integral fv, dt is useful. When a 
human operator is part of the control process, his 
reaction time introduces a finite delay into the 
system, making it non-linear. Such systems are 
not discussed further here. 


10.2 Position-control system 

We can now examine in some detail a particular 
elementary position-control system and use it to 
introduce the block-diagram notation by which 
control systems are often represented. 

A rotatable radar aerial has an effective 
moment of inertia 7. The aerial is driven directly 
by ad.c. motor which produces a torque 7,, equal 
to k, times the motor voltage V; thus 


Tm = kV (10.2) 


The motor voltage V is effectively the 
difference between two voltages V, and V;, which 
are applied to the two motor terminals so that 


V=V,-V, (10.3) 


and, of course, if V, and V,, were identical the 
motor would have zero output torque. A 
potentiometer-and-amplifier system produces the 
voltage V, proportional to the desired angular 
position 6 of the aerial, the constant of 
proportionality being k,. Thus 


Vi os k2 6; (10.4) 
A position transducer, attached to the aerial 


whose angular position is 6, (the system output) 
produces the voltage V,, such that 


Vy, = k3 6, (10.5) 
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If 6, and @, are equal, then the position error 
defined by 


6. = 0,-9.5 (10.6) 


is zero and for this condition it is required that the 
voltage V and hence the torque 7,, be zero. The 
voltage V., represents the desired position or 
input, and the voltage V, represents the actual 
position or output. The voltage V thus represents 
the error, and we conclude that k, must equal k, 
and equations 10.3 to 10.6 can be combined to 
give 


V=k26, (10.7) 
Equation 10.2 can be written as 
Tm = ky k2 6 (10.8) 


and we see that the motor torque is proportional 
to the error. 

Equation 10.8 represents the control action of 
the system. In order to determine the motion of 
the system for a particular input @;, we need to 
incorporate the dynamics of the aerial itself. (In 
mechanical control systems, the object whose 
position or speed is being controlled is usually 
referred to as the load.) 

If the aerial has negligible damping, the only 
torque applied to it is that from the motor; thus 


Tm, = 1d? 0,/dt? (10.9a) 
or Tm =1D*4, (10.9b) 
where D is the operator d/dt. 


Eliminating 7,, from equations 10.8 and 
10.9(b), 


kk, 0. = 1D? 0, (10.10) 


For any control system, the relationship 
between input and output is of major importance. 
From equations 10.6 and 10.10, 


kk2(0;— 0.) = ID* 6, 
(ID? + ky k2) 6, = k, k26; (10.11a) 
Or 16, +k yk. 0, = k,k>6, (10.11b) 


By solving equations 10.11, we can find the 
output 6, as a function of time for a given function 
0; . 
Note that a purely mechanical analogue of this 
system could consist of a flywheel of moment of 
inertia / connected to a shaft of torsional stiffness 
K = k, ky, as shown in Fig. 10.1. 





Figure 10.1 


10.3 Block-diagram notation 

It is common practice to represent control 
systems in block-diagram form. There are three 
basic elements: an adder/subtracter, a multiplier, 
and a pick-off point as shown in Figs 10.2, 10.3, 
and 10.4. 


a a “e AGO, 
6 A, 


B B 
(a) (b) 
Figure 10.2 
Figure 10.3 
Ba Oc = 63 = 64 
Op 
Figure 10.4 


In Fig. 10.3, the simplest form of the multiplier 
E will be a constant, and the most complicated 
form can always be reduced to a ratio of two 
polynomials in operator D. We can write 


Ba 
Op 


and E is called the transfer operator between 0, 
and @,. Note that if 6, = E@, and 63 = F@, as 
shown in Figs 10.5(a) and (b), then 6; = EF@;, as 
shown in Fig. 10.5(c). 


(a) (b) (c) 
Figure 10.5 


Equations 10.2, 10.6, 10.7, and 10.9(b) are 


=—E 


represented by the block-diagram elements 
shown in Fig. 10.6. Note that there is an 
implication of cause and effect: the output of a 
block-diagram element is the result of applying 
the input(s). In equation 10.9(b), the angular 
rotation 9, is the result of applying the torque 7,,,. 
The equation is thus rewritten as 7,,(1D7) = 6,, 
so that Fig. 10.6(d) can be drawn with 7,, as 


input. 
V Ts 6 
8, 
(a) (b) 
6. V Im 1 A 
[ia 
ID 
Figure 10.6 (d) 


Noting that the output of Fig. 10.6(d) is one of 
the inputs to Fig. 10.6(b), and connecting the four 
elements in the appropriate order, we obtain the 
system block diagram shown in Fig. 10.7. From 
this figure we note that a control system is a 
closed-loop system. One of the variables (6,) is 
subtracted from a variable (0;) which precedes it; 
this is known as negative feedback. 








Figure 10.8 


Using the techniques of Fig. 10.5, Fig. 10.7 can 
be reduced to Fig. 10.8. 


10.4 System response 

Returning to equations 10.11, we can determine 
the response of the system to particular inputs 6,. 
Suppose we want the load suddenly to rotate 
through an angle ag at time t=0. This 
corresponds to the step input 6; = 0, <0; 0, = ap, 
t= 0 shown in Fig. 10.9. It is left as an exercise for 
the reader to show that the response to this input 
is given by 


0, = ag(1 —cosa@,f) (10.12) 
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Figure 10.9 
where w, = (k,k2/I)'”, as shown in Fig. 10.10. 





t 
Figure 10.10 


Rather than taking up the required position 
6, = ag, the load oscillates about this position 
with circular frequency w,. This performance is 
clearly unsatisfactory and it is evident that some 
form of damping must be introduced. The 
response would then take the form of either Fig. 
10.11(a) or (b), depending on the amount of 
damping. 

Go 






Initial overshoot 


ee Jo 5 eee 


Ao 


Figure 10.11 


One way of providing damping is to attach a 
damper to the load. If the damper provides a 
torque 7, which opposes the motion of the load 
and is proportional to the velocity (viscous 
damping), the constant of proportionality being 
C, then equation 10.9(a) is replaced by 


Tn — Ta = 1070, dt? 
T..—CD@, = 1D76, 
T = (1D7+CD)@, 
T,/ID? + CD) = 6, 


The block diagram for the damped load is 
shown in Fig. 10.12. We note that the effect of 


(10.13) 
(10.14) 
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tm | 9o 
— 
/D*+CD 


Figure 10.12 


adding the damper is to replace /D* in the 
undamped system by /D*+CD. Hence, for the 
damped system of Fig.10.13 (cf. equation 
10.11(a)), 








Figure 10.13 


(1D?+CD+K)6, = K86, (10.15) 


where K=k,k,. Dividing by / to obtain the 
standard form (see equation 9.22) we have 


(D? + 2fw, D + Wy”) 05 = 6; (10.16) 


where w,” = K/I and ¢ = C/2V(K1). 
For the same input, Fig. 10.9, the solutions to 
equation 10.16 are (see also equation 9.33) 


0, = ay {1—e7 £°"[cos wat 


+(¢V1—-L)sinwgt}} <1 
=ag{l-—e §°"[1l+a@,t]}  ¢=14(10.17) 


=aj{1—e *°"[coshaet 


+(UVC—1)sinho,t]} ¢>1 
where wy = @, V1— 2 and w, = 0, V2—-1. 


The output 6, does not settle to the required 
value of ap until (theoretically) an infinite time 
has elapsed. In practice, smal! amounts of 
Coulomb (dry) friction ensure that motion ceases 
reasonably quickly. 

The viscous damper wastes power and cannot 
readily be constructed to give a precise amount of 
damping. There are other methods of introducing 
the first-derivative term (CD6@,) into the system 
equation 10.15, and one of these makes use of a 
d.c. device known as a tachogenerator, driven by 
the load. The voltage V, produced by the 


Ve 


Figure 10.15 


tachogenerator is proportional to its angular 
velocity, so that 


V; = k,D@, (10.18) 
and the block-diagram form is shown in 
Fig. 10.14. 

Gp V; 
——+ k,D 
Figure 10.14 


Consider the case of the undamped load with a 
tachogenerator attached. The tachogenerator is a 
relatively small device and applies a negligible 
torque to the load so that equations 10.9 are 
applicable. Assume that the voltage V, is 
subtracted from the voltage V by an operational- 
amplifier system so that the voltage V,, applied to 
the motor is 


Vn = V—V, (10.19) 


The system block diagram for this case is shown in 
Fig. 10.15 and we observe that the tachogenerator 
appears in an inner loop. The equations for the 
component parts of the system are listed below. 


0. = 0-0, (10.6) 
V = ky 6 (10.7) 
Vin =V-V, (10.19) 
Tm = ki Vin 
T. = 1D76, (10.9b) 
V, = k,D0, (10.18) 


Eliminating 7,,, Vm, V, V, and @., we obtain 
1D70, = ky[k2(6,— 9.) —ksD@] 
(D*+k,kgD+k,k>)0, = kk 6; (10.20) 


The amount of damping in the system can be 
altered by regulating the techogenerator voltage 
by a potentiometer circuit. This method of 
introducing damping is known as output velocity 
feedback. Another common way of introducing 
damping is to use proportional-plus-derivative 
action (see problem 10.5). 





10.5 System errors 

A system equation relates one of the loop 
variables to the input(s). It is conventional to 
have the loop variable on the left-hand side of the 
equation and the input(s) on the right. For 
example, in Fig. 10.13, 6., V, 7, and @, are loop 
variables and 9; is the input; equation 10.15 is an 
output-input system equation. To obtain the 
error—input system equation we can replace @, in 
this equation by 6,— 0, from equation 10.6, to 
obtain 


(ID? +CD+ K)(0@,— 6.) = K@, 
(ID*+CD+K)0. = (ID*+CD)6, 
(10.21) 


If 6; has the constant value ag as shown in 
Fig. 10.9 then all its derivatives are zero and, for 
this input, equation 10.21 becomes, for t>0, 


(ID?+CD+K)6,.=0 (10.22) 


We already have the solution for 0, , equations 
10.17. Subtracting these functions of 0, from 6; we 
obtain 


6. = age” °°" {coswat 
+(@V(1-2)]sinwgt} <1 
=aje °'{1+a,t} f=] 
=ape °°" {coshwet 


+{UIV(2 —1)]sinhw,t}f>1 


where w,” = K/I and {= 4C/V(IK). Each of the 
above three equations contains the negative 
exponential term e ‘“*’ so that, as t->”, 6.20 
and we say that the final or steady-state error is 
zero and write 


[O.|++ 0 oe [6. Iss =0 


We do not need to solve equation 10.22 to find 
the steady-state value of 0. since this is merely the 
particular-integral part of the solution, which is 
clearly zero. That the steady-state error is not 
always zero can be seen from the following 
example. 

Consider the position-control system with 
viscously damped load which has already been 
described. Assume that the system is at rest with 


(10.23) 


Figure 10.16 
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§,= 0. What would be the steady-state error 
following the application of a constant external 
torque 7, to the load? 

Equation 10.14 is replaced by 


T..—-CD0,+T, = 1D*6, (10.24) 
or Tm + To = (ID*+CD)6, (10.25) 
We could equally well have written —7,, since 
the direction was unspecified. Putting 


T=Tm+T, and T/ID*+CD)=6,, we can 
draw the system block diagram (Fig. 10.16). 
Notice that the external torque 7, appears as an 
extra input to the system. Combining equations 
10.25, 10.8, and 10.6 and putting 0; = 0, we have 


k,k,6.+ I = (ID? + CD)(-—@) 
(ID*+CD+k,k>)0@. = —T, (10.26) 


This system equation is identical in form with 
equation 10.15 with 6, and K@, replaced by @, and 
—T, respectively and so the solutions can be 
written down immediately from equation 10.17. 
The steady-state error can be obtained by letting 
t— oo and is found to be 


[Oe ]p. = { 0. Iss = —Ty/(ky k>) 


which is independent of the amount of damping. 
(Note that for zero damping the system oscillates 
indefinitely with a mean error value of —T,/ 
(ky k2)). 

The complete solution of equation 10.26 
consists of (a) the complementary function, which 
is the transient part of the solution and dies away 
with time, provided some positive damping is 
present, and (b) the particular integral or 
Steady-state solution which remains after the 
transients have died away. For a constant forcing 
function, the steady-state solution must be a 
constant function. 

Equation 10.26 describes the system for all time 
from 0 to o. In the steady-state, therefore, 
Dé, = D*0, = 0 and equation 10.26 becomes 


k,k2[6 Iss =-T, 


and the steady-state error is 
[@. les i Tol(ky k>) 
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Consider once again Fig. 10.13. Assume that 
the system is initially at rest then, at time ¢ = 0, it 
is required that the load have a constant angular 
velocity 0;. The desired position or input is 
therefore 


6; = 0, 
and 0. = Q);¢, 


as shown in Fig. 10.17. This is known as a ramp 
input. 


t<0 
t=0 





Figure 10.17 


The error-input equation for this particular 
input is, from equation 10.21, 


([1D?+CD+K)@, 
= (1D?+CD)Q,;t= CQ; (10.27) 


The steady-state error is equal to C,/K and 
the error response will be of the same form as 
equations 10.17. Since 6,=6,—90., the output 
response can be obtained by subtracting the error 
response from the input function. The result is 
illustrated in Figs 10.18(a) and (b). 


0; ’ Io [Oc ]ss 


‘ster 





, (a) 
Figure 10.18 


A control system with a residual error is 
normally unsatisfactory. Certain steady-state 
errors can be overcome by using a controller 
which incorporates integral action. Suppose that, 
in the above example, the voltage V,,, applied to 
the motor, instead of being directly proportional 
to the error @., is given by 


V.=k 0. +k, |’ 9..dt (10.28) 
0 
In D-operator form this 1s written 


k 
Vin = (2+ 8) 


and so the block diagram representation of this 
proportional-plus-integral controller is as shown 


6. V., 
——+| ka + ksp 


Figure 10.19 


in Fig. 10.19. 

The error—input equation for this system can be 
written down directly from equation 10.27, with 
K = k,k> replaced by k,(k.+ ks/D). Thus 


(1D? + CD +k, (k,+ks5/D)]@. = CQ, 


To convert this to a purely differential equation 
we simply differentiate with respect to time by 
multiplying by D: 


(1D? + CD?2+k,k»D +k, ks] 
=DCQO,=0 (10.29) 


since CQ, is constant. The steady-state error is the 
particular integral of the above equation so that, 
for the ramp input, 


(6. Iss = 0 


10.6 Stability of control systems 

The introduction of integral action in the above 
example had the effect of removing the steady- 
state error to a ramp input. It also had the effect 
of raising the order of the system. The order is 
defined as the highest power of D on the left-hand 
side of a system equation, and in the example it 
was raised from two to three. 

For any particular control system, the system- 
equation loop variable, whichever one is chosen, 
will be preceded by the same polynomial in 
operator D (see problem 10.2). Thus the 
complementary functions (transient responses) 
for the loop variables will have different initial 
conditions but will otherwise be of the same form. 

Before the concept of integral action was 
introduced in the previous section, all the system 
equations were of order two; that is, they were of 
the form 


[a.D* +a,D + ao]x = f(D) y (10.30) 


The transient response, and thus the stability of 
such a system, depends only on the coefficients 
&), @,, amd a,. Assuming that ag>0O, then, 
provided that a,>0O and a,>0, the com- 
plementary function will not contain any positive 
time exponentials and the system will be stable. If 
a, = 0 (zero damping) the complementary func- 
tion will oscillate indefinitely with constant 
amplitude and, although not strictly unstable, this 
represents unsatisfactory control. Such a system is 


described as marginally stable. If either a,;<0 
(negative damping) or a,<0 (negative mass), the 
transient will contain positive exponentials and 
the system will be unstable. Figure 10.20 
illustrates the various types of stability. 


x a 


{ ; 
Stable Stable 


Marginally stable Unstable 


Unstable 


Figure 10.20 


The system equation for the control system 
described by equation 10.29 is of third order. The 
general form of such an equation is 


(a;D°+a,D?+a,D+ao]x =f(D)y (10.31) 


If ag>0, then, for such a system to be stable, it 
can be shown that the following conditions must 
hold: a, >0, a.>0, and a;>0. Also it is necessary 
that 


ay Ay > AYA; 


(10.32) 


We give below, without proof, the Routh- 
Hurwitz conditions for stability of a control 
system of order n described by a system equation 
of the form 


[a, D" +a,-,D" '+...+a,D+a |x 
=f(D)y (10.33) 


where x is a loop variable. We assume throughout 
that ap is positive (if it is negative we multiply 
throughout by —1; if it is zero and a, >0 then we 
rewrite the equation with x as the loop variable, 
and so on). 
The first necessary condition is that all a,, a, 
-,Q4n—1, A, are positive. 
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Consider now the array 





For stability, it is necessary that the determinants 


4, aglja; a Oj|,Ja, ag O Of], etc. 





G43 51143 G@ a;{143 @& a, Ag 


Qs QA4g A3)(|As5 QA, G3 & 


Q7 Qh a5 a4 


are all positive. For example, in a fourth-order 
system the necessary and sufficient conditions for 
stability are 








i) a, >0, ao >0,a3,>0,a,>0 (10.44) 
ii) |a; ao{>0 (10.45) 
a3 a> 
iii) ]a, a 0[>0 
Q@3 @&> ay 
0 a, a3 (10.46) 


The coefficient a, appears first in the second 
of the string of determinants and it 1s unneces- 
sary to proceed further since putting 
as =a,=a,=...=0 in subsequent determi- 
nants gives identical results. (See example 10.2.) 
For a third order system we simply put 
Q4 = a5 =a, =... = 0 and obtain the result 10.32 
given previously. 

Consider now the case of a control system 
which is marginally stable, i.e. the output or any 
other loop variable x has a continuous sinusoidal 
oscillation of the form 


x = Acos(a,f) 


(this would be the complementary function part 
of the complete solution). It is convenient to use 
the complex exponential form so we write 
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x = ReAe’?' (10.47) 


where w, is the natural circular frequency of the 
oscillation and A is the real amplitude. 

We will use as an illustration the third-order 
system described by equation 10.31. With the 
right-hand side set equal to zero we have, for the 
complementary function, 


[a3 D° — a, D* a, D+ ay|A e) at = 0 (10.48) 


where we assume that day, a, , a> and a; are all real 
and positive. 
Now 


DAe!®" = jwAe!?" (10.49) 
D* Ae!°" = (jw)? Ae/e™ (10.50) 

and it follows that 
D' Ae! °' = (jw,)' Ae! (10.51) 


where r is any integer. 
Equation 10.48 becomes 


[a3 (jw,)” + a2 (jon)? | 
+4a,(jw,)+aj|Ae’°"*=0 (10.52) 
so that 
a3 (Jo) + a2 (jon) 
+ 4,(jo,)+a@=0 (10.53) 
since Ae/°"' #0. 
Hence —€3j0,° — a0," + a, jw, +a = 0 
or (—ayw," + dag) + WO, (— 430," +a,)j=0 


The real and imaginary parts must separately be 
zero, hence 


ay a 
oe eS (10.54) 

a2 4&3 
We conclude that if a,a@=aga, then the 


third-order system will be marginally stable and 
will oscillate at a circular frequency w, given by 
equation 10.54. We learned above (inequality 
10.32) that if a, a> aga; the system will be stable. 
It is clear that if this inequality is reversed the 
system will be unstable. 

A physical reason why this inequality deter- 
mines the stability of the system can be found by 
considering a small applied sinusoidal forcing 
term, Fe’ “', where Fis a complex force amplitude 
and w is close to w,. 

The Argand diagram without the forcing term 
is as shown in Fig. 10.21(a) and that with the 
forcing term is shown in Fig. 10.21(b). For energy 


f A aru,” 
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Figure 10.21 


to be fed into the system the force must have a 
component which is in phase with the velocity 
(i.e. the imaginary part of the force must be 
positive). It follows that if energy is required to 
keep the system oscillating then the system must 
be stable. So we see that 


a,w>a, w 

Or a,>4a30”. 

Now since w is close to w, we can write 
Ay = A2W,,* = a,(wt e)* 


where € is a small quantity. So as e—0 then 
Ww” — Ao/ay. 
Hence for a stable system 


ay > a3(ao/az) 
or Q, A> 3a 


Note that as previously mentioned all the a’s must 
be positive because if any one a is negative the 
Output will diverge for zero input. 


10.7 Frequency response methods 
An assessment of the behaviour of a closed-loop 
control system can be made from an examination 
of the frequency response of the open-loop 
system. Graphical methods are often employed in 
this work. 

The main reasons for using open-loop system 
response methods are 

(a) the overall open-loop system response can 
be built up quickly using standard response curves 


of the component parts of the system; 

(b) in practice most open-loop systems are 
stable which is an advantage if experimental 
techniques are used! 

Consider again a simple position-control sys- 
tem with proportional control driving an inertia 
load with viscous damping. The block diagram for 
the closed-loop system is shown in Fig. 10.22 
which corresponds to Fig. 10.13 with K = k,k>. 


G(D) 





Figure 10.22 
The forward-path operator G(D) is given by 
6 K 
G(D) =— =—-_— 10.55 
oo 6. ID*+CD ( 


If we disconnect the feedback loop we have the 
open-loop system of Fig. 10.23 and it can be seen 
that G(D) is also the open-loop transfer operator. 
Here 6 is simply the input to the open-loop 
system. 


G(D) 


—— 


6; K 1 8) = G(D)6, 
ID? +CD 


Figure 10.23 


We can write G(D) in standard form as 
K, 
D(1+7D) 
where K, = K/C and 7 = I/C. (Note that 7 has the 
dimensions of time.) So, for the open-loop 
D(1i+7D) 6, = K,@ (10.57) 
We wish to consider the frequency response of 


the open-loop so the input must be sinusoidal and 
we can write 


@6= Ae/”! 


where A 
becomes 


D(1+7D)0, = K,Ae’”! 


G(D) = (10.56) 


is complex. Equation 10.57 now 


(10.58) 
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In frequency response methods we are only 
concerned with the steady-state oscillations 
(particular integral) part of the solution and so we 
ignore the transient (complementary function) 
response. Since the system is linear, the particular 
integral solution of equation 10.58 must be 
sinusoidal and at the same frequency w as the 
input. The steady-state solution ts therefore of the 
form 


6, = Be! 
Substituting for 0, in equation 10.58, 


D(1+7D) Be!” = K,Ae!” (10.59) 
or, from equation 10.51 
jw(1+ qo) Be! = K, Ae!” (10.60) 


We see that, for sinusoidal inputs of frequency 
to the open loop system, the ratio of output to 
input ts 

G5. Be. K, 


6 Aci 





=G(jw) (10.61) 


Jw(1 + zw) 
which corresponds to the transfer operator G(D) 
of equation 10.56 with D replaced by jw. G (jw) is 
known as the open-loop transfer function. 

We turn our attention now to the closed-loop 
system with unity feedback. A unity feedback 
system is, by definition, one for which the error 
0. = 6,— 0, and therefore, since 


6, = G(D) 9. (10.62) 
eliminating @, we obtain 
[1+ G(D)]@, = G(D) 6. (10.63) 


(For a system with non-unity feedback see 
example 10.7.) 

Suppose now, as was discussed at the end of 
section 10.6, that the closed-loop system is 
marginally stable, i.e. it oscillates continuously at 
frequency w, say, for no input. In this case the 
particular integral part of the solution is zero, but 
the complementary function, or ‘transient’ part is 
sinusoidal 


p= Cele 


Substituting into equation 10.63, with the 
right-hand side set equal to zero we have, for the 
complementary function 


[1+ G(jo,)|Ce/“"’ = 0 


therefore 
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1+ G(jw,) = 0 
since Ce/®'<0. 


What we have shown is that, for marginal 
stability of the closed-loop system, 


G(jo,) = —1 (10.64) 


In other words, if there exists a particular value of 
@ (i.e. w@=o,) which makes the open-loop 
transfer function, G(jw), have the (real) value of 
—1, then the closed-loop system will be marginally 
stable and will oscillate continuously at the 
frequency w=wm,. Thus we can see that the 
open-loop transfer function G(jw) can give us 
information about the closed-loop performance. 

Returning to our example of the open-loop 
transfer function 10.61 


Ko 


10) jo + aa) 


we can check if a value of w can be found which 

makes G(jw) = —1. In other words, does a value 

of w exist which simultaneously makes the 

amplitude ratio have unity value and the phase 

angle have the value of —180° or —7 radians? 
The amplitude ratio is 




































































a K, 
-°] = | G(je)| = |—*—~ 
6. jo(1+ 7a) 
il a lilt sd (10.65) 
ees 1+ 7w 
Ko is real so that 
Ko| = Ko. (10.66) 
Further 
1 1/1 1 1 
ae -1/2|=2 -i|=+ (10.67) 
Jw @|] w@ w 
and 
ee aE qlee 
1+ 7 : (1 + zjw)(1 — tjw) {it (wr)? 
_|t-7o|  Vi1+(er)’] 
“oa ae (wr)? © Shee (wr)? 
1 
sat 10.68 
V[1 + (@7)7] ( 


Therefore 
ee 
wV[1 + (wr) ] 


A particular real, positive value of w, say w;, can 
be found such that |G(jw)| = 1 which is 


_i1 


@, = 


G (jw) = (10.69) 


V[-$+ V+ Ko?7’)]. 


T 


The phase angle between input and output is 


1 
@ = argG(jw) = areKo+ arg \s ara 


w) 


= ar arg | — alg | — 
bm0 w 1+ (wr)? 


= 5 — arctan (wr). (10.70) 
Is there a value of w which gives ¢ the value — 7? 
There is only one, which is when w is infinitely 
large. There is therefore no value of w which 
makes G(jw) = —1 which shows that the closed- 
loop system of Fig. 10.22 can never be marginally 
stable. This is a result we already knew, since the 
second-order system is always stable. 

The polar, or Argand, diagram of the 
open-loop frequency response is known as a 
Nyquist diagram (after H. Nyquist’s work in the 
early 1930s). A sketch of the Nyquist diagram for 
the transfer function of equation 10.61 is shown in 
Fig. 10.24 where the arrow shows the direction of 
increasing frequency. It can be seen that G(jw) 
never has the critical value of —1. The plotting of 
Nyquist diagrams and a logarithmic form of 
frequency response are discussed later in this 
chapter. 
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Figure 10.24 
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Assume now that the proportional controller of 
the above example is replaced by a controller with 
proportional-plus-integral action. The open-loop 
transfer operator of equation 10.55 is thus 
replaced by 


K+K;/D 
G(D) = ——— 10.71 
()) ID*+CD ( ) 
which we can write in the form 
ie + 7D) 
G(D) = ———— 10.72 
) D?(1+7D) ( ) 


where Ko = K,/C, T= K/K, and += 1/C. 


For sinusoidal inputs of circular frequency w we 
can replace D by jw as before to obtain the 
open-loop transfer function 


Ko(1 + tojw) 


Oe? ick aie) 


(10.73) 

It is easy to show (see example 10.5) that the 

amplitude ratio is 

Ko V[1+ (w7>)*] 
w* V[1+ (wr) ] 


and the phase angle is 


|G(jaw)| = (10.74) 


od = arg G(jw) = arctan(@7, ) 
—m-—arctan(w7) (10.75) 


To check for marginal stability of the closed- 
loop system we look for the possibility of a value 
of w which simultaneously gives |G(jw)| the 
value of unity and @ the value of —7z. We note 
that, from equation 10.75, ¢ will have the value of 
—a if t= 7 for any value of w. If |G(jw)| = 1 
then, from equation 10.74 with 7 = 7 


Ko/w* = 1 
so, from equation 10.72 
Ww = Ko = K,/C = K/T. 


We have shown that, for the open-loop frequency 
response, the amplitude ratio will be unity and 
simultaneously the phase lag will be a radians at 
the excitation frequency w= V(K/I) provided 
that K;/C = K/I or CK =1K,. This is equivalent 
to saying that the closed-loop system will be 
marginally stable provided that 


CK = IK, 


and, if this is the case, the system will oscillate 
continuously at the frequency V(K/1). 
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Sketches of the Nyquist diagrams for the 
open-loop response of the above system with 
proportional-plus-integral are shown in Fig. 
10.25. It will be observed that the plot for 7 = 7 
passes through the critical point G(jw) = —1. The 
frequency response of equation 10.73 is discussed 
again in example 10.5. 


TQ9<T 





Gia Ke 
I(jw)* + Cjw 
_ Ko(1 + taja) 
Figure 10.25 Gey + re) 

Substituting for G(D) from equation 10.72 into 


the closed-loop input/output system equation 
10.63 we obtain 


[7D° + D? + Kot D a: Ko] 6, 
= [Ko 7D + Ko) 6; 
If the system is marginally stable, we have an 
equation of the form 10.48 for the complementary 
function, where @) = Ko, @, = Kot, @> = 1 and 
a3; = T. From equation 10.54, we find 


Ko KoTo 
1 T 
or To — 7 


which confirms the result found from considera- 
tion of the open-loop frequency response. 


Bode diagrams 

The overall open-loop amplitude ratio is the 
product of the amplitude ratios of the component 
parts, and the overall phase angle is the sum of 
the phase angles of the component parts (see, for 
examples, equations 10.65 and 10.70). 

When graphical techniques are employed it is 
convenient to plot the logarithm of the amplitude 
ratio |G| (logarithms to the base 10 are always 
used). Traditionally, although not essentially, the 
logarithm of the amplitude is multiplied by 20 to 
give the ratio in the form of decibels (dB). When 
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the frequency response information is presented 
in the form of two graphs, one log|G(jw)| or 
20 log|G(jw)| plotted against logw and the other 
the phase angle ¢ plotted against log w, the graphs 
are known as Bode diagrams after H. W. Bode 
who presented his work in the 1940s. 

It is useful to build up a number of standard 
Bode diagrams of simple functions since know- 
ledge of these enables (a) the rapid sketching of 
the overall frequency response plots and (b) the 
reduction of experimental results into component 
parts to assist with analysis. Below we use the 
notation E(D) for the transfer operator of a 
component part and G(D) for the transfer 
operator of the open-loop. E(jw) and G(jw) are 
the corresponding frequency response transfer 
functions. 


(i) £,(D) = K, aconstant 

The amplitude ratio | E,(iw)| of the frequency 
response is simply K and the phase angle ¢ is zero 
at all frequencies so that the Bode diagrams for 
this function are as shown 1n Fig. 10.26. 


log | Ex(jo)| 
log K 





d, E,\(jw) = K 


log w 


Figure 10.26 
(ii) £E,(D) = 1/D, the integral operator 


The amplitude ratio |E>5(jw)|=1/w from 
equation 10.67. The log of the amplitude ratio 
is log(1/w)=—logw (or, in decibel form, 
—20log w). The phase angle @ = arg(—j/w) = —7a/2 
at all values of the frequency w. The Bode 
diagrams for this function are shown in Fig. 10.27. 
Each graph is a straight line with the log (ampli- 
tude ratio) graph having a slope of —1. (If 
decibels are used for this graph the gradient is 
—20. A tenfold increase in frequency is known as 
a decade and log10 = 1 so that this slope is often 
described as —20dB/decade. A doubling in 
frequency is known as an_ octave’ and 
log 2 = 0.3010 so the slope can also be described 
as —6 dB/octave since 20 x 0.3010 = 6.02 = 6). 


log | E3(ja) | 


log | E2(jw) 






gradient = —1 


log w 


~ 


1 
~ E,(jw) = — 
jo 


log @ 





Figure 10.27 


(iii) E3(D) = 1/(14+7D), the first order la 


The amplitude ratio |E3(jw)| =[1+(w7)?]7'? 
from equation 10.68 and the phase angle is 
&@ = arg(1+7jw) ' = —arctan(w7) from equation 
10.70. With regard to the overall shape of the 
Bode diagrams for this function we note that at 
low frequencies (small w), |£3(jw)|—1 and 
o@—0 whereas at high frequencies (large w), 
|E3(jw)| (wt)! and d>-—7/2. So at low 
frequencies log|E(jw)|—>—logw—logr — or 
—log @ + log (1/7) which is a straight line of slope 
—1 on the graph of log|E(jw)| plotted against 
logw (or if decibels are used the slope 1s —20 
dB/decade or —6 db/octave). 

The log amplitude ratio and phase graphs are 
each therefore asymptotic to straight lines at 
both low and high frequencies. At the particular 
frequency w=1/7, known as_ the _ break 
or corner frequency, |£3(jw)|=2~"* and 
log| E3(jw)| = —0.1505 (and 20 log! E3(jw)|=—3 
dB) also @ = arctan(—1) = —7/4 radians or —45°. 
The Bode diagrams for this function are shown in 
Fig. 10.28. 







log w 


—0-15 gradient = —1 





Figure 10.28 


As an aid to sketching the phase graph of 
Fig. 10.28 it should be noted that the gradient of 
the graph at the break frequency w= 1/7 is 
—(In10)/2 or —1.151 radians per decade = 
—66°/decade (the proof of this is left for problem 
10.25). 

Accurate values of amplitude ratios in decibel 
form and phase angles for the function £3(jw) are 
listed in the table below and plotted to scale in 
Fig. 10.29 where a logarithmic scale is used for 
the frequency axis. In practice log graph paper is 
normally used for Bode diagrams. 


20 log| E3(je) | 





1/(107) 
1/(47) 
1/(27) 
1/7 
2/t 





Once scales for the graphs have been chosen, 
all of the graphs of log | £3(jw) | will have the same 
shape, independent of the value of 7. A template 
can be made of the curve which has been drawn 
for a particular value of 7, the break point being 
w = 1/7, then the template can be moved along 
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the logw axis for any other value of 7. The same 
applies to the phase graph ¢ = arg[E3(jw)]. The 
proof of this phenomenon 1s left to the reader. 


(iv) £,(D) = 1+7D, the first order lead 

It is left to the reader to show that the log 
amplitude ratios and the phase curves are those 
for the transfer operator E3(D) =(1+7D)™ 
rotated about the logw axis, as shown in 


Fig. 10.30. 
log| E3(ja) | 4 
| | ae gradient = + 1 
0-15__-~~- Be 
at SSS SS @ 
ae 
@ 
Pas Fao) =1+7w 
90° - oe at 
ger 
i ee ee log w 
Figure 10.30 


Assessment of closed-loop stability 
We know that if, at a particular value of 
excitation frequency in the open-loop frequency 
response, the amplitude ratio is unity and 
simultaneously the phase angle is —180° (i.e. 
G(jw) = —1) the loop, when closed by unity 
feedback, will be marginally stable. The closeness 
of the open-loop Nyquist plot to the critical point, 
G(jw) = —1, is a measure of the closed-loop 
stability. 

Take, as an example, a control system with an 
open-loop transfer function of the form 


K 
DUi+7,D)1+7D) 
The Nyquist diagrams of G(jw) for three 
particular values of K are sketched in Figs 
10.31(a), (b) and (c). 

In Fig. 10.31(b) a value of K has been chosen 
which makes the curve pass through the critical 


G(D) = (10.76) 


= —1 
w@-7 
(a) increasing 
(b) 
Figure 10.31 
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point (marginally stable closed-loop) while in Figs 
10.31(a) and (c) smaller and larger values of K 
than that used in (b) are used respectively. 

The closed-loop equation, from equation 10.63, 
is 


S SaTaDaTD| 
ee ee 
DQ i Ty D)a + TD) 


K 
= 
Da tT T} Dj) + TD) 
hence 
[7 7D? +(7,+7.)D°+D+K]0, = K@, 


1 





Figure 10.32 


Comparing this with the standard form of 
equation 10.31 and applying inequality 10.32 we 
find, for a stable system, 


K<(7]+72)/(1 72) 


It follows that if K = (7,+7))/(7,72) the closed- 
loop system will be marginally stable and if 
K > (7 + 7)/(7 72) the closed-loop system will be 
unstable. Figure 10.31(b) corresponds, as men- 
tioned previously, to a marginally stable system 
while Figs 10.3i(a) and (c) correspond to stable 
and unstable closed-loop systems respectively. 

If one considers walking along the curve of Fig. 
10.31(a) (stable closed-loop) in the direction of 
increasing frequency it will be observed that the 
critical point G(jw) = —1 falls to the left of the 
curve. Similarly for Fig. 10.31(c) (unstable 
closed-loop) the critical point falls to the right. 
This idea can be used as a rule of thumb for 


determining, from the open-loop response, 
whether or not the closed-loop system is stable 
and will suffice for all systems described in this 
chapter. There are a group of transfer functions 
where this rule does not apply, but they are 
outside the scope of this book and for these the 
reader 1s referred to more advanced texts on 
frequency response methods). 

The closeness of the open-loop frequency 
response curve to the critical point is an indication 
of the performance of the closed-loop system and 
a measure of the closeness can be obtained from 
the phase margin ¢,, and the gain margin gy 
which are defined in the open-loop Nyquist 
diagram of Fig. 10.32. 

The phase margin is given by ¢,, = 180°+¢ 
when the amplitude ratio is unity. It is the angle 
between the negative real axis and the G(jw) 
vector when | G(jw)| = 1. 

The gain margin is the reciprocal of the 
amplitude ratio when the phase angle @ = —180°. 

If the gain K in, for example, equation 10.76 is 
multiplied by an amount equal to the gain margin, 
the open-loop will then pass through the critical 
point and the corresponding closed-loop will be 
marginally stable. 

Typical values for satisfactory closed-loop 
performance are: @¢,, should not be less than 
about 45° and g,, should not be less than about 2 
or 6 dB. 


log | G(je) | 





log w 


log w 


Figure 10.33 


The phase margin and gain margin can of 
course be found from Bode diagrams and these 
are illustrated in Fig. 10.33. 


Discussion examples 


Example 10.1 

Figure 10.34 shows a _ hydraulic relay with 
feedback used in a control system. Oil under 
pressure is supplied at P via the spool valve to the 
power ram and can exhaust to the drain at either 
Q or R. The value contains a sliding sleeve and 
the displacements of the spool and sleeve 





Figure 10.34 


measured from the centralised position are x, and 
x respectively. Neglecting compressibility and 
inertias, the volumetric flow rate g through the 
valve can be taken to be proportional to the 
effective valve opening; that is, 


q=k(x,-x) 
The power ram, whose displacement is x2, has an 
effective area A, and the sleeve is connected to 
the ram by the slotted lever EFG, which pivots 
about F. 
Draw a block diagram for the relay and show 


that the transfer operator between x> and x, 1s of 
the form 


x2 K 
X1 ™m+1 


Find the values of the gain K and the first-order 
time-constant 7 and determine the response of the 
relay to a step change in x, of magnitude X). 


Solution The velocity v2 of the ram downwards 
is equal to the product of the flow qg and the area 
A: 

V2 = Dx = GA =k(x,-x)A (i) 


From the geometry of the feedback link 
(Fig. 10.35), 
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x} b 
a [> 
Figure 10.35 
x/a = Xz/b (11) 


and equations (i) and (ii) are represented by the 
block diagram of Fig. 10.36. 





Figure 10.36 
Eliminating x from equations (i) and (ii), 
Dx> = k(x; —ax2/b)A 
(D + kaA/b) x2 = kKAx, 
(bD/(kaA) + 1)x2 = (b/a)x, 
or (7D + 1)x2 = Kx, (ii) 
where t=bD/(kaA) and K=D/a. 
The transfer operator is 
X> K 
x, Mtl 





(iv) 
which can be represented by the block diagram of 


Fig. 10.37. 


xX kK x2 
tD*! 





Figure 10.37 


The complementary function (c.f.) of equation 
(iii) is the solution of (7D + 1)x2 = 0, which is of 
the form x», = X,e”"; hence 

mxX>,e™" + X,e”" = 0 
and, dividing by Xe”, 
m= —I/t 
The c.f. is therefore 
X= cee t 


The particular integral is 


An = KX, 
and so the complete solution is 
xo = X,e "7+ KX, (v) 


Att=0, x, = 0, so that 
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O= X,(1)+ KX, 
X27 = —KX;, 
and substituting for X> in equation (v) gives 
xX» = KX,(1-e°") 





Figure 10.38 


The response is sketched in Fig. 10.38. The 
transfer operator (iv) thus represents propor- 
tional control (the constant of proportionality 
being K ) with a first-order lag of time-constant 7. 


Example 10.2 

Figure 10.39 shows a level-control rig. The tank T 
has a horizontal cross-sectional area A, and liquid 
flows into the tank at a rate g; and out at arate q,. 
The height /, of liquid in the tank is sensed by the 
float F, which displaces end G of link GHJ, where 
GH =HJjJ=/,. The desired height h; can be 
adjusted by altering the vertical position of 
end J. Link LMN is connected as shown; 
LM = MN =1,. Point M, whose vertically down- 
ward displacement is y, is connected to the 
flapper U of a pneumatic flapper-nozzle valve 





Figure 10.39 


system which drives the power ram R whose 
vertically upward displacement is w. The velocity 
w of the ram is basically k, times the displacement 
y, but the pneumatic system introduces a 
first-order lag of time-constant 7. The ram adjusts 
valve V, and the flow q; into the tank from a 
constant-head supply is k2 times the ram 
displacement w. A dashpot of damping constant 
C and a spring of stiffness S connect end N to the 
ram and to ground respectively. The mass of all 
the links can be neglected. 


a) Draw a block diagram for the system and 
show that it contains proportional-plus-integral 
action. 

b) Show that there will be no steady-state error 
in level following a sudden change in the desired 
level h; or demand q,. 

c) Determine the necessary and _ sufficient 
conditions for system stability. 


Solution Considering small displacements of 
link GHJ, from similar triangles (Fig. 10.40), 


ho l; H f J 










Figure 10.40 
(hy —x)/l, = (ho +x Vi; 

= 2(hi— ho) = th. (i) 

where x is the downward displacement of H (and 


L) and h, is the error in level. Similarly, denoting 
the upward displacement of N by z, 


y =2(x-Z) (ii) 
The motion of the ram R is given by 
Dw = [k,/U+7D)|y (iii) 


The downward force acting on N due to the 
spring is Sz, and the upward force due to the 
dashpot is C(w—z). Since the links are light, 
the net force must be zero, 


i.e. Sz—C(w—z)=0 


(CD+S)z=CDw (iv) 
The flow into the tank is 
qi = k2w (v) 


and the net inflow is equal to the area A times the 
rate of change of height h,: 


Gi- do = ADhy (vi) 


Equations (i) to (vi) are represented in the 
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Figure 10.41 


block diagram of Fig. 10.41. The transfer oper- 
ator for the inner loop can be obtained by 
eliminating y and z from equations (ii), (11), and 
(iv). The result is 


we sk(CD+S) 
x D(D+1)(CD+S)+3k,;CD 
1k, (C+S/D) 


~ 7CD2+ (78+ C)D+(S +4, C) 


which indicates proportional-plus-integral action 
with a second-order lag. Eliminating x, w, and q; 
and replacing h, by h;—h,, we find 
[ArCD*+ A(7S + C)D? + A(S +4k,C)D? 
+ $k,knoCD+4k,kS lh. 
= AD*[7rCD*+(7S+ C)D 
+ (S§+3k,C)jh; 
+ D[7CD?+(75+C)D 
+(§+2k,C)]do (vii) 
Note that, for step changes in desired level A; or in 
demand g,, the right-hand side of the system 
equation (vii) is zero and therefore the steady- 
state or particular-integral value of the error h, 1s 
zero. 
The system equation is of the fourth-order form 


(a,D*+a,;D°+a,D*+a,D+ay)h. =... 


The first condition for stability is that all the 
coefficients a), a, , 42, a3, a4 be positive, which is 
satisfied. The next condition 1s 


A, A> > AA 
(k, ky C/4)(S +k, C/2)A 
>A (tS + C)(k, k S/4) 
which reduces to 
k,C7/2> 7S? (vill) 


The final condition for a fourth-order system is 


Qa, (a2a3) ? aya3” 1 ay? a4,>0 


which leads to 


A(C4+7S8)(k,C7/2—78*) >kykyCed4 (ix) 


We note that this inequality cannot be satisfied 
unless condition (viii) is satisfied. 


Example 10.3 

In a simple angular-position control system the 
driving torque on the load is k times the error @,. 
The load is a flywheel of moment of inertia / 
whose motion is opposed by a dry friction torque 
which can be assumed to have a constant 
magnitude 7;. Viscous damping is negligible. 
Numerical values are k=0.2 Nm/rad, 
I=1x107* kg m’, and 7; = 0.015 Nm. 

Initially the system is at rest with zero error and 
then the double step input 6; shown in Fig. 10.42 
is applied. Find (a) the final position and (b) the 
time taken for all motion to cease. 


0; /rad 





Figure 10.42 ° eee - 
Solution If we choose to denote 6, (and hence 
6 and @,) as positive in the anticlockwise 
sense, then the positive direction of its deriva- 
tives, 9, and 6,, is also anticlockwise. If the 
flywheel happens to be rotating anticlockwise 


(€,>0), then the friction torque 7; will be 
clockwise and vice versa (see Figs 10.43(a) and 


(b)). 
(a) (b) 
; If be. “e 
{{ @ 
Figure 10.43 G <0 
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The two equations of motion are 
k6.—T;=16, (for 0,>0) (i) 
k0.+T;=16, (for 6,<0) (ii) 

Replacing 0. by 0;— @,, we obtain 
16,+k0, = k0,—T; (0,>0) 
16,4+k0, = k0,+T; (0.<0) 


Substituting numerical values and dividing by 
k = 0.2, 


(5X 1077)6+ 4% 


=0.925 (6,>0) a =1_— Mii) 
(5 x 1077)6)+ 6, a. 

= 1.075 (@<0) (iv) 
(5X 1077)6)+ 0% 

= 1.425 (@>0)|, _ (v) 
(5x10-3)dy+6, eee 

= 1.575 (0,<0) (vi) 


Each equation is a second-order linear differ- 
ential equation with constant coefficients, no 
(viscous) damping term 6,, and a constant forcing 
term. Thus the equations represent simple 
harmonic motion and we know (section 9.8) that 
if we draw a phase-plane plot of 0,/w, against 0, 
the result will be a series of circular arcs with 
centres on the @, axis corresponding to the 
particular integral or ‘equilibrium’ position for 
the relevant equation. Since the equations have 
been arranged to have a unity coefficient for @,, 
the right-hand sides of the equations are the 
particular integrals. 

Each time the velocity 6, = 0, we must check 
whether there is sufficient driving torque k@, to 

G, 


Wy 


0-5 


a) 


Figure 10.44 


overcome the static friction torque T;. So, 
whenever 6, = 0, motion will not continue unless 
0.2|6.|>0.015 or |@.|>0.075. This corresponds 
to the range AB, 0.925 =0,=1.075, when 6, = 1 
and to the range CD, 1.425=0@,=1.575, when 
6, = 1.5 (see Fig. 10.44). 

Immediately after the input 4 is applied, 
0. = 9, = 0 and so the trajectory starts at point 
(a). The initial error is 0; -— 6, = 1—0= 1 and the 
initial driving torque k6, = (0.2)(1) = +0.2 Nm, 
causing the load velocity 6, to be positive. The 
appropriate centre for the trajectory 1s 0, = 0.925 
(point A). We could have arrived at the same 
conclusion by noting that the trajectories always 
follow a clockwise pattern so that, when motion 
commences, the velocity @, will be positive and 
the centre of the arc at point A. 

The input 0; = 1 for 0.625 s. The angle swept by 
the radii which generate the trajectory is equal to 
w,t so that, while 6;=1, the total angle of 
rotation will be [1/(5 x 107°)]** x 0.625 radians or 
506.4 degrees; that is, one revolution plus 146.4 
degrees. After point (b), 8, becomes negative so 
we shift the centre to point B and so on until point 
(c) is reached. 6; then takes on the value of 1.5 rad 
and so the appropriate centres become points C 
and D. The trajectory continues and then ceases 
at point (e), due to insufficient driving torque. 

The final position is 6, = 1.48 rad, and the 
trajectory makes 2.5 revolutions so that the 
total time is 2.5(2a/w,) = 2.5(2m)/(5 x 1077)? 
= 0.89 s. 

It should be noted that this technique can be 
used for any input function 9; if it is approximated 
by a series of small steps as shown in Fig. 10.45. 








Figure 10.45 


Example 10.4 

A four-cylinder petrol engine is connected 
directly to a load. The total effective moment of 
inertia is J and the damping constant is C. A 
governor increases the throttle angle ¢ of the 
carburettor by N degrees for each rad/s of speed 
change. For steady-state operation over a 
particular operating range, the torque 7p driving 
the crankshaft increases by T, for each degree 
increase in throttle angle and decreases by 7, for 
each rad/s increase in the engine speed a,. 
During speed variation, the carburettor intro- 
duces a first-order lag of time-constant +. 
Numerical values are [= 3 kgm’*, C=0.2 Nm 
per rad/s, N=10, T, =4 Nm, 7, =0.35 Nm, 
and r= 0.15s. 

A brake applies a torque 7, of 50 Nm to the 
load which is being driven by the engine at a 
constant speed of 200 rad/s. The brake is then 
removed. Assuming that the system is linear, 
obtain the differential equation which describes 
the engine speed (a) if the governor is 
disconnected and (b) if the governor is connected. 
Find the final speed for each case and draw a 
block diagram of the system for case (b). 





200 a Arad/s) 
Figure 10.46 


Solution Let us measure the throttle angle 
from its original position when the engine speed is 
steady at 200 rad/s. Figure 10.46 shows the engine 
torque 7p for @= 0 and steady-speed operation 
and is of the form 


Tp a f= Th ® 


The engine torque Tp for this case ts simply equal 
to the damping torque Cw, plus the braking 
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torque 7, so that 


T57- Ty @o- (Cw, + T,)= 0 
1, = (C+ Ty) @o + TL. 
= (0.2) +.0.35)200 
+50 = 160 Nm 


a) When the speed is varying, the equation of 
motion for the load with the brake removed and 
the governor disconnected (i.e. @ remaining 
constant at 0°), allowing for the time lag 7, is 


Tp/(1 + 7D) — Cw, = 1D, 

T,— Tp ® = (1+7D)UD+C)a, 

[i7D? + (1+ C7)D + (C+ T,)] & = To 
Substituting numerical values, 

[0.45D? + 3.03D + 0.55] w, = 160 


The final value of w, is the particular integral of 
the above equation, which is 


w, = 160/0.55 = 290.9 rad/s 


b) When the governor is connected, it will 
operate in such a way as to increase the torque if 
the speed drops and vice versa. We can assume 
that, before the load was removed, the error in 
speed w, was zero; i.e. w;, the desired speed, is 
equal to 200 rad/s. The extra torque T, provided 
by the governor is found from the two equations 


d = Nw, 

T,= To 
so that 

T, = NT, W¢ 


and Tp in part (a) is replaced by 
Tp = To— Typ@ot+ T, 


Substituting w;—@, for @,, 
equation Is 
(7D? + (+ Cr)D + (C+ T+ NT, )] @o 
= T, + NT,@; 
[0.45D? + 3.03D + 40.55] w, = 8160 
The steady-state value of w, is 
@, = 8160/40.55 = 201.2 rad/s 


A block diagram of the control system ts shown 
in Fig. 10.47. 


the resulting 
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Figure 10.47 
Example 10.5 


Consider the control system with proportional- 
plus-integral action with the forward path transfer 
operator 


= K+ K,/D = Ky + TD) 
- 1D*+cD  _D*(1+7D) 
as in equations 10.71 and 10.2 and obtain sketches 
for t>T, T=7 and t<7 of the overall 


open-loop frequency response in Bode and 
Nyquist form. 


G(D) 


Solution The open-loop frequency response 
transfer function 


Ko(1 + tojw) 
(ja)* (1+ 7jw) 


can be broken down into its individual compo- 
nents 


Es (jo) aie Ko 

Ey, (Uw) = 14+ ojo 
E. (jw) = 1(jw)? 
Ey(jw) = 1/1 + 7). 


The Bode diagrams for E,, E, and Eg have been 
discussed above, see Figs 10.26, 10.30 and 10.28. 


= i) 


so, combining two sets of Bode diagrams as in 
Fig. 10.27 the amplitude part for E.(jw) is a 
straight line of gradient —2 passing through the 
origin and the phase angle is constant at —180°. 

The break frequencies for EF, and £g are at 
w = 1/tT) and w = 1/7 respectively. 

Let us assume first that t9>7 (i.e. 1/t)9< 1/7) 
and initially, for simplicity, that Ko = 1 and only 
the straight line approximations are required on 
the amplitude ratio graph. The component parts 
of the transfer function are shown with the dashed 
lines in Fig. 10.48 and the overall open-loop 
response with the full lines. 


G(jw) = (10.77) 


Assuming next that t9<7 (i.e. I/7)>1/r) the 
break points of FE, and Eg are interchanged 
resulting in the Bode diagrams of Fig. 10.49. 

Finally, if t) = 7, the numerator and denomina- 
tor terms (1+7 jw) and (1+7w) in equation 
10.77 cancel so that the transfer function reduces 
to 





: Ko 
G(w) = 
= Gay? 
Again letting Kg = 1, the Bode diagrams for this 
system are simply the straight line graphs shown 
in Fig. 10.50. 

For any positive value of Ko not equal to unity 
an additional component of log g would be 
added to the amplitude ratio plots, so that the 
overall frequency response amplitude ratio curves 
obtained above would simply be moved upwards 
by an amount equal to log Ky. If the above Bode 
diagrams are re-plotted in Nyquist form, the 
curves of Fig. 10.25 result. 


Example 10.6 
The forward path transfer function of a control 
system is given by 
_ C(D+5) 
D(D+2)(D +3) 


From the open-loop frequency response deter- 
mine 


G(D) 


a) the phase margin ¢,, if C = 10, 
b) the value of C if ¢,, = 45°, and 
c) the gain margin for each case. 


Solution We can rewrite the transfer operator in 
standard form as 


G D - Ko(1+7,D) 
( )= 04 nD\Lt nD) 


where Kg = 5C/6, 7, = 1/5, t = V2 and 73 = 1/3. 
The Bode diagrams for each of the five 
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Figure 10.50 


component parts of G(jw) can be drawn, and the 
overall open-loop frequency response can be 
obtained by combining the components as in 
example 10.5. The phase margin and the gain 
margin can then be determined as in Fig. 10.33. 
This method is left as an exercise to the reader. 

Alternatively we can work directly from the 
overall amplitude ratio and phase functions, as 
follows. 

The overall open-loop frequency response 


function is 

KjQ0+7/] 
G(jw) = - o( | 7 J@) | 
Jo(1 + t2jw)(1 + 73ja) 


The amplitude ratio is 
Ko V[1+(1)"] 


|G (jo) | = TF oy VG 10.78) 


and the phase angle is 


d@ = arctan (7, w) — 7/2 — arctan(72) 
~ arctan (73) (10.79) 
a) To find the phase margin we need to establish 
the value of w at which | G(jw)| = 1. Substituting 
the numerical values into equations 10.78 and 
10.79 and by trying a few values of w, we obtain 
the following table 





The amplitude ratio is seen to be unity 

somewhere between w= 3 and w= 4 rad/s. By 

trial and error we find that, at w = 3.34 rad/s, 

| G(jw)| = 1.0001 and the phase angle is —163.8°. 
The phase margin is therefore 


dm = 180— 163.8 = 16.2”. 


(This would be too small in a practical system; the 
closed loop response would be too oscillatory). 

b) If the phase margin ¢,, is to be 45° we need 
to find the value of ww at which 
d@ = — 180° + 45° = — 135°. From the above table 
we see this occurs somewhere between w = 1 and 
w= 2 rad/s. By trial and error we find that at 
w= 1.427 rad/s the phase angle @ = —135.02°. 
Using the value of C = 10 as in (a) above we find 
that the corresponding value of G(jo)| is 4.464. 
For a phase margin of 45° this value of |G(jw) | 
should be unity so C needs to be reduced by a 
factor of 4.464. This gives C = 10/4.464 = 2.24. 


Example 10.7 

Figure 10.51(a) shows the block diagram for a 
system where the feedback is operated on by a 
transfer operator H(D). 





(a) (b) 
Figure 10.51 


Determine (a) the closed-loop transfer oper- 
ator and (b) equivalent unity feedback system. 


Solution 
a) The difference between the desired input and 
the signal which is now fed back is 


6. = 6,— H(D) 6, 
therefore the output 

0, = G(D) 6; = 
thus 


G(D)6,— G(D)H(D) 6, 


___G(D)4, 
"  1+G(D)H(D) 
so that the transfer operator is given by 
 ___ G(D) 


6 14+G(D)H(D) 
b) Figure 10.51(b) shows the equivalent unity 


feedback system such that the closed-loop 
transfer operator is the same as (a) 


G(D) _ GD) 
1+G(D)H(D) 1+G'"(D) 


or G+GG'=G'+GHG' 
G =G'(1+GH-G) 


G 


finally (Go 
ee (i+GH—G) 


Note that the open-loop transfer operator for (a) 
is GH and if G(jw)H(jw) equals —1 then the 
closed-loop system is marginally stable. Also for 
(b) the open-loop transfer operator is G' and if 
G'(jw) equals —1 then this system is marginally 
stable. A_ little algebra soon shows that 
G'(jw) = —1 implies that G(jw)H(jw) = —1, so 
that all the analysis carried out in this chapter 
considering unity feedback applies equally well to 
systems with non-unity feedback operators using 
the appropriate open-loop transfer operator. 


Problems 


10.1 For the system represented by the block diagram 
of Fig. 10.52, obtain the transfer operator for x/y. 





Figure 10.52 


10.2. For the control system of Fig. 10.53, obtain the 
system equation for each of the loop variables. 





Figure 10.53 


10.3. A motor used in a position-control system has its 
input voltage V,,, its output torque 7,,, and its angular 
velocity w,, related by the equation 


Le = K, Vin — K2@m 


The motor is connected directly to a load of moment of 
inertia J whose motion is opposed by a viscous damping 
torque equal to C times the angular velocity of the load. 
If the motor voltage V,, is given by K36,., where @, is 
the position error, show that the output-input system 
equation is 
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(ID? + (C+ K,)D+ K,K3]0@, = K, K36 


10.4 A voltage V is produced which is K, times the 
error in a position-control system. The load is a 
flywheel of moment of inertia J, and the damping 
torque at the load is equal to C times the angular 
velocity of the load. The moment of inertia of the rotor 
of the motor which drives the load is /,, and the torque 
developed between the rotor and the stator is given by 
Tm = K,V. Obtain the system equation for the output 
6, and also determine the damping factor for each of 
the following cases: (a) the motor is directly connected 
to the load; (b) as (a) with an external torque QQ, 
applied to the load; (c) a gearbox is placed between the 
motor and the load such that wy = na. 


10.5 The amount of damping in a position-control 
system is increased by using proportional-plus- 
derivative action such that the driving torque 7p 
applied to the load is given by Tp = k, 6. + k2 0, where 
6. is the error. The moment of inertia of the load is / 
and the viscous damping constant is C. If the damping 
ratio of the system is 3, show that k,/ = (C +k, ). 


10.6 Figure 10.54 shows a hydraulic power ram B fed 
by a spool valve V. It can be assumed that the ram 
velocity is proportional to the spool displacement 
measured from the centralised position, the constant of 
proportionality being k. The slotted lnk PQR is 
connected to the spool and ram as shown. 





Figure 10.54 


Show that the transfer operator for the arrangement 
is of the form x/y = A/(1+7D) and write down ex- 
pressions for the gain A and first-order time-constant r. 


10.7 The hydraulic relay of problem 10.6 is modified 
by the addition of a spring of stiffness S and a damper 
of damping constant C, as shown in Fig. 10.55. Show 
that the modified arrangement gives proportional-plus- 
integral action with a first-order lag of time-constant 7 
by obtaining the transfer operator in the form 


x 
See A 
y (1+7D) 
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Figure 10.55 


Evaluate the constant A, the lag constant 7, and the 
integral time constant 7; . 


10.8 Consider the level-control system of example 
10.2 with the spring removed and the dashpot replaced 
by a rigid link. The system is steady, supplying a 
constant demand Q,. Show that if the demand is 
increased by 10%, the level drops by 0.2 Q,/k2. 


10.9 The load of a position-control system is an 
undamped flywheel of moment of inertia /. The driving 
torque on the load may be assumed to be K, times the 
motor input voltage V. A three-term controller and 
amplifier whose output is V have a combined transfer 
operator 


V/0. — (K, a K,D + K;3/D) 
where 6, is the position error, and D the operator d/dt. 


a) Show that the maximum value of K; for stability 1s 
Ko K, K2/T. 


b) Show that the steady-state position error for each 
of the following inputs is zero: (i) step input, (11) ramp 
input, and (iii) acceleration input. 


10.10 A simple position-control system has a vis- 
cously damped load. The moment of inertia of the load 
is 4kg m* and the damping constant is 8 N m per rad/s. 
The driving torque applied to the load is K times the 
position error and the system has a damping ratio of 
unity. (a) Find the value of K. (b) If the system is 
initially at rest and then at t=0 the input shaft is 
rotated at 0.4 rad/s, find the steady-state position error. 


10.11 For the previous problem, show that the posi- 
tion of the load is given by 
6, = 0.4t-—0.8[1-—e7-'(1+3t)] where ¢ is the time in 
seconds. Find when the maximum acceleration of the 
load occurs and determine its value. 


10.12 Derive all of equations 10.17. 


10.13 See example 10.3. Rewrite equations (ii) to 
(vi) in terms of 6, instead of 6,. Draw the phase-plane 
plot of 6./w, against 8. and hence show that the final 
error 6, is 0.02 rad. 


10.14 See problem 9.21. In a position-control system, 
the driving torque on the load is 0.2 N m/rad of error. 
The load is a flywheel of moment of inertia 5 x 10~* 
kg m? whose motion is opposed by a dry-friction torque 
such that the torque required to initiate motion is 
0.022 Nm but once motion has started the resisting 
torque is 0.015Nm. Viscous damping is negligible. 
Initially the system is at rest and then a step input of 1 
radian is applied. Find (a) the time taken for all motion 
to cease and (b) the steady-state error. 


10.15 In an angular-position control system the load 
consists of a flywheel of moment of mertia J, and the 
driving torque is K times the position error. Damping 
of the load is brought about by a viscous Lanchester 
damper in the form of a second flywheel of moment of 
inertia Jp) mounted coaxially with the first and con- 
nected to it by a viscous damper. The torque transmit- 
ted through the damper is C times the relative angular 
velocity of the flywheels. 


a) Show that the system is stable. 


b) Determine the steady-state errors following inputs 
of the form (i) Au(t), (ii) Atu(t), and (iii) At*u(t) 
where A is constant and u(t) = 0 for t< 0, u(t) = 1 for 
t=(. 


10.16 Figure 10.56 shows a flywheel A which is driven 
by a motor M having an output torque Q. Flywheel A 
drives flywheel B by viscous action, the torque trans- 
mitted being C times the relative angular velocity. One 
end of a spring of torsional stiffness S is attached to B, 
the other end being fixed. The moments of inertia of A 
and B are /, and J/g respectively; the inertia of M is 
negligible. 


A B 





Figure 10.56 


a) Derive a differential equation relating Q to the 
angular position 6, of A. 


b) If Ais the load in a position-control system and Q 
is K times the error, obtain the fourth-order output— 
input system equation and show that the system is 
always stable. 


10.17 In a speed-control system, the driving torque 
Tp which is applied to the load increases by 0.01 N m 
for each rad/s of error w.. The load consists of a 
flywheel of moment of inertia 0.5 kg m? with viscous 
damping amounting to 0.04 Nm per rad/s of load 
speed. 


a) If the load is running at a constant speed of 150 
rad/s with no error, determine the equation relating 7p 
to w, and find the time-constant of the system. 


b) Ifan input corresponding to a desired speed of 180 
rad/s is applied to the system, what will be the final 
speed? 


10.18 <A petrol engine drives a load and the total 
effective moment of inertia and the viscous damping 
constant are 4 kg m* and 6 Nm per rad/s respectively. 
The throttle of the carburettor is adjusted by a gov- 
ernor, and the basic control is that the engine torque 
increases by 30 N m for each rad/s of speed error but a 
first-order (exponential) lag of 0.15 s is introduced. 

The engine is initially running at 250 rad/s and then a 
constant braking torque is applied, causing the speed to 
drop to 240 rad/s. Find the value of the braking torque 
and obtain a differential equation which defines the 
engine speed w, after the torque is applied. 


10.19 Acontrol system is represented by the equation 
(a,D° +a,D?+a,D +49) 6, = (b;D + bo) 6; 


What is the condition which results in the system having 
a sustained oscillation, and what is the frequency of this 
oscillation? 


10.20 A trolley T has pinned to it at O an inverted 
pendulum P as shown in Fig. 10.57. The pendulum is a 
uniform thin rigid rod of length 2a and mass m. The 
desired value of @ is zero, and, in order to balance the 
pendulum above the trolley, it is proposed to control 
the displacement x of the trolley such _ that 
D’x = (A4+BD)@ where A and B are positive con- 
stants. 








Figure 10.57 x 


Assuming that @ remains small, show that the dyna- 
mics of the pendulum are_ represented by 
(g —4aD*) 0 = Dx and that the control will be success- 
ful provided that A > g. 

Initially the control is switched off and the pendulum 
held at an angle 6 = 6,. At time t= 0 the pendulum is 
released and simultaneously the control is brought into 
action. Show that, in the steady-state, the trolley has a 
constant velocity to the mght and determine this 
velocity. 


10.21. Obtain accurate Bode plots of the transfer 
function 


a) 1/(1 + jw), and 


1 
jo(i + 0.025jw)(1 + 0.17) 


Problems 181 


(Hint: use the results from (a) for each of the bracketed 
terms in (b).) 


10.22 The open-loop transfer operator of a control 
system is 


K 
D(1+0.025D)(1+0.1D) 


Using the Bode diagrams from problem 10.21(b), 
determine the value of K which will give, for open-loop 
frequency response, 


a} a phase margin of 40° 
b) again margin of 2.0. 


10.23 Repeat problem 10.22 using the technique of 
example 10.6. 

If the loop is closed by unity feedback, what value of 
K will make the system marginally stable? 


10.24 In the tables given below, experimental fre- 
quency response results are given. Given that the 
component parts of the transfer functions are made up 
from such functions as K, (1+7jw), I/jw, and 
(1+7jw)~', working graphically fit these types of func- 
tion to the overall response results and hence deter- 
mine the overall function for each case. 









a) 
Frequency (w)/ Amplitude Phase lag/ 
(rad/s~ ') ratio degrees 
b) 






Frequency (w)/ 
(rad/s~') 


Amplitude Phase lag/ 
ratio degrees 


a 


10.25 A simple rotary position servo is to have the 
load driving torque equal to K times the position error. 
The load is a viscously damped flywheel with a moment 
of inertia [= 2.27 kgm? and the damping constant 
c = 75 Nms7!. The open-loop frequency response is to 
have a phase margin of 45°. 
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a) What is the appropriate value of K? 
b) What is the gain margin? 


c) What is the damping ratio of the closed-loop 
system? 


10.26 The transfer function of a first-order lag is of 
the form E(jw) = (1+ 7jw)~'. Show that, at the break 
frequency w= 1/r, the slope of the phase-frequency 
plot is —66°/decade. 


11 


Dynamics of a body in three-dimensional 


motion 


11.1. Introduction 

A particle in three-dimensional motion requires 
three independent co-ordinates to specify its 
position and is said to have three degrees of 
freedom. For a rigid body the positions of three 
points specify the location and orientation of the 
body uniquely. The nine co-ordinates are not, 
however, independent because there are three 
equations of constraint expressing the fact that 
the distances between the three points are 
constant; thus there are only six independent 
co-ordinates. An unrestrained rigid body there- 
fore has six degrees of freedom. 

Another way of defining the position of a body 
is to locate one point of the body — three 
co-ordinates ~— then to specify the direction of a 
line fixed to the body, two co-ordinates, and 
finally a rotation about this line giving six 
co-ordinates in total. 

In order to simplify the handling of three- 
dimensional problems it is frequently convenient 
to use translating and/or rotating axes. These axes 
may be regarded kinematically as a rigid body, so 
a study of the motion of a rigid body will be 
undertaken first. 


11.2 Finite rotation 

It has already been stated that finite rotation does 
not obey the laws of vector addition; this is easily 
demonstrated with reference to Fig. 11.1. 






R"(—1,-3,0) Y 


Figure 11.1 


The displacement of point P to P’ has been 
achieved by a rotation of 90° about the X-axis 
followed by a rotation of 90° about Z-axis. If the 
order of rotation had been reversed, the point P 
would have been moved to P”, which 1s clearly a 
different position. If the rotations are defined 
relative to axes fixed to the body, it is found that a 
rotation of 90° about the X-axis followed by a 90° 
rotation about the new Z-axis transforms P to P” 
and reversing the order transforms P to P’. 

The change in position produced by a rotation 
about the X-axis followed by a rotation about the 
Z-axis can be effected by a single rotation about 
an axis through O. The direction of this axis iS 
easily found since the displacements PP’, 00’, 
and RR’ are all normal to the axis of rotation; 
therefore the forming of the vector product of any 
two will give a vector parallel to the axis of 
rotation — see Fig. 11.2. 





Figure 11.2 
Two of the displacement vectors are 
PP’ = i(3—1)+j(1—2) +k(2—3) 


= 2i-1j—1k 
and QO’ =i(3-1)+j(1—1) +k(1—3) 
= 2i-2k 
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The axis of the equivalent single rotation is 


perpendicular to both PP’ and O00’; therefore it is 
parallel to 


i j k 
—_=>—s\— > 
PP’xQQ’=|2  -1 -1 
2 0 -2 
= 214+ 27+ 2k 


Since the point O does not change position, the 
axis of rotation must pass through the point O as 
well as through the point (2,2,2). 


From Fig. 11.2 we  can_ see _ that 


| PP’ | = 2|MP|sin(A0/2). The point M is on the 
axis of rotation, so 


—> 
OM = A(2i+2j+2k) 


where A is a constant to be determined. It is clear 
that 


——_=> arvxmvmem ==> 
MP = OP—OM 
= (i+ 27+ 3k) —A(Qi+ 2j4+ 2k) 
but MP is normal to OM: hence MP-OM =0 
or A(2+4+6)—A?(44+444) =0 
giving A=1 
So we have 
—> —> 
MP = -i+k hence |MP|= V2 
and since PP’ = 2i-j—k 
|PP’| = V6 
—> 
. \PP’| V6 
sin (A@/2) = ——— == = 0.866 
2|MP| 2V2 
giving A@=2 x 60° = 120° 


Therefore 


Had the point O not been a fixed point, the 
above calculation could still be performed by 
subtracting the displacement of O from all other 
displacements, thereby treating O as if it were a 
fixed point. The total displacement of the body is 
then the displacement of O plus a rotation about 
O. If the displacement of O is normal to the axis 
of rotation then a true fixed point can be found, 
but if a component of the displacement of O is 
along the axis of rotation then no such fixed point 
can be located. When the displacement of O Is 
wholly along the axis of rotation through O, the 
motion is known as a screw displacement (see 


example 11.1). 
In conclusion, we now state the following 
theorems. 


i) Any finite displacement of a rigid body may 
be reduced to a single rotation about an axis plus 
a translation parallel to the same axis. This axis is 
known as Poinsot’s central axis. (It should be 
noted that only the displacements are equivalent 
and not the paths taken by the points.) 


1) Ifa point on a rigid body does not change its 
position then any series of successive rotations 
can be compounded to a rotation about a single 
axis (Euler’s theorem). 


1) Any displacement of a rigid body may be 
compounded from a single rotation about any 


given point plus a translation of that point 
(Chasles’s theorem). 


11.3 Angular velocity 

First consider Fig. 11.3(a) which shows the sur- 
face of a sphere radius r. The finite displacement 
PP’ has a magnitude 2tan30,|NN’| and is in a 
direction parallel to ix NN’ or toix ON’. 





Figure 11.3 
We see that 


PP’ = 2tan46,i x }(OP + OP’) (11.1) 
since (OP + OP’) = ON’, see Fig. 11.3(b). 
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Similarly, 
P’Q = 2tanz0,k X 1(OP" + 00) 
For small angles, 
2tanzA@,i— Ad, i 
> > 
and OP’—-OP—-r 
thus PP’ =(A@,i)xr 
—> 
and P’Q=(A@6,k)xXr 
therefore PO = PP’ + P’O = Ar 


or Ar = (A@,i+ A6,k)xXr 
If this change takes place in a time Afr then 
v= aca = imayo(a aL k xr 
At At At 


SO vV=(a,i+w,k)Xr 


At 


It is clear that 1f a third rotation about the y-axis 
is added then 


Vv = (@,i+ w,j+,k) xr 
=@Mxr 


Aé@ 
where w= limy, .o (=) 


(11.2) 


where w is the angular velocity vector; therefore 
angular velocity is equal to the sum of its 
component parts in the same manner as any other 
vector quantity. 

It is worth noting that a given angular velocity 
@ gives rise to a specific velocity v of a point 
having a position vector r. However the inverse is 
not unique because a given velocity v of a point at 
rcan be produced by any angular velocity vector, 
of appropriate magnitude, which lies in a plane 
normal to v. Because an angular velocity w, about 
an axis along r does not alter v, we see that 


V=oXr=(@,+@,) Xr 


thus only @,, the component of w normal to r, 
can be found. 

It is obvious that if the three theorems 
previously quoted apply to finite displacements 
then they must apply to infinitesimal displace- 
ments and thus to angular velocities. Hence in 
terms of angular velocities we may state 


i) any motion of a rigid body may be described 
by a single angular velocity plus a translational 
velocity parallel to the angular velocity vector; 


li) any motion of a body about a point may be 


represented by a single angular velocity about an 
axis through that point; 


ii) any motion of a rigid body may be represented 
by the velocity of a point plus an angular velocity 
about an axis through that point. 


So far we have discussed angular displacement 
and angular velocity, so a few words on angular 
acceleration will be timely. Angular acceleration, 
dw/dt, is not as significant as the acceleration of 
the centre of mass of a body because, as we shall 
see, the moment of the forces acting externally on 
the body are related to the rate of change of the 
moment of momentum, which in many cases 
cannot be written as a constant times the angular 
acceleration (exceptions being fixed-axis rotation 
and cases where the inertial properties of the 
body do not depend on orientation). 


11.4 Differentiation of a vector when 
expressed in terms of a moving set of 
axes 





Figure 11.4 


The vector AB shown in Fig. 11.4 may be 
expressed in terms of its components along a fixed 
set of X-, Y-, Z-axes as 


—> 
or along a moving set of x-, y-, z-axes as 
—> 
AB = c,i+c,j+c_k (11.4) 


In all future work we must carefully distinguish 
between a vector expressed 1n terms of different 
base vectors and a vector as seen from a moving 
set of axes. In the first case we are merely 
expressing the same vector in different compo- 
nents, whereas in the second case the vector 
quantity may be different. 

Imagine two observers, one attached to the 
fixed set of axes and the other attached to the 
moving x-, y-, z-axes. Both observers will agree 
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‘ =e 
on the magnitude and direction of AB although 
they will express the vector in terms of different 
base vectors, as in equations 11.3 and 11.4. 

If AB is fixed with respect to the x-, y-, z-axes 
then [d(AB)/dr lxyz = 0, the subscript xyz meaning 
‘as seen from the moving x-, y-, z-axes’. Our 
observer attached to the X-, Y-, Z-axes will detect 
a change in the vector AB if the x-, y, z-axes are 
rotating. Pure translation will not produce any 
change in the vector AB because its length and 
orientation will not be affected. 

If O’ is moving relative to O with a velocity 
Vo'o and in addition the x-, y-, z-axes are rotating 
at an angular velocity w relative to the X-, Y-, 
Z-axes, then the absolute velocity of point B, 
which is fixed in the xyz-frame, is given by 


Upio = Vovo + UBo’ 
= Vo'10 t+ @ X Ppio’ 
(from equation 11.2) 


The velocity of A is 
VAIO = Vo'io t MX Pajo' 
Thus 
—- 
= & X (Pio: — Pao’) = w X AB 

or VBA — d(AB)/dr = wx AB 


which, as Stated | earlier, is independent of vovo0.- 

Although AB has been considered to be a 
displacement vector, it could represent any vector 
which is constant as seen from the xyz-frame. 

A unit vector attached to the xyz-frame is a 
vector of the type just considered; hence, from 
equation 11.5, 

d(i)dt = wxi 

d(j)/dt = w xj 

and d(k)/dt=wxk 
Writing w= @,i+ w,j+o,k 


we see that d(i)dt = —w,k+,j 
d(j dt = w,k—,i 
d(k )/dt = w,j+ wyi 
Consider now a vector A = 4,it+a,jt+a,k. By 
the usual rule for the differentiation of a product, 


dA (a ; + | [as ; | 
a ee Oye ee ae 
dt dt dt dt dt 


(Ss dk 
kas 
dt dt 


UBIA = UBIO — Vajo = @ X Ppo' — @ X Paso’ 


(11.5) 





dt dt 
+ (a,@xXitawxjta,@xXk) (11.6) 


da,. d da, 
- (SiS; <4) 
dt 


The first group of three terms gives the rate of 
change of the vector as seen from the moving 
frame of reference, for which we shall use the 
notation dA/dt = [dA/dt],,,. The last group can be 
rearranged to give 


@ X (a,i+ ayjt+a,k)=a@xA 
Thus equation 11.6 becomes 


dA 0A 
— =—+@XA 
dt ot 


where dA/dt = [dA/dt],yz is the rate of change of 
a vector as seen from the fixed set of axes, 
dA/dt = [dA/dt],,, is the rate of change of a vector 
as seen from the rotating set of axes, and w is the 
angular velocity of the moving set of axes relative 
to the fixed set of axes. Equation 11.7 is very 
important and will be used several times in the 
remaining part of this chapter. 


(11.7) 


11.5 Dynamics ofa particle in three- 
dimensional motion 


Cartesian co-ordinates 
The equation of motion for the particle shown in 
Fig. 11.5 is simply 


F=mr (11.8) 





Figure 11.5 


so the main task is to express the acceleration in a 
suitable co-ordinate system governed by the type 
of problem in hand. If the force is readily 
expressed in terms of Cartesian co-ordinates then 
it is convenient to express the acceleration in the 
same co-ordinates. This system poses no new 
problems for three-dimensional motion and the 
expressions for displacement, velocity, and 
acceleration are listed below for the sake of 
completeness: 
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r=xit+yj+zk (11.9) 
v=r=xXj+yjt+ zk (11.10) 
a=v=F=Xi+ yj+ zk (11.11) 


If the force is expressible in cylindrical or 
spherical co-ordinates then we shall need expres- 
sions for acceleration in these systems, or if the 
particle is constrained to move along a prescribed 
path then path co-ordinates may be required. 
These systems of co-ordinates will now be 
considered. 


Cylindrical co-ordinates 

Cylindrical co-ordinates are a simple extension of 
the polar co-ordinates encountered in Chapter 2: 
the position of a point is now defined by the 
co-ordinates R, 6, and z as shown in Fig. 11.6. 
The unit vectors ep, eg, and k form an 
orthonormal triad, where ep is in the direction of 
R, eg is normal to ep and lies in the xy-plane, in 
the sense shown in the figure, and &k is in the 
z-direction. 





Figure 11.6 


If the point P moves along any path then the 
triad will rotate about the z-axis at a rate 6, so that 
the angular velocity of the triad is w = 6k. 

The position of P 1s given by 


r= Rer+ zk (11.12) 
the velocity v = dr/dt = Regp+ Rég+ zk 
Using equation 11.7 to evaluate ez, 
v = Rep+RwX ep+ zk 
= Reg+ ROk X ert zk 
= Rer+ Req + zk (11.13) 


The acceleration is found by applying equation 
11.7 again: 


a= ovi/dt+wXv 
= [Reg + (RO+ RO) eg + Zk] 
+ 0k X (Rez + Roe, + zk) 


= Rept (RO + R68) eg + zZk+ OReg — RO ep 


= (R— RO* er 
+ (2R0+ RO) eq + zk (11.14) 


Compare this derivation with those used in 
Chapter 2. 


Path co-ordinates 
In Fig. 11.7, tis the unit vector which is tangent to 
the path taken by the particle, # is the unit vector 
normal to the path and directed towards the 
centre of curvature, and b completes the 
orthonormal triad of unit vectors. 

In this system, 





Figure 11.7 
r=r,t+J(dst) (11.15) 
and w= (ds/dt)t (11.16) 


where s is the distance measured along the path. 

The angular velocity of the triad as the point 
moves along the path is wb, since t and n both lie 
in the osculating plane of the curve; hence 


a = dv/dt = (d?s/dt* )t+ (ds/dt)(dt/dt) 
= §t+ (ds/dt) wb xt 


= §t+sSwn (11.17) 


If the radius of curvature of the path at P is p, 
then 


v= @X p= whX p(—n) = opt 


therefore s=wp 
Again this should be compared with the approach 
in Chapter 2. 


Spherical co-ordinates 
The unit vectors shown in Fig. 11.8 are in 
directions such that e, is in the direction of 
increasing radius, 6 and @ constant. The direction 
of eg is the same as the displacement of the point P 
if only 6 varies, and eg is similarly defined. 

The angular velocity of the triad is 
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Figure 11.8 
w= Ok— deg | 
= sin de, + Ocos deg — hey 
Now r=re, (11.18) 
and, using equation 11.7, 
v=re,+rwxXe, 
= re, + r(Ocos deg + deg) 
=re,+ récos deg + rey (11.19) 


Differentiating again using equation 11.7, we 
have the acceleration: 


a=fe,+ (7cos 6+ récos é—résin bd)es 


+ (7b+rdb)eg 
e, ep es 

+ @sind —¢d Acosd 
i récos@ rh 


Expanding the determinant and collecting the 
terms gives 


a = (¥—r¢’—r°cos’*¢)e, 
+ (récos d — 2rédsin d + 276cos fh) eg 
+(rh+2rh+ré*sindcosd)e, (11.20) 


11.6 Motion relative to translating axes 
In many problems it is often easier to express the 
motion of a system in terms of co-ordinate axes 
which are themselves in motion. Consider first the 
motion of a particle expressed in terms of 
co-ordinates which are moving, but not rotating, 
relative to a set of inertial axes. From Fig. 11.9 we 
have 





Figure 11.9 


r=Rt+r' (11.21) 
r=R+?' (11.22) 
F=R+?’ (11.23) 


If the force acting on the ith particle of a group 
is F;, then 


F,= m,¥, = m,R + m,F, (11.24) 
Summing for the group, 
> F; = >, external forces _ 
= MR+>m,F' (11.25) 


Provided that R is zero then equation 11.25 is of 
the same form as that obtained using inertial axes, 
therefore any set of axes moving at a constant 
velocity, without rotation, relative to inertial axes 
are also inertial axes. 

For cases when R is not zero, equation 11.25 
may be written 


> F;— MR = > mr,’ 


thus from the point of view of an observer moving 
with the x-, y-, z-axes it appears that a body force, 
similar to weight, is acting on the system. Indeed, 
without the means of observing the rest of the 
universe it is impossible to distinguish between a 
real gravitational force and the apparent one 
which arises if the moving set of axes is taken as a 
frame of reference. 

For example, imagine an observer descending 
in a lift which has a constant acceleration less than 
that due to gravity so that the observer does not 
leave the floor. There is no experiment which can 
be performed within the lift which will tell the 
observer whether the lift is accelerating or 
whether the strength of the gravitational field has 
been reduced. 


11.7 Motion relative to rotating axes 

We will now consider the case in which the x-, y-, 
z-axes shown in Fig. 11.10 are rotating at an 
angular velocity @ relative to the inertial axes. 
We shall use primed symbols to indicate that the 
vector is as seen by an observer attached to the 
rotating frame. y 


Figure 11.10 


The displacement vector is the same when 
viewed from either frame, although each observer 
may use different base vectors. Therefore 


r=r' 


(11.26) 
and by using equation 11.7 the velocity is given by 


dr/dt = or'/dt+wxXr' 


v=v'+oXr' (11.27) 


Similarly, the acceleration is given by 


a = dv/dt 
= 0(v'+@Xr' )iat+ wx (v'+@xr’') 
=a'+(dm@/dt)Xr'+@xv+@tv 
+wX(wXr') 


Since dw/dt = dw/dt+ w X w = dw/dt 


we may without ambiguity use the dot notation to 
give 
a=a'+@Xr+2aXv'+@uX(wxr) 
(11.28) 


Coriolis’s theorem 

Equation 11.28 may easily be extended to cover 
the condition when the axes are also translating. 
Referring to Fig. 11.11, we have 


a= A’Ridt? +a’ +@xXr+20Xv' 
+@xX(@xr) (11.29) 


Z ‘ rs 
RAN, 


Figure 11.11 X 


This result is known as Coriolis’s theorem. 
Now the equation of motion for a particle 
relative to the inertial frame of reference is 


F=ma 


but, if we choose to regard the moving frame of 
reference as an inertial frame, then 


F—mR—-—mexXr—m2wXv' 


—mowX(@xXr)=ma’ (11.30) 


The consequence of this choice of axes is that, 
in order to preserve Newton’s laws of motion, 
four fictitious forces have to be introduced. We 
call them fictitious forces because we cannot 
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locate the other body on which the equal and 
opposite force acts, whereas F is due to contact 
with another body or a body force of gravitational 
or electromagnetic origin, again due to the 
presence of some identifiable body. 

The second term on the left-hand side of 
equation 11.30 is a ‘force’ due to the acceleration 
of the axes, and the third term is due to the 
angular acceleration of the axes. The fourth term 
is a ‘force’ acting on the particle in a direction 
mutually perpendicular to v’ and w and is known 
as the Coriolis force. The fifth term is the 
‘centrifugal force’, since it is always directed away 
from the origin and is normal to the axis of 
rotation of the axes. 





Figure 11.12 


It is instructive to consider an experiment 
carried out in a rotating room as shown in Fig. 
11.12. Let us assume that w = 0, R = 0, and that 
rotation is about the z-axis. Equation 11.30 
reduces to 


F—m2@Xv' —moX(@Xr) = ma’ 
and, using the expansion for the triple vector 
product (equation A1.16), 
F—2m@Xv' — mo(@-r)+ mor = ma’ 
Further, if the motion is confined to the 
xy-plane, 
o-r=(0 


thus F—m2eXv' +mor = ma’ (11.31) 


Let us consider a simple spring—mass system 
such that the force of the spring acting on the 
particle is F = —kre,’, where k is the stiffness of 
the spring. In terms of the rotating Cartesian 
co-ordinates, 


r=xity 
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sothat F=—k(xit+ yj) 
Equation 11.31 may now be written as 


—kxi— kyj — 2mwk X (xi + yj) 
+ mo (xi+ yj) = m(xi+ yj) 


giving the two scalar equations 
(11.32) 
(11.33) 


—(k—mw*)x + 2mwy = mx 
—(k— mw*)y — 2mwx = my 

If we assume solutions of the form 
x= Xexp(At) and y= Yexp(Atr) 

equations 11.32 and 11.33 become 
[mA? + (k—mw*)]|X = (2mwa)Y 
[mA? + (k—mw*)]¥ = —(2mwa)X 
2mwa 


xX 
therefore — =———-_— 
ee [ma + (k—mw*)] 


—[md2 + (k— mw 
fe ey a Me 41.34) 


From the last equality, 

[mA? + (k —mw”)]? + (2m@d)* = 0 

Expanding and collecting terms gives 

A+ 42[(k/m) + w* JA? + [(k/m) — wo” P = 0 

Solving the quadratic in A~ yields 

A? = —[V(k/m) + ow}? 
A= +j[V(k/m) + o] 
and, since exp({j@) = cos@+jsin @, we can write 
x = X,cos[V (k/m) — wlt 
+ X>sin[V(k/m) — ot 
+ X;cos[V(k/m) + ot 
+ X,sin(V(k/m) + ot (11.35) 
with a similar expression for y where Y is 
obtained from equation 11.34 with appropniate 
values of A. 

Equation 11.35 shows that the motion is stable 
except when w = V(k/m); under these conditions 
the first two terms are X, + X>t. The four values 
of X depend on the initial conditions for x, x, y, 
and y. 

It is interesting to note that, if the particle is 
constrained to move only in the x-direction, the 
motion is unstable for w=V(k/m). Equations 


11.32 and 11.33 are easily modified for y = 0, 
y=0, and y=0; also, a constraining force F, 


must be added to equation 11.33. Thus 
mx = —(k—mw")x 
0 = +2max + F, 


11.8 Kinematics of mechanisms 


Introduction os 
Consider a link AB (Fig. 11.13) and denote AB 
by /. Assume, for example, that v, and / are 
known completely but vg is known only in 
direction. If the link is of fixed length (/ = 0) then, 


UB= UBeR 





Figure 11.13 


relative to A, B has no component of velocity 
along AB, so that 


Veal =0 
(gen —va)-l=0 


(11.36) 
(11.37) 


The only unknown in equation 11.37 is vg, and 
performing the dot product leads to the value 
of UB. 

Consider now the case where the position of B 
is not known, although the path along which it 
travels is known. An example is the three- 
dimensional  slider-crank chain shown in 
Fig. 11.14. Crank OA rotates about O with 
angular velocity wj = 6j, and slider B travels along 





Figure 11.14 
a known straight line passing through O, the unit 
vector for OB being denoted by eg so that 
OB = bez = bp. 

Suppose that r, / and @ are known and it is 
required to determine the position of B. From the 
triangle OAB we have 


r+l=b5 


r(sin 6i + cos 0k) + leap = bez (11.38) 


In this equation, eag and 5b are unknown. 
Rewriting this as 


lexan = beg —r(sin 6i + cos 6k) (11.39) 


and taking the modulus of both sides eliminates 
€ap and enables b to be found directly. Putting 
the known value of 5 back in equation 11.39 gives 
CAB: 

A vector method for determining the position 
of a mechanism was given in example 5.1. For the 
slider-crank chain just considered, the position of 
point B can readily be determined by trigo- 
nometry. 


Angular velocity of a link 

It has already been pointed out that, if the 
relative velocity between two points on a body is 
known, this information alone does not permit the 
angular velocity @ of the body to be found; only 
the component of @ which is perpendicular to the 
line joining the two points can be determined. 





Figure 11.15 


Consider (Fig. 11.15) the link AB which is 
pinned to the forked member C at A and 
connected by a ball-and-socket joint at B to slider 
S. The direction of the axis of the pin is denoted 
by the unit vector e;. The member C can rotate 
about the axis OO, and translate along it so that 


@D. = We 
and u= Va = VA 
The velocity of point B is 
Vz = Vpep 


and we shall assume that v,~ and AB =! are 
known completely and that vg is known only in 
direction. 

We know that 


Up — Va = Upa = Waprl (11.40) 
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so let us determine wag. Writing equation 11.40 
as 


(11.41) 


we see that equation 11.41 contains four 
unknowns. Carrying out the cross product and 
comparing the coefficients of i, 7, and k we find 
that the resulting three equations are not 
independent, although vg can be found. Refer- 
ring again to Fig. 11.15, we see that the angular 
velocity of AB can be represented by the angular 
velocity relative to C plus the angular velocity of 
C; thus 


Dap = We; + Wce2 


Upep— Va = (@,i+ wj+ wk) Xl 


(11.42) 


where w, and wc are unknown. We observe that 
the link has no angular velocity component in the 
direction e3 = e€; X eo, so 


(11.43) 


If we perform the dot product and combine the 
resulting equation with any two of the three 
non-independent equations mentioned above, we 
shall have three independent equations contain- 
ing the three unknowns @, , w,, and w,, which can 
thus be found. The components w, and we can 
then be found if required from equation 11.42. 

The method for finding the angular velocity 
@ap described above is rather tedious, and 
fortunately it is possible to determine wap from a 
single equation. If equation 11.40 is pre-cross- 
multiplied by the unit vector representing the 
direction for which @w,ag has no component, 
namely e3, we obtain 


WAB’ €3 = (@,i+ wit wk)-e3 = 0 


€3 X Upya = €3 X (Wap X!) 


and expanding the triple vector product (equation 
A1.16) gives 


€3X Vga = Waple3'l)—H(e3-@ap) (11.44) 


From equation 11.43, the second product on 
the right is zero, so 


Wap = (€3 X Vga )/(e3°L) 


from which @,p can be found directly. 

Consider now the case where the link AB has 
ball-and-socket joints at each end, as shown in 
Fig. 11.16. In this case it is clear that any rotation 
the link may have about the line AB has no effect 
on the relative motion between A and B and in 
any case cannot be determined. We can thus 
assume that w,g-/ = 0, and pre-cross-multiplying 
equation 11.40 by / leads to 
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Figure 11.16 
Map = (1X vp (EL) = (LX vp, I? (11.45) 


If there is a pinned joint at A or B but only the 
component of wap perpendicular to AB is of 
interest, we can use equation 11.45 to find this. 


Angular acceleration of a link 

Suppose now that a,, the acceleration of A in 
Fig. 11.15, is known completely and the accelera- 
tion of B is known apart from its magnitude ap. 


(11.46) 


Using equation 11.7, where the moving axes 
are attached to the link AB, we can write 
equation 11.46 as 


ania = d(@ap x 1)/dt 


ap ada = Wrap xi+ DWAB x (@ap X 1) (11.47) 


and equation 11.47 contains four unknowns, 
namely the magnitude of a@g and the three 
components of wag. The vector product @apg XI 
is perpendicular to both wag and I so if we 
perform the dot product of 7 with @ag X/ the 
result is zero. Thus if the dot product with J of 
each term in equation 11.47 is carried out, the 
term containing @apg 1s eliminated and the 
magnitude of ap can be found. 

If the component of @,, in the direction of AB 
is irrelevant, we can let @,g-/ = 0 and pre-cross- 
multiplying equation 11.47 by I we have after 
expanding the triple vector product containing 
DAB, 

IX apa = @ap(l-l) 
+1X [@ap X (@apXl)] (11.48) 
and we thus find the angular acceleration of the 
link, perpendicular to the line AB. 

Note that if the link has ball-and-socket joints 
at each end, so that we can write wap-l = 0, then 
in equation 11.47, 

Wap X (Wap X 1) = Wap (Wap!) 
—I(@aB°@ap) = —@apl (11.49) 
and in equation 11.48 
1X [@ap X (@ap X/) 
=1xX[-wapl]=0 (11.50) 


11.9 Kinetics of a rigid body 


Linear momentum 

The linear momentum of a rigid body is the vector 
sum of all the individual momenta of its 
constituent particles, thus the total linear momen- 
tum is given by 


p= pi = mv; (11.51) 
and using the definition of the centre of mass 
>» m;v; = VG(> m;) =Vgm 


gives p=MUvUG (11.52) 


This result is true for any group of particles, 
rigidly connected or not. 

For a single particle F; = dp;/dt, where the 
force F; may be due to other particles in the group 
or to external bodies. If we sum over the whole 
group, the contribution of the internal forces 
must be zero according to Newton’s third law; 
hence 


DF; re (DF: external = > dp;/dt me dp/dt 
= d(mvg )/dt = mdvg/dt (11.53) 


i.e. the sum of the external forces is equal to the 
total mass times the acceleration of the centre of 
mass, and is independent of any rotation. 


Moment of momentum 
The moment of momentum of a particle about a 
point O is defined to be r;Xp;, where r; is the 
position of the particle relative to O. For a group 
of particles the total moment of momentum about 
O is 

Lo = DHX pi = UV Mjr; X v; (11.54) 


For a rigid body, the velocity of the particle can 
be written as the vector sum of the velocity of a 
specific point and the velocity of the particle 
relative to that point due to the rotation of the 
body. 

We shall now consider two particular cases. 


a) Motion, relative to fixed axes, referred to the 
centre of mass of the body (see Fig. 11.17). 
In this case, 


UV; = VG t@t p; 
and r;=rot+ pp; 
hence equation 11.54 becomes 


Lo = m,(rg + p;) X (vg + @ X p;) 
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Figure 11.17 
=rgXmvgtrec X (wx > mp; ) 
+ (> m;p;) X vg + 2 Mp; X (@ X p;) 
Since >)m; = m and > m;p; = 0, we have 
(11.55) 


If we choose O to be coincident with G, the 
centre of mass, then rg = 0 so that the moment of 
momentum about G is 


Lo = 2. m;p; X (@ X p;) (11.56) 


b) Motion, relative to fixed axes, referred to a 
stationary point on the body (see Fig. 11.18). 


Lo = fg X mvg + DX M:ip; X (@ X p;) 






XxX 


Figure 11.18 

In this case, with O as the fixed point, 
Vv; = WX; 

thus equation 11.54 becomes 


Lo = > mr; X (w X 7;) (11.57) 


It will be noticed that equation 11.57 is of the 
same form as equation 11.56. 

Moment of momentum is an instantaneous 
quantity, therefore it is of no consequence 
whether or not we regard the point about which 
moments are taken to be fixed. However, it is 
important to state whether the velocities are 
relative to fixed or moving axes. If moments are 
taken about the centre of mass even this 
distinction is not required, as in equation 11.56 
Lg is independent of vq. Hence the concept of 
the centre of mass enables rotation and transla- 
tion to be treated separately: 


(11.58) 
(11.59) 


p= MUG 


Lg = > mp; X (@ X p;) 


Equations 11.56 and 11.57 are both of the form 
L= > m,r; X (@ X7;) 


Using the expansion for the triple vector 
product (equation A1.16), 


L= > m;@(r;-1;) = > mr; (@-F;) 


Expressing w and r in terms of Cartesian 
co-ordinates, 


L= > M;(@,i+ Wy J+ w,k)(x7 + y," at Ze) 
= » mM; (x;i + yyt zjk)(w,X; + Wy Vi + @,Z;) 


Carrying out the multiplication and collecting 
the terms gives 


Lyi 
+ Lyj 
+L ik 
i(w, (yi + 2;°) — wy x; ¥j— 2X; 2;) 
= > m;| +j (wy (27 + x7) — @,y;Z; — @y;Xi) 
+ k(@,(x; + yj *) — @, Z;X; — Wy Ziyi) 
i(w, 1. — wy 1, —@ — 
= |+j(@, 1, — o,1,,— 1x) 
+ k(@,1,,—@,1,.—@ is ) (11.60) 


where I,,= >m;(y7+z) is the moment of 
inertia about the x-axis and /,, = J, = = >) m;X;y; is 
the product of inertia for the xy-plane. The other 
terms are similarly defined. 

The three scalar equations may be written in 
matrix form as 


L,| |-l. —ly L, | |w,{ (11.61) 


The 3X3 symmetrical matrix is known as the 
inertia matrix. 


11.10 Moment of force and rate of 
change of moment of momentum 

Consider the moment of a force acting on a single 
particle. Since 


F, — dp;/dt 
then r;XF; =r; X (dp,/dt) 
= d(7; x p;)/ dt 


= d(moment of momentum)/dt 
(11.62) 
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the last statement being true since (dr,/dt) x p; 
=f, ix mr c= 0. 

Summing over the whole body and noting that 
the internal forces occur in equal, opposite, and 
collinear pairs, 


a (7; x F; external = d{> (7; X p;)\/dt 


or Mo = dLo/dt (11.63) 
where Mo is the total moment of the externally 
applied forces about the point O. 

Expressing Lo as in equation 11.55 and 
differentiating with respect to time, we obtain 


Mo = Lo =1G X mag + {> mp; x (w x p) Vat 
=rg X mag + Le (11.64) 


Moment of momentum referred to translating 
axes 





Figure 11.19 


In Fig. 11.19 the X-, Y-, Z-axes are inertial and 
the x-, x-, z-axes are translating but not rotating. 
Taking moments about O we have for the total 
moment of the external forces 


Mo = dLo/dt om Sr, X< m;F; 
= d(> 1; x m,r;)/dt 
Replacing r; by R+r;, where the prime 
indicates a vector as seen from the moving axes, 
we may write the moment about a fixed point in 
space coincident with A as 
Ma = d(Rt+r;')xXm(R+F;') 
R=0 
or Ma = d[>(R;+r;') Xx m(R+7,')\V/de 
= dL,/dt (11.66) 
In equation 11.66 the vector R must be retained 
since R #0. 
Expanding equation 11.66 and putting RX = 0, 
Ma = > m;r,;' xR+>0 7; x mF; 
= rc x mR ae La’ 


(11.65) 


where Ls’ => r;'Xm,7;/ is the moment of 


momentum relative to the translating axes. 

If the point A coincides with the centre of mass 
G then, since rg’ = 0, 

Moc =o = Lg’ (11.67) 

Differentiation of L is sometimes difficult 
because the moment of inertia changes if the body 
moves relative to the reference axes; however, 
the problem can be simplified if we choose a set of 
axes moving in such a way that the moment of 
inertia is constant with respect to these moving 
axes. One obvious set will be axes fixed to the 
body; also, if the body has an axis of symmetry, 
then the body may rotate relative to an axis 
coinciding with the axis of symmetry without 
altering the moment of inertia. 

Using equation 11.7 for differentiating a vector 
with respect to a moving set of axes, 


M = dL/dt = aL/at+@XL (11.68) 


where @ is the angular velocity of the moving 
axes. 
In terms of Cartesian co-ordinates, 


L=L,it+Lyj+ Lk 
and w=w,it+t@jt+o,k 
(Si aL, aL, 
so M=\|—i+—j+—k 
ot ot ot 
+ (w,i+ w,j+ wk) X (L,it+ L,j+L_k) 
or M,i+M,j+M_k 


_ (ale 
=1 an +o,L,—w,L, 


[aly 
tJ ae +o,L,—,L, 





dL 
+#( ae +w,Ly— oy Le] (11.69) 
From equation 11.60, 
L,= 2, Lee 0, Ly - QT, 
Ly = -O,65,4+ 90,4, -Q242 
L,= -0,1,.-—Qy by, + Ok (11.70) 


where 2 = 07+ 0,7 + Q_k is the angular velocity 
of body when different to w, the angular velocity 
of the reference axes. Substituting equation 11.70 
into 11.69 will give the full set of general 
equations. These equations are rarely used in this 
form because some form of simplification is 
generally possible by choosing axes to coincide 
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either with a fixed axis of rotation or with the 
principal axes of the body. These are defined 
below. 

An important fact is that it is always possible to 
find, through any point in a body, a set of axes 
such that the products of inertia are all zero; such 
sets are called principal axes. If a body has a plane 
of symmetry then any axis perpendicular to this 
plane is a principal axis. If a body has an axis of 
symmetry then this axis is a principal axis, and 
any axis perpendicular to it 1s also a principal axis. 

In the former case, the two other principal axes 
are found by a simple transformation of axes as 
shown on Fig. 11.20. From the figure, 





Figure 11.20 


x’ = xcos@+ ysind+0 
y’' = —xsin6+ ycos@+0 
z =+04+0+2z 


so. I,’ = 2 m,x;'y;’ = 2. m,(x;cos 6+ y;sin @) 

x (—x;sin 8+ y;cos 8) 

= (cos* @— sin* @) >; X;y; 

+ (my? — > m;x;)sin 6cos 6 

But (my? — 2 m;x7) = (Umi? +z) 
— >, (x7 + z;7)] 
= bx — by 
therefore 
Ly’ = [00826 + (1, — hy )2sin20 


If the x’-, y’-, z’-axes are to be principal axes, 
then /,,’ = 0; thus 


tan 26 = 21,4/(Iyy — Tex) (11.71) 


If principal axes are chosen, equation 11.61 
becomes 


Ly| | dx W, 
L, |=|9 Ts Wy 
L,| [0 zz w, 
Lx Wy 
=] Lyy @y 
[,,@,; 


or L=(1,,@,)it+ Kye, jt (I,,@,)k (11.72) 
So, substituting equation 11.72 into equation 
11.68, we have that the moment of the external 
forces (about either a fixed point on the body or 
the centre of mass) is, with the appropriate 
principal moments of inertia, 


M = i(1,,dw,/dt) +) Ly dy /dt) 


+k(1,,dw,/dt) 
i J k 
+] w, Wy Ww, 
Ly Wy Ty @y L,,@, 
or M,i+M,j+M_k 
= i(,,0@,/dt+ wy, 1,,@,— w1,,@, ) 


t+j (UL, dw, /dt+ w, 1. @, — W,1,,0,) 
+ k(I,,dw,/dt + @, ly wy — @y L., @y ) 
The three scalar equations are 
My = Igy + (Lez — Iyy) y 
M, = I, @, + Lhe — 1) 0,0, 
M,=1,,@,+ (hy, (11.73) 
These equations are known as Euler’s equations. 


It will be noted that dw/at has been replaced, 
without ambiguity, by @ since 


— Ty) Oy Wy 


dw/dt = dw/dt+ w X w = dw/dt 


Thus for this case (@,, @,, w,) are indeed the 
components of the angular acceleration of the 
body, but this is not true for the modified Euler’s 
equations which follow. 

When the angular velocity of the body © is 
different from the angular velocity of the 


reference axes w, then 
M = i(1,,900,/dt) +7 y dQ, /dt) 


+k(,,00,,/dt) 
i J k 
+} @, y w, 
Ta: Ly Q, TQ. 
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giving the three scalar equations 
M, = 1,,09,,/dt + @, 1,0, — why Oy 
M, = 1,,0Q, /dt + @,1,,.0,— @, 1,0, 
M, = 1,,00,/dtt+ w,1y, Oy — @y LQ, (11.74) 


It must be emphasised that the above equations 
apply equally for moments about either a fixed 
point on the body or the centre of mass. The 
moments of inertia must, of course, be evaluated 
for the point considered. 


11.11 Rotation about a fixed axis 

This case is of practical interest in connection with 
the forces appearing at the bearings of an 
imperfect rigid motor. By imperfect we mean that 
the centre of mass of the rotor is not on the axis of 
rotation and/or the axis of rotation does not 
coincide with a principal axis. 





a 
Figure 11.21 ss 

For the rotor shown in Fig. 11.21, assume that 
the moment of inertia is known relative to the x-, 
y-, z-axes which are attached to the body. From 
equation 11.60, with w, = w, = 0, 


L, = —1,.,@, 
Ly = -f,,@, 
Lz — [,,@, 


The angular velocity of the body and of the 
axes @ = w_k and is assumed to be constant. Thus 


i j k 
Ma =axL=|0 0 @, 
—[,2@, —1,,@, [,,@, 


(11.75) 


In practice, the products of inertia are small 
and may be considered to be due to the addition, 
or subtraction, of point masses to an otherwise 
perfect rotor, in which case /,, and J,, are easily 
calculated. 

A variation of the same problem occurs when a 
perfect rotor is misaligned as shown in Fig. 11.22. 

The angular velocity of rotor and axes, referred 


5% Oe bs 2 
= iw, —jl,, 0; 





Figure 11.22 


to the rotating axes which are coincident with the 
principal axes, 1s 


@ = w,Cosak — w,sin aj 
so. Lg =I1,,w,cosak— I, w,sinaj 


Hence, assuming w, to be constant, 


Mog =axle 
i J k 
=|0 —w,sina w, cosa 
0 —1,, @,Sin @ [,,@,COS@ 
= iw,’ (Ly —1,,)asin2a 
(11.76) 


See example 11.8 and refer to problem 11.13 for 
the case of non-constant angular velocity. 


11.12 Euler’s angles 

A convenient set of co-ordinates for describing 
the position of a rigid body are the Euler angles. 
Referring to Fig. 11.23, the x-, y-, z-axes are 
attached to the body and the X-, Y-, Z-axes are 
fixed in space. The position is defined by a 





Figure 11.23 


rotation @ about the Z-axis followed by a rotation 
@ about the displaced x-axis. Finally a rotation & 
about the z-axis completes the displacement. This 
last rotation will lift the x-axis out of the 
XY-plane in which it is shown in the figure. It is 
seen that the z-axis is given some prominence and 
is chosen to coincide with the axis of symmetry of 
the body, should the body possess one. 
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11.13 Rotation about a fixed point of a 
body with an axis of symmetry 

In the context of this section, the property of 
symmetry means that the moment of inertia about 
an axis through the fixed point and normal to the 
axis of symmetry Oz is independent of the 
orientation of the axis. From this it follows that 
Led ot 

This form of symmetry is found in any body 
which is formed from an integer number of 
segments radiating from the axis of symmetry. 
For example, a prismatic body with a cross- 
section in the form of a regular polygon satisfies 
these conditions of symmetry. 

In this situation it is possible to allow the body 
to rotate relative to the z-axis, as this is the axis of 
symmetry, thereby keeping the x-axis in the 
XY-plane. For this case, # is the angular velocity 
of the body relative to the z-axis, but the absolute 
angular velocity component along the z-axis is 
(+ dcos@). 

in terms of the Eulerian angles, the angular 
velocity of the body is 


QO = 6K + 61+ wk 
= sin Oj + bcos 6k + 61+ wk 
= Oi+ psin @ +(dcosO+ W)k 
= 0,1+ O,7+ 0k 


but the angular velocity of the reference axes is 
now 


w = 6i+ dsin 6j + bcos Ok 


(11.77) 


Since the body has an axis of symmetry, let 
Lyx = hy = [o and let L,, = 1,; then 


Lo = 19 8+ 1o dbsin 6 + 1,(h+ bcos 6)k 
Using equation 11.7, 
dLo/dt = 19 Gi +19 (dsin@ + dOcos é)j 


+ I,[d(u+ bcos 6) at]k 
i 3 k 
+16 sin @ dcos 6 


In6 Ipdsind  1,(b+¢cos8) 
= i[lo 6+ 1,(b+ bcos 6) dsiné 
—Io¢’sin @cos 6] 
+ j[Io(dsin 6+ d@cos 6) 
+ Io h6cos 6 — 1,0(+ bcos @)] 
+k{a[.(b+ dcosé@)Var} (11.78) 


The absolute angular velocity of the body 
resolved along the z-axis, 0, = (b+ dcos@), is 
known as the spin velocity, and the angular 
velocity, @, about the Z-axis, is known as the 
precessional velocity, while @ is known as the 
nutational velocity. 

For steady precession, @=constant and 
@ = constant, so equation 11.78 reduces to 


dLo/dt = i[I, (+ bcos 6) dsin 6 
—Iod¢’sin@cos@] (11.79) 
so we see that if steady precession is achieved 


then only a moment of force about the x-axis is 
required. 





Figure 11.24 = 


If ¢@=90° then dLo/dt = il,Wd. This can be 
seen from the simple vector diagram shown in 
Fig. 11.24 from which, for the small angle ¢édz, 


dL = i(1,)(pdr) 
and, dividing through by dr, 
dLo/dt = il, bd 


Since Mo = dLo/dt, the torque which must be 
applied to the body to produce the motion has a 
magnitude of J,w%@ and is about the x-axis. 

A well-known problem covered by equation 
11.78 is that of the freely spinning top. From 
Fig. 11.25 we see that 


Mo = Wisin bi 
where W is the weight of the body and / is the 
distance of the centre of gravity G from the fixed 


pivot O. 
Equation 11.78 shows that 


M, = 0= a(&+ dcos6)/at = a0, /at 
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Figure 11.25 
thus (w+ dcos@) = 1, = constant 
For steady precession, equation 11.79 gives 
Wisin 6 = 1,0, sin @— I, d*sin 6cos 6 
or WI = 1,0,¢6+I19¢* cos 6 


hence cos@= 1,0,,/I9¢—WI/Io¢* (11.80) 


We must take /,(, as a constant since whatever 
torques are applied in order to establish steady 
precession they cannot produce a torque on the 
body about the z-axis as we are assuming 
frictionless conditions. 

Letting 1/6 = 7/27, where T is the periodic 
time of the precession, 


,0,\(T WI\/ T \? 
cos @ = (EEF | — tale (11.81) 
lo 27 Io 277 
A plot of cos@ against 7/2m is shown in 
Fig. 11.26. 


cos i 





Figure 11.26 


From the graph it is seen that, if 
(1,0,)° =4Ig WI, it is possible for the top to 
‘sleep’; that is, for @ to be zero. In this condition 
precession has no meaning. For a given value of 0 
between 0 and 90°, if steady precession occurs 
there are two precession rates both with @>0; 
however, for 90°<@< 180° there are always two 
precession rates, one positive and one negative. 
In practice it is the slower of the precession rates 
which is observed. 

The components of the moment of momentum 





Figure 11.27 


are shown in Fig. 11.27. Since there is no applied 
couple about the Z-axis, the moment of 
momentum about this axis must be constant. 
Thus 


Lz = 1,0,cos6@+ Ig bsin’ 6 = constant 
(11.82) 


This relationship is true for all conditions of free 
motion. 


11.14 Kinetic energy of a rigid body 
The total kinetic energy T = > 4m,v;-v;. If the 
body is rotating about a fixed point O, then 
v; = @XFr;, SO 
T = > 4m,(@ X17;)+-(@ X 7;) 
when expressed in Cartesian co-ordinates is 
T= = 3M; [w, 2; ie w,yi) + (w,X; me W,2;)° 
2 
+ (@, yj; — @yX;)*] 
or 2T= wo > m(z7 + y7)+ 07 im (x7 +27) 
— w,” >, m; (x? + y7 ) — Wy w,2 > MN; 2;Y; 
— @,0,2 >, M;X;Z; — Wy wy 2 D>, MYX; 
and, using the definitions of the moments of 
inertia, 
T = $071,.+ 40,7], + hw,L,, 
— wy w,1,,— 0, 0,1, — W, Wy Ly 
By direct matrix multiplication it is seen that 


T = 3(w, ,Wy ,wz) 


Dx Sigy =i W, 
x Vay Lys —I,,| | @, 
-lL, ly L.| | w, |(11.83) 


If principal axes are used, then 


T = 2(@, Wy ,@,) 


Poe 0 0 w, 
x 10 Lys 0 Wy 
0 0 bes w, 
= 3,0 +h,w, + 1,07) (11.84) 


In the special case when rotation is about a 
fixed x-axis, equation 11.83 reduces to 
T = 41,,,”, as given in Chapter 7. 

If the body is in general motion, then 

0; = UG + @xX Pi 
thus 27= + m,(vg +X p;):(v4 t+ @X p;) 


= (2 m;) Vg: Vg + mM; (w X p;)-(@ X p;) 
+2 >, m;Ug-(@ X p;) 
From Appendix 3 we know that 
2M; Vg‘ (w X p;) = mM; (Ve X &)- p; 
= (Ug X w) (2 mip;) 
hence T= 4mvg" + > 4m;(@ X p;)-(@ X p;) 
because by definition of the centre of mass, 
> mp; = 9. 
If principal axes are used, 
T = mv," +o, + hyo, + 1,,0,7) 
(11.85) 
where the moments of inertia are calculated 


relative to the principal axes through the centre of 
mass. 


Discussion examples 


Example 11.1 

An access panel OPQ, shown in Fig. 11.28, is to 
be moved to the position O”P’Q”. It is desired 
that this shall be accomplished by a rotation about 
a fixed hinge line. If this is possible, find the 
position of the hinge and the angle of rotation. 


Solution We will consider the displacement in 
two stages: rotation about a fixed point followed 
by a translation. 

Consider one point, say O, to be fixed, in which 
case P goes to P’ and Q goes to Q’, where 


OP’ = OF" — 06" = (2i+j) —(i+j) =i 
and O0' = 00"—00" 


= (i+ j—k)—(i+j) = —k 


The relative displacements are 
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QQ‘) 


Figure 11.28 


PP’ = OP’ — OP = (i) —(k) =i-k 
and QQ’ = 00'—00 = (-k)- (i) = —j-k 


The axis of rotation for O fixed passes through 
O and js parallel to 


=i-jt+k 
Thus the axis passes through the point (1,—1,1). 


Point N is located on the axis of rotation such 
that NP is normal to the axis; thus 


ON = b(i—j+k) 
where b is a constant to be determined from 
ON-NP = 0. 
But NP = OP— ON; thus 
ON -(OP— ON) = b(i-j+h) 
‘[k-bG-j+h)] 
= b—b’3=0 
therefore b=43 
The angle of rotation is found from 


|PP’| = 2|NP|sin3A@, as ANPP’ is isos- 
celes, 


Now | PP” | =V2 


and ~=s |NP| = |k—4(i—j+h)| 
=|—h+4j+3k| = V6/3 
3V2 
h inzA6 = ——_ = V3/2 
ence Sins V6 


giving Aé@= 120° 


In order to determine whether a change in the 
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position of the axis of rotation will move OPQ 
to O”’P’Q”, it 1s necessary to show that the 
displacement 00" (or P’P”) is wholly normal to 
the axis of rotation. 

We see that ON-O0” = (i-j+k)-(i+j) =0; 
therefore there is no component of displacement 
along the axis, so a single fixed hinge line is 
possible. 





Figure 11.29 


Figure 11.29 is a view looking along the axis of 
rotation, i.e. along the normal to the plane 
containing NPP’. Because all displacements take 
place in parallel planes, the displacements are the 
same as the displacements of their projections on 
to the NPP’ plane. 

The intersection of the new axis of rotation 
with the NPP plane, point M, must lie on the 
perpendicular bisector of OO” projected and be 
such that the angle OMO” projected is 120°. For 
this case, M is clearly the point P’; thus the hinge 
line passes through (1,0,0) and is parallel to 
vector (i—j+k). The angle of rotation is 120°. 


Example 11.2 

Figure 11.30 shows a set of x-, y-, z-axes rotating 
at a constant angular velocity 3j rad/s about the 
Y-axis of a fixed set of X-, Y-, Z-axes. A vector 
OA is given as A = (2i+ t+ 3t°k)m, where t is the 
time in seconds and i, j, k are the unit vectors 
associated with the moving x-, y-, z-axes. 





Figure 11.30 


Express A and dA/df in terms of both sets of 
axes for the conditions t= 2s, a = arcsin(3/5) 
and @ = 3 rad/s. 


Solution 
a) Interms of i,j, k 
A = 2i+ 41+ 3t7k (i) 


From equation 11.7, 
dA/dt = dA/dt+wXA 


where @ (the angular velocity of the moving 
axes) = 3j 


so dA/dt = (j+ 6tk) + 3j x (2i+ tf + 3t7k) 


= 9171+ j+ (6t—6)k (ii) 

Thus, when t= 2s, 
A = (2i+ 27+ 12k)m (iii) 
and dA/dt = (36i+j+ 6k)m/s (iv) 


b) Interms of I, J,K 
To express the vectors in terms of the unit vectors 
I, J, K associated with the fixed axes, we must first 
establish the transformation relationships be- 
tween i,j,k and/, J, K. 

Referring to Fig. 11.31 we see that 


i= cosal —sinaK 


jad 
k=sinal+cosak 
or Ji COS a@ 0 —sina {lI 


= | 0 1 0 


J 
k sina 0 COS @ 


2 i 
Now A=(iy,k) |t |= (2,t,3t7) ) 


3r? k 
cosa | 0 —sinal 
= (2,t,3t7)| 0 1 0 J 
sina | 0 cosaK 
= [(2cosa + 3f*sina),t, 
I 
(—2sina—3t?cosa)] | J 
K (vi) 
When ¢ = 2, sina = 3/5, and cosa = 4/5, 
A = [(44/5)I + 2J + (42/5)K |m (vii) 





Figure 11.31 
Similarly, using equations (iv) and (v), 
4/5 0 =3/5 Fi 
dA 
— = (36,1,6) | 0 1 0 
dt ( ) 
3/5 0 4/S LK 


= [(162/5)I + J — (84/5)K ]m/s (viii) 


c) It is possible to obtain equation (viii) from 


equation (vi) by direct differentiation: 


dA Bak ae 2 . 
ae [(—2sinaa@ + 6tsina + 3t“cosaq),1, 
I 
(—2cosad + 6tcosa—3t?sinaad)] | J 
K 


Substituting appropriate values gives 


dA ( 18 36 “) 
— =|| -— +— +— JI4+J 
dt > -S 5 


( 24 48 - | 
+|—— +——-—|K 
a. “Go 5 


= [(162/5)1 + J — (84/5) K ]m/s 


Example 11.3 

Figure 11.32(a) shows a wheel APB free to rotate 
on an axle OC which is free to rotate about the 
point O. The wheel is constrained to roll without 
slipping on the XY-plane while the axle OC is 
rotating at a constant angular velocity of 15 rad/s 
about the Z-axis. Determine the velocity and 
acceleration of the point P when the angle ACP is 
120°. The radius r of the wheel is 0.3m and the 
length b of OC 1s 0.4m. 


Solution The X-, Y-, Z-axes are fixed and the x-, 
y-, zZ-axes are attached to the axle such that the 
x-axis is along the axle, the z-axis is in the 
xOZ-plane and the y-axis completes the triad, 
being parallel to the XY-plane. 


Let w= the angular velocity of the 
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Figure 11.32 


bearing housing about the Z-axis 
QO, = the angular velocity of the 
wheel relative to the axle OC 
and ( = the absolute angular velocity 
of the wheel 


If no slip is to take place then OA must be the 
instantaneous axis of rotation. 
Now Q=0,+@ 
and this relationship is shown on the vector 
diagram, Fig. 11.32(b), from which 
@ = wsin Bi+ wcos Bk 
= 15x 0.6i+ 15 x 0.8k 
= (91+ 12k) rad/s 
O,, = (—o/sin B)i = (—15/0.6)i 
= —25i rad/s 
and Q=Q0,+ = (—16i+ 12k) rad/s 
The velocity of P is given by 
Vpio = Q) x (b+r) 
= (—16i+ 12k) 
x (0.41 + 0.3(0.866j + 0.50k) ) 
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= (—3.12i+ 7.27 — 4.16k) m/s 
The acceleration of P is given by 


apo = dvpo /dt = d(Vp/9 Yot+ @ X Upp 
= ofa x (b+ r)|/ot+ @ X vpio 


Now, as seen from the x-, y-, z-axes, Q and b 
are constant vectors; thus 


dQ/ot =0 oab/at=0 
But dr/dt=Q, Xr 


hence = g,,, = 2 (Q, Xr) + WX vpo 
0, x = —25iX (0.3 x 0.866; 
+0.3 x 0.50k) 
= —6.50k + 3.75) 
J k 
apo = 0 12 
"375 -6.50 
—16 
0 
ij k 
+] 9 0 12 
= S12. 12 —4.16 
= (—45i+ 104; — 60k) 
+ (—86.4i + 0j + 64.8k) 
= (—131.4i— 1047+ 4.8k) m/s? 
Example 11.4 


Figure 11.33 shows part of a mechanical handling 
system. The cylindrical cannister C is held firmly 
by grab G which, relative to the arm AB, is 
rotating with angular velocity gk and angular 
acceleration wk. The arm AB has an angular 
velocity 6k and angular acceleration 6k and is 
extending at a constant rate R, where R = AB. At 
the same time, the arm has a vertical velocity vk 
and a vertical acceleration ak. 





Figure 11.33 


Determine the velocity and acceleration of a 
point P on the cannister which has a y-component 
of R+r. 


Solution We shall find the velocity of P from the 
relative-velocity equation 
Up = Up t Upp (1) 


and denote the absolute angular velocity of the 
cannister by 


ok = (0+ H)k (ii) 

For the arm AB, from equation 11.13, replacing 
€p bys and eg by (—i) we have 

vp = Rj+ RO(—-i) + vk (iii) 

Similarly, noting that the cannister has no 


vertical velocity relative to the arm, and that 
r= constant, 


Vp/yB = rp(—i) (iv) 


Combining equations (1), (ii), (iii) and (iv), the 
velocity of P is 


vp = —[(R+r)O+rb]it Rj + vk 
The relative-acceleration equation is 
ap = apt app (v) 


From equation 11.14, noting that R =0, the 
acceleration of B is 


a, = —RO7j7+ (R6+2R6)(—i) + ak (vi) 
and the relative acceleration between P and B is 

apps = —rb*j+rdb(—i) (vii) 
where 

b= 6+ (viii) 


Combining equations (v), (vi), (vil) and (viii), 
the acceleration of P is 


ap =—[(R+r)6+rp+2R6]i 
—[(R+r)6? + rb? + 2r6b]j + ak 


Example 11.5 

See Fig. 11.34. A radar station A continuously 
measures, relative to the fixed X-, Y-, Z-axes, the 
spherical co-ordinates r, 6, and ¢ of an aircraft B. 
The derivatives of these co-ordinates are com- 
puted and, at a particular instant, the numerical 
values are 


r= 20370 m 
r = —288.7 m/s 


G= 22.35" 
@ = 0.02556 rad/s 





Zz 
A 
Figure 11.34 ‘ 
F=15.74m/s* 6=7.518X 10% rad/s 
& = 11.69° 


d = 0.006223 rad/s 
@ = 5.197 x 10~* rad/s? 


Determine the velocity of the aircraft relative 
to the X-, Y-, Z-axes, the speed of the aircraft, 
and the angle of inclination of the velocity to the 
horizontal XY-plane. Also find the acceleration 
of the aircraft relative to the X-, Y-, Z-axes. 


Solution The velocity and acceleration in spher- 
ical co-ordinates (see equations 11.19 and 11.20) 
are given in terms of the unit vectors e,, ég, and eg 
corresponding to the x-, y-, z-axes in Fig. 11.35. 





Figure 11.35 


Substituting the given numerical values into 
equation 11.19, we obtain 


v = (—288.7e, + 509.9e, + 126.8e,) m/s (i) 


The directions of the x-, y-, z-axes can be 
obtained by considering the rotation of a set of 
axes, originally coincident with the X-, Y-, 
Z-axes. The first rotation is about the Z-axis 
through an angle @ to the orientation x;, y;, 2) 
with associated unit vectors f; , J; , k,. The second 
rotation is about the y, axis through an angle ¢ to 
the orientation x, y, z with the associated unit 
vectors é,, €9, eg. From the figure we observe that 


i, = cos @f + sin OJ 
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J, = —sin @l + cos 6J 
k, = K 


or, in matrix notation, 


i cos sin 6 O};| 7 
ji | = | —sin@é cos @ O} | J 
ky 0 0 1|| K (11) 
Also e, = cos di; + sin dk, 
€a=)i 
ey = —sindi, + cos @k, 
or fe, cos @ 0 sing | | a 
€g| = 0 1 0 Ii 
ey —sind 0 cosd| | ky (iu) 


Eliminating 7, , 7; , and k,, we obtain 


e, cos & 0 sind 
ég| = 0 1 0 
ey —sin d 0 cos@ 
cos 6 sn@ O I 
x —sin 6 cos#é O| | J 
0 0 1 K 
cos @cos é cos@siné — sin I 
= |—siné cos 8 0 J 
—sing@cos@ -—sindsin@ cosd| | K | (iv) 


or e,=cos@dcos@+cos dsin 6J + sin dK 
€g = —sin 6+ cos 6J (v) 
€y = —sindcos 6 — sin dsin 6J + cos 6K 


The 3 X 3 matrices which convert one set of unit 
vectors to another set are known as transforma- 
tion matrices. The inverse of such matrices is 
obtained simply by exchanging the appropriate 
elements across the leading diagonal: 


I cos@cos@  —sin@ —sindcosé 
J | =| cosdsiné cos@ —singsiné 
K sind 0 cos @ 
e, 
x | eg 
es} (vi) 


Substituting equations (v) into equation (1), we 
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obtain the velocity of the aircraft: 
v = (—479.11 + 354.3J + 65.64K ) m/s 


The speed is the magnitude of v, which is 
599.5 m/s. 

Denoting the angle which vw makes with the 
horizontal by A (Fig. 11.36) we have 


tand = v7/V (vx + vy") 
A = arctan[65.64/V (479.1? + 354.37)] 
= 6.286° 


Figure 11.36 wy 


Substituting equations (v) into equation 11.20, 
we obtain the acceleration of the aircraft: 


a = (0.46751 — 0.6398] + 9.877K ) m/s? 


Example 11.6 

A three-dimensional four-bar chain is shown in 
Fig. 11.37. Crank DC is driven by crank AB via 
the connecting link BC which has ball-and-socket 
joints at each end. A and D are located at points 
(0,0,0) mm and (20, 40, 100) mm respectively. 
At the instant under consideration, AB and DC 
are parallel and crank AB has an angular velocity 
of 1k rad/s and an angular acceleration of 2k 


rad/s?. 
AB:5SOmm 


DC-30mm 
y 






Figure 11.37 


Determine the velocity and acceleration of C 
and the angular velocity and angular acceleration 


of DC. 
Solution The velocity of B is given by 


Vp = Map XTap 
= 1k x 507 = —50i mm/s 
and the velocity of C by 


Vc = Wpc X Toc 
= Wpock X 307 = —30epci mm/s (i) 


Since the relative velocity vc/g is perpendicular 
to BC, 
(Yep BC) = 0 (ii 
where BC = AC—AB 
= (20% + 707 + 100k) — 50; 
= (20+ 207 + 100k) mm 
Substituting in equation (ii) we have 
(—30wpci+ 50%) - (201+ 207 + 100k = 0 
—600wcp + 1000 = 0 
Wcp = 13 rad/s 
and @cp = 12k rad/s 
From equation (i), 
Vc = —30(18)i = —50i mm/s 


We note that, for the given position, vc = vg so 
that vcjp = 0 and hence wg = 0, from equation 
11.45. 


Now the acceleration of C is given by 


acia = Ac7p t apa = Acyp (iii) 


since both A and D are fixed points. The 
acceleration components of B in cylindrical 
co-ordinates are shown in Fig. 11.38. 


J 
B 
A 
OB 
Figure 11.38 z 
2° : ‘ 
ap = 4pa = —TaAB®AB J TAB®aB! 


= —50(1)*7-—50(2)i 
= (—50j— 1007) mm/s” 
Similarly, 
Ac = @gyp = —Mpcepcj— Mpc @pci 
= ~30(18)J— 30@pci 
= —(250/3)j ~-30@pci (iv) 
The relative acceleration is given by 
ac/p = 4c — ag 
= —(100/3)j — (30@pc—100)i (Vv) 
Now 


acm, = d(@gc X rac )/dt 


= @gc X Fac + Mpc X (@pBc X Fac) 
but Ope — 0 


so that agp = @pc X Fac (vi) 


To eliminate the unknown and unwanted 
vectOr @pc, we carry out the dot product with rgc 
of each side of equation (vi) and obtain 


rpc’ 4crm = Q (vii) 
since rgc is perpendicular to @gc X rgc. 


Combining equations (v), (vi), and (vil), we 
obtain 


(20: + 207 + 100k) 
-[—(30@pc — 100)i— (100/3)j] = 0 
—600@pc + 2000 — 2000/3 = 0 
®pc = 20/9 = 2.222 rad/s” 
and @pc = 2.222k rad/s” 


The acceleration of C is now obtained from 
equation (iv): 


ac = —[30(20/9)] i — (250/3)j 
= —(66.67i + 83.33j) mm/s? 


Example 11.7 

The cylinder C shown in Fig. 11.39 is mounted on 
the cranked arm OAB which is rotating about the 
fixed Y-axis with angular velocity gJ and angular 
acceleration qJ. Relative to the arm the cylinder 
has angular velocity pk and angular acceleration 
pk. The cylinder is uniform, its mass is m, its 
centre of mass is at G, its length is b, and its 
radius is 7. Determine the moments, about the 
axes Gx, Gy, and Gz, of the forces being applied 
to the cylinder by assuming that (a) the x-, y-, 
z-axes are fixed to the arm and (b) the x-, y-, 
z-axes are fixed to the cylinder. 





Figure 11.39 
Solution 
a) The angular velocity of the axes is 


w = qJ = qj. These are principal axes and so, 
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from equation 11.72, the moment of momentum 
about G is 


Lg = hx Q,it hy 07+ £02k 
=0+,qj+1,,pk (i) 


The moment of the forces about G is given by 
equation 11.68: 


Mg = Le = A(Le)xy2/dt+ @X Le (ii) 
Now 4(Lg)xy2/dt = Ly git L.pk (iii) 

and wxL, = qx (hyqitl.pk) 
= I,,pqi (iv) 


Substituting equations (iii) and (iv) into 
equation (ii) we find 


Mo = 1,,pqi+ Ly qt l,,pk (v) 


Evaluation of the moments of inertia gives 
the results J, = m(3r? + b*)/12 and I,, = mr7/2. 


b) The angular velocity of the axes is now 
w@ = qj + pk. The moment of momentum Lg is the 
same as that given in equation (1) but this is not a 
general expression in terms of the axes fixed to 
the cylinder; it is the particular value when the 
axes are aligned as shown in Fig. 11.39. We can 
obtain a general expression for L<, by allowing the 
axes to rotate through an angle w% as shown in 
Fig. 11.40, and putting /=0 after carrying out 
the partial derivative. 





Figure 11.40 
The angular velocity of the axes is 
w = 0 = ok+q(sinyit cosy) 
Le = Ty, 0, 6+ Ly J+ L,02k 
= I,,qsin yi + 1, qcos yg + L,, wk 
O(LG)xyz/dt = I, (qcos w+ qsinw)i 
+ I, (—qsinwy+ gcosp\jt 1, wk 
Putting y = 0, ¢ = p and # = p, we have 
(LG) xyz/t = Lx qpit Ly Git Lpk (vi) 


Now wXLg = (qit+ pk) X dy qt Lzpk) 
== (1s )pqi (vii) 
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Substituting equations (vi) and (vii) into equation 
(ii) we find the same result as equation (v), since 
115: 


Example 11.8 

Figure 11.41 shows an electric motor fixed to a 
plate P which is mounted in bearings A and B. 
The motor drives a thin uniform disc of diameter 
200 mm and of mass 3.0 kg. 





Figure 11.41 


When the system is in the position shown, the 
angular velocity and acceleration of the disc, 
measured relative to the plate P, are 300k rad/s and 
1000k rad/s? respectively. At the same time the 
angular velocity and acceleration of the plate are 
—60i rad/s and —500i rad/s” respectively. Find the 
anticlockwise couple which 1s being applied to the 
shaft AB and the components, in the y- and 
z-directions, of the forces acting on the bearings 
at A and B due to the inertial effects of the disc. 


Solution Section 11.13 referred to the rotation 
about a fixed point O of a body with an axis of 
symmetry. Expressions were obtained for Lo, the 
moment of momentum about O, and Mo, the 
moment of the forces about O. In the present 
example the disc does not rotate about a fixed 
point. We have emphasised the interchangeability 
of expressions for Lg and Mo for a fixed point O 
with expressions for Lg and Mo, and so 
expressions similar to those in section 11.13 can 
be used with O replaced by G, the centre of mass. 

In Fig. 11.42 the x-, y-, z-axes are attached to 
the motor frame and the disc rotates relative to 
these axes with an angular velocity wk. The 
angular velocity of the axes is a = 6i. We note 
that, although the disc rotates relative to the axes, 
the moments of inertia relative to the axes do not 
change, due to symmetry. The angular velocity of 
the body is 


QO = G+ wk 





Figure 11.42 


The moment of momentum about G 1s 
Lg = 10 bi+ 1, wk 
The moment of the forces applied to the disc is 
Mo = He = dH /dt+ wxLlg 
= 1561+ 1, bk t+ 01 X Uo 01+ 1, bk) 
= 1561-1, Odg + 1, bk (i) 


The moment of inertia J, about the disc axle is 
mr?/2 and, since the disc is thin, we can use the 
perpendicular-axis theorem to show that the 
moment of inertia Jj about a diameter is mr7/4. 


Mg = [3 x (0.1)7/4](—500)i — [(3 x (0.1)*/2] 
x (—60)(300)j + [3 x (0.1)7/2](1000) k 


= (—3.75i+ 270j + 15k) Nm (ii) 
C 
F (ek 
Figure 11.43 


A free-body diagram for the disc is shown in 
Fig. 11.43. The motor shaft applies the couple C 
to the disc and C = Mg. To determine the force F 
applied to the disc by the shaft, we must first 
determine the acceleration of G. Referring to 
Fig. 11.44, we note that G is rotating about the 
fixed point O and the components of the 
acceleration of G in cylindrical co-ordinates are as 
shown. 






2 
N\6e 


O 
OO) 
Figure 11.44 
ag = —(récosa + r67sina)j 


+ (résina —ré*cosa)k 


— [0.1(—500) + 0.05(60)? ]j 
+ [0.05(—500) — 0.1(60)? ]k 
ag = —(130j + 385k) m/s” 


The force F is obtained from 
F=mac 
where m = 3 kg; hence 
F = —(390j+ 1155k) N (iil) 


The free-body diagram of the system excluding 
the disc is shown in Fig. 11.45. @ is the required 
couple, the forces F, and Fg applied to the shaft 
AB by the bearings at A and B are shown in their 
y- and z-components. The force and couple at G 
are equal and opposite to those on the disc. Note 
that we shall treat this part of the system as 
inertialess since we are concerned with the 
inertial effects of the disc only. 





“F 
Fx 
oy A - 
Q 
Figure 11.45 
Taking moments about A we have 
Q+racX(—-F) 
+rap X (Fpyj t+ Fpzk) +(—C) =0 
where Q=-Qi 


rag = AG = (0.2i+0.05j+0.1k) m 
rap = AB = (0.4i) m 
hence (—~Q+18.75+3.75)i 
~ (231+ 0.4Fp, +270); 
+(78 + 0.4Fp, — 15)k = 0 


Equating each of the coefficients of i, 7, and k to 
zero, we find 


Q=22.5Nm_ Fp, = —1252.5N 
and Fp, = —157.5N 


Then, either by taking moments about B or, more 
simply, by summing the forces to zero, we find 


The forces applied to the bearings at A and B 
are equal and opposite to those on the shaft. 
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Example 11.9 

Figure 11.46 shows a three-dimensional mechan- 
ism. Collar C can rotate about the Z-axis and 
slide along it. Slider S is constrained to a path 
parallel to the X-axis. Connecting link AB 1s 
pinned to the collar at A and attached to the 
slider at B by a ball-and-socket joint. The path of 
B intersects the Y-axis and is 150mm from the 
X-axis as shown. Collar C is travelling towards O 
at a constant speed of 600 mm/s, pushed by 
component E. A bearing between E and C 
ensures that the torque transmitted about the 
Z-axis between E and C is negligible. Link AB is 
200 mm long and may be considered as a thin 
uniform rod of mass 0.12 kg. The mass of slider S 
is 0.5 kg and that of collar C is negligible. 


x 
AB: 200mm Vs Is 





ss 
SS 


View of collar C 
along Z axis 


Figure 11.46 


When the pin at A is 100 mm from the 
XY-plane determine the force at B applied to the 
slider by link AB, neglecting friction. 


Solution The geometry of the mechanism is such 
that the simplest way of obtaining the necessary 
velocities and accelerations is generally by 
differentiation of trigonometric and algebraic 
equations which define the configuration. The 
techniques of section 11.8 and example 11.6 can 
be used, but these are left as problems for the end 
of the chapter. 

In Fig. 11.47 the shaded plane ADBE is 
attached to the collar C and the link AB rotates in 
this plane. From the figure, 


(P= 742 (i) 
p=qt0.03 (ii) 
p’ = 0.157 + x? (iii) 


tana = x/0.15 (iv) 
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sin B = z/0.20 (v) 





Figure 11.47 


The angle a defines the rotation of collar C and 
angle B defines the rotation of AB in the plane 
ADBE. From equations (1) to (v), with z = 0.1 m, 
z= —0.6 m/s, and z = 0, the following results are 
obtained: 


a = 42.42° a = 1.865 rad/s 
B = 30° B = —3.464 rad/s 
x = 0.1371 m x = 0.5135 m/s 


a = —46.05 rad/s” 
B = 6.928 rad/s” 
¥ = —5.156 m/s? (vi) 
If we attach axes x,, y,, Z; with unit vectors i, , 
Ji, and k, to the plane ADBE as shown, then the 
angular velocity of these axes is 
The total angular velocity of link AB is its 
angular velocity relative to the axes plus the 
angular velocity of the axes: 
WaB= —ak+ (—B)i; 
= —ak — B(cosal—sinaJ) (viii) 
Equation (viii) is a completely general expres- 
sion for @,ap, and J, J, and K are fixed vectors. 
The total or absolute angular acceleration of AB 
is therefore 
@ap = —&K — B(cosal —sinaJ) 
— B(-sinadl —cosadJ) (ix) 
Alternatively, we can use equation 11.7, using 
the x,-, y,-, Z;-axes as the rotating set of axes: 


Oxy, 2, 


WAR = d[@ap Vor+ WoX Wap 
= —&K — Bi, +[—@K x (— aK — Bi, )| 


= —&K — Bi, + aBj, 
which is the same as equation (ix), since 
i, = cosal —sinaJ and j,; = sinal + cosaJ. Substi- 


tuting numerical values from equations (vi), we 
find 


Map = 2.5571 —2.337J — 1.865K (x) 
and @ag = —9.4731—0.096J + 46.05K (x1) 
The acceleration of B is 
ap = XI = —5.156I m/s? (xii) 
Using cylindrical co-ordinates (equation 
11.14), the acceleration of A (see Fig. 11.48) is 
ay = rai, — raj, 
= ra(cosal —sinaJ) 
— re*(sinal + cosaJ) 
= (—1.0907 + 0.85487 ) m/s? 


(xiii) 





Figure 11.48 


The acceleration of G, the centre of mass of the 
link AB, is given by 


(xiv) 


ag = aat aga 
where aca = 0.5ap/q = 0.5(ap — Ga ) 
since G 1s at the mid-point of AB. Hence 
ag = (—3.1231 + 0.4274] ) m/s? (xv) 


We have now determined all the necessary 
kinematics. To determine the force at B it is 
necessary to write equations of motion for the 
link AB, the slider S, and the collar C, making 
use of free-body diagrams. 


' 
ap | 
| 
| 





Figure 11.49 Ws 
Figure 11.49 shows the forces acting on slider S. 
The force N is the action of the guide on the 
slider and is horizontal because of the lack of 


friction. The equation of motion is 
Wo+N+Fp, = mcap (xvi) 
where Ws = msg(—I) 
= —(0.5)(9.81)7 = —4.905I N 
Let Fp = Fry! + FeyJ+ FezK 


Taking the X-components of equation (xvi) to 
eliminate N, 


~4.905 + Fy = (0.5)(—5.156) 


(xvii) 


(xviii) 





Figure 11.50 


Figure 11.50 shows the free-body diagram for 
the collar C. Fy, and Fc are, respectively, the 
forces applied by the link AB and by the shaft 
along which the collar slides. There will also be a 
contact force (not shown) in the Z-direction 
applied by component E. The couple C, applied 
by link AB has no component in the x,-direction 
SO we can write C, as 


Ca = Cayhit CazK 


The couple Cc has no component in the 
Z-direction. Taking moments about O we have 


CotCatroa X Fa =0 (xix) 


since the collar is massless. Taking the dot 
product with K of equation (xix) to eliminate Cc, 


Cazt+K-(roa X Fa) =9 (xx) 


Now Toa = Toa (sinal + cosaJ ) 
where roa = 0.03 m 
hence Toa = (0.020247 + 0.022157) m 
Writing Fa = Fayl+FayJ+Fazk 


and substituting in equation (xx) we find 


To determine the kinetic relationships for the 
link, let us attach a set of x-, y-, z-axes to the link 
as shown in Fig. 11.51. The x-axis is parallel to the 
X;-axis, the y-axis lies along the link, and the 
z-axis lies in the ADBE-plane. The moment of 
momentum about G is (equation 11.61) 
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Figure 11.51 O 
Lg = 1,,.@,i+1,,@,k 


Note that /,, = 0 since the rod is thin, and that x, 
y, Z are principal axes. 

Denoting the unit vectors for the x-, y-, z-axes 
by i, j, and k, we find 


(xxil) 


i=, 


Jj = cos By, — sin Bk, (xxiii) 
k = sin Bj, + cos Bk, 

hence i= 0.73821 —0.6746J 
j= 0.58427 + 0.6393J — 0.5K (xxiv) 


k = 0.33731 + 0.3691) + 0.8660K 


Now /,, = ml?/12 = (0.12)(0.2)7/12 
=4x107*kg m° 
and, from equations (x) and (xxiv), 
W, = Wap:i = 3.464 rad/s 
W, = Wap'k = —1.615 rad/s 
Note that, as a check, w, = w,, = —8. 
Substituting into equation (xxil), we obtain 
Lg = 1074(6.4531 — 13.4797 
+ 3.221K) kg m7/s_ (xxv) 
The rate change of the moment of momentum is, 
from equation 11.68, 
Lg = ALG) xyz/dtt+ @y,X Lg 
= 1,,0,1+ 1,,0,j + Wap XLg (xxvi) 


Note that the derivative of the angular velocity 
of the body with respect to the moving x-, y-, 
z-axes 1s the same as the absolute angular 
acceleration since @,,, and @ap are one and the 
same. From equations (xi) and (xxiv), 


Wy = DAR ‘i= —6.928 rad/s” 
@, = @ray3:k = 36.645 rad/s? 
Substituting the numerical values into equation 
(xxvi) gives 
Lo = (—3.68 x 107-47 + 5.252 x 10774 
+ 1.0756 x 1077K) Nm_ (xxvii) 
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Now, Lg =Mg, the sum of the moments of 
forces about G. If we take moments of forces 
about G, our equation will involve seven 
unknowns. We can eliminate the three compo- 
nents of F, by taking moments about A, using 
equation 11.64: 

My =LotracX mac (xxviii) 

Now rap = 0.207 = 0.11687 + 0.1279 — 0.1K 
and rag = 0.5rap = 0.05841 + 0.0639 — 0.05K 
and, using equation (xv), 

FAG x mag = 0.12(0.021377 
+ 0.1562J + 0.2245K ) 


hence Ma = (2.196 x 10777 + 2.399 x 10°°J 
+3.770X10°*K) Nm_ (xxix) 


Figure 11.52 shows the free-body diagram for 
link AB, where 


Disha 
=CK Gs 
A HW 
“FA 
Figure 11.52 
W = mg(—I) = (0.12)(9.81)(-1) 
= —-1.1771N 


Summing the forces, we have 
—F,+W-Fp,= mag 
—(Faxl + FayJ + FazK) 
+ 1.1771 — (2.3271 + FeyJ + FpzK) 
= 0.12(—3.12311 + 0.42747) 


hence —Fay = 3.129 (xxx) 
~—Fay— Fey = 0.05129 (xxx1) 
~—Faz—Fpz= 0 (xxxi1) 


Taking moments about A, 
My, =(-Ca)+ragX Wtrag X(—-Fp) 
= (—0.6746C a, — 7.522 x 10-7 
+ 0.1279Fg7+0.1Fpy)L 
+ (—0.7382C a, + 6.877 x 107 
—0.1168F 37 — 0.2327Fpy)J 


+ (—-Cazt0.1168F gy — 0.2976) K 
(xxxili) 


We can obtain three further scalar equations by 
comparing the coefficients of 7, J, and K in 
equations (xxxui) and (xxix). Combining these 
with equations (xxi), (xxx), (xxxi), and (xxxii) we 
can determine, after some labour, all the 
unknown scalars. For the force at B the results 
are 


Fay =2.765N and Fy7 = —3.181 N 


Problems 


11.1. A packing case is to be moved from the ground 
to a platform as shown in Fig. 11.53, with points P, Q, 
and R moving to points P’, Q’ and R’ respectively. The 
movement is to be in two stages: (i) a translation of 
point Q to Q’ without rotation of the case and (ii) a 
rotation about a fixed hinge line. 


er) 





Figure 11.53 ‘ 


a) Find the direction of the hinge line and the 
required angle of rotation. 
b) Could the movement have been accomplished by a 
single rotation about a fixed axis? 

z 





Figure 11.54 


11.2 See Fig. 11.54. A radar station R 1s tracking an 
aircraft A which is flying horizontally at a constant 
velocity at an altitude of 2.0km. The Cartesian 
co-ordinates of the aircraft relative to the radar station 
are (4.3, 2.7, 2.0) km. The velocity of the aircraft in the 
same co-ordinates is (- 700i + 400;). km/h. Deter- 
mine the numerical values of r, 6, 0,7, &, 8, ¥, d, and 8. 


11.3 In Fig. 11.55, rod AB, which is 400 mm long, 
pivots about pin B. The angular velocity of arm Bi iS 
10k rad/s and its angular acceleration is 50k rad/s”. The 
angle CBA is denoted by @, and @ = 60°, 6 = 20 rad/s, 
6 = —100 rad/s?. Determine the velocity and accelera- 
tion of point A. 





Figure 11.55 


11.4 A cranked arm PQRS carries at S a rotating 
wheel W of radius 7 as shown in Fig. 11.56. The x-, y-, 
z-axes are attached to the arm. The angular velocity 
and angular acceleration of the wheel relative to the 
arm are wy/j and wy respectively. The angular velocity 
and angular acceleration of the arm are wak and wak 
respectively. B is a point attached to the wheel and B’ is 
a point fixed in the xyz-frame coincident with B. 





y 
| PQ =a, QR=5b,RS=c 
Figure 11.56 
a) Find vg: and vp,g:, and hence find v,. 
b) Find ag: and app, and hence find ag. 


c) Find the angular velocity and angular acceleration 
of the wheel. 





Figure 11.57 


11.5 Figure 11.57(a) shows the elevation of the track 
ABCDE for a small toy motor car T; the plan view is 
shown at (b). BCDE is a helix of radius 0.25 m and the 
helix angle a@ is such that the pitch is 0.6m. The track 
rests on the ground and is released from rest. 
Determine the velocity and acceleration of the toy as it 
passes point C. (If necessary it may be assumed that the 
radius of curvature of a helix of radius r is r sec’ a.) 
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Figure 11.58 


11.6 See Fig. 11.58. ABC is a cranked arm, with angle 
ABC a right angle. BC is in the XZ-plane, AB = r, and 
BC = a. The arm rotates at a constant speed @ relative 
to block C, which is itself rotating at constant speed @ 
about the fixed Y-axis. Neglecting all inertias apart 
from a mass m at A, find the force exerted by the 
cranked arm on the block. Express the force in terms of 
unit vectors (a) fixed to the block and (b) fixed in space. 





E 
E 
S 
WY 
100 mm _~ ~ 
See 
t 
Figure 11.59 


11.7. In Fig. 11.59, collar C can slide along the fixed 
rod QOO' and also rotate about it. AB is a 
ball-and-socket-jointed telescopic link. When the 
mechanism is in the configuration shown, vc = 4é m/s 
and wc = 20i rad/s. Find the velocity of B, the rate of 
extension of link AB, and the angular velocity of the 
line AB. 


11.8 Use the methods of section 11.8 to determine the 
velocity of B and the angular velocities of the collar C 
and the link AB in the mechanism of example 11.9. 


11.9 See Fig. 11.60. Crank OA rotates in the xy-plane 
at a constant angular velocity wk. Slider B moves along 
path PQ, which is parallel to the z-axis and lies in the 
yz-plane. The connecting rod AB has ball-and-socket 
joints at each end. OA =r and AB = 7. Show that the 
velocity and acceleration of B are given by 


Vz = —[brw(cosé)/z\k 
ap, = (brw*/z*)(z* sin @— brcos’ @)k 
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Figure 11.60 


where z= (/?7—b?—r’*—2brsin@)'”. Also, find ex- 
pressions for the angular velocity and angular 
acceleration of AB, neglecting their components along 
AB. 





Figure 11.61 


11.10 A _ three-dimensional slider-crank chain is 
shown in Fig. 11.61. Crank OA rotates about the fixed 
y-axis with a constant angular velocity of 3/ rad/s. 
Connecting link AB is pinned to the yoke Y which is 
free to rotate about the axis OA. The pin axis 1s 
perpendicular to OA and to AB. A ball-and-socket 
joint at B connects the link to slider S. The motion of 
the slider is such that the path of B is a straight line 
passing through O. At the instant under consideration 
A is located at point (0, 0, 1) m and B is at point (—1, 2, 
1.5) m. Find the velocity of B and the angular velocity 
of AB. Also find the acceleration of B. 


11.11 Figure 11.62 shows a uniform rectangular prism 
of sides a, b, and c and mass M. Determine the 
following moments and products of inertia: /,,, J,,, /:-, 
Tigh on de 

RY SxS Avs * 


11.12 A thin uniform rod is bent into the shape shown 
in Fig. 11.63. BC = CD = DE =a and the mass per 
unit length of the rod is p. Determine the moment of 
inertia /,. and the products of inertia /,, and /,,. 





Figure 11.62 


Xx 


Figure 11.63 


11.13 Show that, if w is not constant, the moment 
equation for rotation about a fixed axis (See section 
11.11) becomes 


M = (-1y, 0, + Iy,@,7)i— (L202 + [p20 )j + 1,,0,k 


Also show that this equation applies to the more 
general case for moments about G where the axis is not 
necessarily fixed, but the angular velocity vector is 
constant in direction. 


11.14 Refer to problem 11.12. The cranked rod is 
rotating about the fixed z-axis with an angular velocity 
Q.k and an angular acceleration 0.,k. Determine the 
twisting and bending moments in AB at B. 





Figure 11.64 


11.15 In Fig. 11.64, the cranked rigid rod ABCD is 
used to stir the contents of container E. The mass per 
unit length of the rod is 4 kg/m. Determine for the rod 
the moment of inertia /,, and the product of inertia /,,. 
If the rod has an angular velocity of 10k rad/s and an 
angular acceleration of —100k rad/s*, determine the 
magnitudes of the twisting and bending couples in the 
rod at A due to the inertia and weight of the rod. 


100 rad/s 





Figure 11.65 


11.16 The freely spinning thin disc shown in 
Fig. 11.65 is rotating at an angular velocity 100k rad/s 
relative to the arm PQ which is 100mm long. At the 
same time, the arm has an angular velocity of —10K 
rad/s and an angular acceleration of 100K rad/s*. The 
disc has a radius of 80 mm and its mass is 1.0 kg. The 
moment of inertia about the Z-axis of arm PQ is 
2.5x 107° kgm*. Determine the external couple C 
which is being applied to the arm and the bending 
moment at P. 
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Figure 11.66 


11.17 Figure 11.66 shows part of a machine used for 
compacting sand. Arms AB and AC are of equal length 
and are each connected to the vertical post AD by a 
horizontal pin at A. Rollers B and C, each of mass m 
and radius r, are mounted on bearings at the ends of the 
arms and roll over a horizontal surface. The constant 
angular speed of the post AD is w. Show that, if 
w = 2V(g/r), the contact force between the rollers and 
the surface will be three times greater than when the 
post is not rotating. Neglect the horizontal component 
of the contact force and the mass of the arms. 





Figure 11.67 


11.18 An aircraft has a single gas turbine, the rotor of 
which rotates clockwise when viewed from the front. 
The moment of inertia of the rotor is 15 kgm’. The 
engine 1s mounted on trunnions which would allow it to 
pitch about the axis O, but this motion is prevented by 
the provision of the link L between the engine and the 
airframe as shown in Fig. 11.67. Axis O passes through 
the centre of mass of the engine. If the rotor speed is 
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10000 rev/min and the aircraft is turning to port at 3°/s 
and banked at 30°, find the load in the link. 





Figure 11.68 


11.19 In Fig. 11.68 arm AB, of length 0.2 m, 1s free to 
rotate about the Z-axis and its moment of inertia about 
this axis is 5x 107? kgm’. A thin disc of radius 0.1m 
and mass 1 kg is mounted in a bearing at the end of the 
arm and is set spinning at 125 rad/s in the direction 
indicated, the arm AB being stationary. A couple 
C = 0.2K N m is then applied to the arm. Neglecting 
friction, determine the time taken until the disc 
reverses its direction of rotation relative to the arm. 





Figure 11.69 


11.20 In Fig. 11.69, platform OA rotates about the 
fixed axis OO’ with angular velocity ¢j and angular 
acceleration ¢j. Motor B is fixed to the platform and 
carries disc D on its output shaft. The radius of the disc 
is R and its mass per unit area is p. A small hole H of 
diameter d is drilled in the disc at a radius r from the 
axle. The angular velocity and angular acceleration of 
the disc, relative to the platform, are wk and wk 
respectively. When the hole is in the position shown, 
determine the couple being applied to the disc by the 
motor shaft. 


11.21. An aircraft is flying at a constant speed vu in a 
horizontal circle of radius R. The angular speed of the 
propeller relative to the aircraft is wp and the centre of 
the propeller is at C. By treating the propeller as a thin 
uniform rod of mass m and length /, show that, due to 
the inertia of the propeller, the magnitude of the 
bending moment in the propeller shaft at C is equal to 
(cos @)ml* vp wo/(6R) and the magnitude of the twisting 
moment is equal to m/?vp’sin26/(24R*), where @ is the 
angle the propeller makes with the vertical. 


11.22 In the  three-dimensional mechanism _ of 
Fig. 11.70, sliders A, B, and C move in their respective 
guides and are connected by the light rigid links AB 
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Figure 11.70 


and BC. Link AB moves in the xz-plane. Each link has 
a length of V2 m and the connections to the sliders are 
by ball-and-socket joints. In the configuration shown, 
Va = —6k m/s and BC is in the yz-plane. 

a) Determine the velocities of B and C and the 
angular velocity of the line BC. 

b) Find the acceleration of C and show that it is 
independent of the acceleration of B for this 
configuration. 

c) If the mass of slider C is 4kg, determine the 
magnitude of the force in link BC, neglecting friction, 
and state whether this link is in tension or compression. 
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Introduction to continuum mechanics 


SECTION A 
One-dimensional continuum 


12.1. Introduction 

In the previous chapters physical objects have 
been modelled mainly as rigid bodies which may 
translate and rotate but not deform. The concept 
of an ideal spring was used to represent a body 
having no mass but capable of being deformed, 
the deformation being proportional to the applied 
load. 

Any real body consists of a finite number of 
molecules each of which can translate and rotate, 
so that the number of degrees of freedom a body 
will have, in the mechanical sense, is six times 
(that is three translational and three rotational) 
the number of molecules. This is a very large 
number even for a particle 1 micron in diameter. 
Because of this the concept of a continuous 
distribution of matter is postulated. 

Matter will be regarded here as being either 
solid or fluid. Both states require forces to be 
applied to change their volumes, but a fluid 
requires no force to change the shape of an 
element in the static condition. 

Fluids are further divided into liquids and 
gases. A gas expands into any vessel but liquids 
will form a free surface with another fluid, also 
gases are much more compressible than liquids. 

These descriptions are idealisations but many 
engineering materials behave in a manner which 
approximates to these ideal substances. 

Internal friction can usually be ignored for most 
structural metals, but some matenals are de- 
signed to have high internal damping characteris- 
tics for use when vibration is a problem. Fluid 
friction, viscosity, is an important consideration 
when dealing with oils, but for air or water the 
effects of viscosity are confined to a thin layer 
adjacent to a solid boundary known as the 
boundary layer. As internal friction complicates 
the governing equations they will not be included 


in this chapter. However such an approximation 
is quite common in a first approach to many 
engineering problems. 


The reader is advised that the sections on 
fluid dynamics (12.9 to 12.15) are not intended 
to replace a text in fluid dynamics but are 
included to draw attention to the similarities 
and the differences in setting-up the basic 
equations. They may be omitted if solid 
mechanics only is required. 


12.2 Density 

The average mass density of a substance is 
defined as the quotient of mass to volume; and for 
a continuum it is assumed that no matter how 
small a volume is considered, the ratio remains 
finite so that the point mass density, or simply 
density, is defined by 


p = limit (Amass/Avolume) 


as the volume tends to zero. 
Conversely we may write that for a region of 
space having a volume V 


mass = f pdV (12.1) 


where the integration is over the whole volume. 


12.3. One-dimensional continuum 

The term one-dimensional here means that only 
one spatial co-ordinate is required to describe the 
position of an element. 

A simple one-dimensional continuum is a 
straight uniform solid bar or a fluid contained in a 
straight pipe of constant bore. 

The co-ordinate system used to define the 
location and movement of an element of a 
substance is usually different when dealing with 
fluids from that used for solids. It is very 
important that these methods are understood, so 
to this end we shall consider a pipe and fluid as 
shown in Fig. 12.1. 
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Consider first how measurements of deforma- 
tion are made for the pipe itself. To determine 
how much the material has been stretched we 
could measure the relative movement of two 
marks, one at x =x, and the other at x = xg. 
Note that if the pipe moves as a rigid body the 
marks will move with the pipe so the marks will 
not be at their original locations. We must regard 
X, and Xp as being the ‘names’ of the marks: that 
is they define the original positions of the marks. 
In this context x does not vary, so we must use a 
different symbol to denote the displacement of 
the marks from their original positions. The 
symbols u, and up will be used. 


12.4 Elementary strain 
The longitudinal, or axial, strain is defined to be 
the change in length per unit length 
Up ua 


thus the strain ¢= (12.2) 


XBT XA 

As the distance between the marks approaches to 
Zero 

ou 


e= 12.3 
s (12.3) 


The partial differential is required since strain 
could vary with time as well as with position. 


12.5 Particle velocity 
The velocity of a particle at a given value of x, say 
Xa, 1S simply 


Ou 
7 =—— 
or 


Again the partial derivative is used to indicate 
that x is held constant. 

The above co-ordinate system is known as 
Lagrangian. 

If we are concerned with the fluid in the pipe 
then a pressure measuring device would be fixed 
to the pipe and, assuming that the pipe is rigid, 


(12.4) 


the device would give a reading for a specific 
point in space and does not follow a particular 
particle of fluid. A flow velocity device would also 
be attached to the pipe. 

A system of co-ordinates which relates prop- 
erties to a specific point in space is known as 
Eulerian. Thus pressure p is a function of x and 
time ¢. 

The particle velocity is here defined by 


ie 
dt 


note here that the partial derivative is not 
required, however the velocity will be a function 
of both x and f. 

In summary, Lagrangian co-ordinates refer to a 
particular particle whilst Eulerian co-ordinates 
refer to a particular point in space. 


v (12.5) 


12.6 Ideal continuum 

An ideal solid is defined as one which 1s 
homogeneous and isotropic, by which we mean 
that the properties are uniform throughout the 
region and so not depend on orientation. In 
addition we will assume that the material only 
undergoes small deformation and that this 
deformation is proportional to the applied 
loading system. This last statement is known as 
Hooke’s law. 

An ideal fluid is also homogeneous and 
isotropic and the term is usually restricted to 
incompressible, inviscid fluids. This is clearly a 
good approximation to the properties of water in 
conditions where the compressibility is negligible 
and the effects of viscosity are confined to a thin 
layer close to a solid surface known as the 
boundary layer. For gases such as air, which are 
very compressible, it is found that the effects of 
compressibility in flow processes are not signi- 
ficant until relative velocities approaching the 
speed of sound are reached. 


12.7 Simple tension 


Figure 12.2 shows a straight uniform bar length L, 
cross-section area A and under the action of a 


a 


= 


Figure 12.2 


tensile force F. The state of tension along the bar 
is constant, this means that if a cut is made 
anywhere along the bar the force on a right-facing 
surface is F to the right and on a left-facing 
surface it is F to the left. 

It follows that at any point the tensile load 
divided by the original cross-section area, F/A, is 
constant and this quantity 1s called the stress 0. A 
negative stress implies that the load is compres- 
sive. If the extension under this load is 6 then the 
Strain e = O/L. 

By Hooke’s law 6«F so exo or 


a= Ee 


(12.6) 


where the constant of proportionality E is a 
property of the material known as Young’s 
modulus. 

Re-arranging the above equations gives 


FL 
AE 
A state of tension resulting in an extension is 
regarded as being associated with a positive stress 


and a positive strain. (See Appendix 8 for a 
discussion of material properties. ) 


§ (12.7) 


12.8 Equation of motion for a one- 
dimensional solid 

Figure 12.3 shows an element of a uniform bar 
which has no external loads applied along its 
length, the external loads or constraints occurring 
only at the ends. The material is homogeneous 
with a density p, Young’s modulus E and a 
constant cross-section area A. 


OF 
F <¢—— a _—_—_ oe 
xX 
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Figure 12.3 


The mass of an element of length dx 1s pA dx 
and this is constant as these quantities refer to the 
original values. 

Resolving the forces in the x direction and 
equating the net force to the mass of the element 
times its acceleration gives 
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oF d-u 
F+—dx|-F= (pAdx)—= 
( ax eee) ar? 
oF aru 
or — = pA-—= 12.8 
, Ox or ee» 


Since nominal or engineering stress is defined as 
force/original area, then dividing both sides of 
equation 12.8 by A gives 


00 d7u 
— = 9—— 12.9 
ax ar a2”) 
We have already shown that the strain 
0 
e (12.10) 
Ox 
andalso o= Ee (12.11) 


so substituting 12.11 into 12.9 and using 12.10 we 
finally obtain 


é-u 7 a°u 

ax ap? 
This is a very common equation in applied physics 
and is known as the wave equation. 

In a statics case the right-hand side of equation 
12.12 is zero so that u is a function of x only, 
giving 

d’u | 

dx? 
the solution of which is u = a+ bx where a and b 
are constants depending on the boundary 
conditions. 

Now strain 


d 
¢ =~ = b =o/E =(FIAVE 


(12.12) 


0 


so if atx =Ou=0 then a=0, u= Fx/(AE). At 
x = L the displacement is equal to FL/(AE), as 
expected. 


12.9 The control volume 

The equations of motion developed for rigid 
bodies and commonly used for a solid continuum 
refer to a fixed amount of matter. However for 
fluids it is usually more convenient to concentrate 
on a fixed region of space with a volume V and a 
surface S. The properties of the fluid are 
expressed as functions of spatial position and of 
time, it being noted that different particles will 
occupy a given location at different times. 
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Figure 12.4 


At time ¢ the control volume is shown in 
Fig. 12.4 by the solid boundary. At time ¢+ At the 
position of the set of particles originally within the 
control volume is indicated by the dashed 
boundary. 

The velocity of the fluid at an elemental part of 
the surface is v and the outward normal to the 
surface 1s e,. 

At the elemental surface area, dS, the increase 
in mass in the time At is 


p(dS vAtcosa) = pv-e,dS At = pu- dS At. 


Note that the area vector (dS = e, dS) is defined 
as having a magnitude equal to the elemental 
surface area and a direction defined by the 
outward normal unit vector, e,. 

Integrating over the whole surface we obtain 
the net total mass gained by the original group 
due to the velocity at the surface. In addition to 
this there is a further increase in mass due to the 
density over the whole volume changing with 
time. 


Thus the change in mass, 
0 
Am = | po-ds + | *2 av Jas 


12.10 Continuity 


Since the mass must remain constant 
Am 
At 


this is known as the continuity equation. 


0 
| po-ds+ | = dV =0 (12.13) 


12.11. Equation of motion for a fluid 

To obtain the equations of motion we need to 
consider the time rate of change in linear 
momentum. This is achieved by simply replacing 


p by pv in the development of the continuity 
equation. This is possible since p is the mass per 
unit volume and pv is the momentum per unit 
volume. Thus the change in momentum in time Af 


1S 
sc=| { po(v-ds) + | 0) ay | 


Now force F = lim,,_,» — 
AOA, 


d(pv) 


: | po(w-ds)+ | “2rav (12.14) 


12.12 Streamlines 

A streamline is a line drawn in space at a specific 

time such that the velocity of the fluid at that 

instant is, at all points, tangent to the streamline. 
The distance along the streamline is s and, as in 

path co-ordinates, e, is the unit tangent vector and 

e, 1s the unit normal vector; as shown in Fig. 12.5. 





Figure 12.5 


Thus v = ve, =—e 
t dt t 
If the flow is steady, that is the velocity at any 
point does not vary with time, a streamline 1s also 
a path line. 


12.13 Continuity for an elemental 
volume 
The continuity equation, 12.13, is in the form for 
a finite volume. We now wish to obtain an 
expression for an elemental volume correspond- 
ing to that derived for the solid. 

Figure 12.6 shows a rectangular element with 
sides dx, dy and dz. Considering the continuity 
equation we first evaluate the surface integral 





Figure 12.6 
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| po-ds = | pos a 
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ax| dy dz — pv, dy dz 


Opry 
dy 





+ ro, + “| dzdx — pv, dzdx 


Opv, 
+ ro, + de aay — pv, dx dy 
z 


dpv, dpvy dpv, 
= | 26s 2 B00 


= Jara) dz. 
Ox oy OZ 


The vector operator V is defined, in Cartesian 
co-ordinates, to be 


so with pu = ipv, +jpv, + kpv, 
| po-dS = V- podrdy dz 


The operation V - (pv) is said to be the divergence 
of the pv field and is often written as div(pv). 


0 0 
Also | P dV = axdydz 
v ot ot 
so the complete continuity equation is 
0 
[¥-po+ 22 | arayas =( 


or 
0 
ieee =: 


Vv. 
ot 


0 (12.15) 
12.14 Euler’s equation for fluid flow 

In applying the momentum equation we shall 
choose a small cylindrical element with its axis 
along a streamline. However at the curved 
surface, of area dS’, there could be a small radial 
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component of velocity u since the streamlines at 
this surface may be diverging. 

A stream tube could have been used where the 
curved surface is composed of streamlines, but 
this means that the cross-section area would be a 
variable and the effect of pressure on this surface 
would have to be considered. 





Figure 12.7 


First we need to apply the continuity equation 
so with reference to Fig. 12.7 


0 0 
(p+ Las}(e + = as) 
os Os 


0 
— pudA + p(udS’) +7 dAds =0 
Neglecting second order terms 
0 0 0 
p—dV+0—dV + pudS+—-dV = 0 (12.16) 
Os os ot 
where dV = dsdA. 
In applying the force equation we are going to 
include a body force, in this case gravity, in 


addition to the pressure difference. Resolving 
forces along the streamline 


a 
ar = paA—(p+2as)as 
AY 


— pgdsdA cosa 


Or 


0 
dF = (2 - pgcosa}dsaa, (12.17) 
S 


The rate of change of momentum is, from 
equation 12.14, 


0 0 2 
dG = (p+ Mas |(0+ 2s] dA —povdA 
Os Os 
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0 
+ po(uds') +") asa 


a a 
= 2po— dsdA ie dsdA + pouds’ 
S$ 5 


, dpe) 
at 


ds dA 


The right-hand side of this expression can be 
simplified by subtracting v times equation 12.16 to 
give 
0 0 0 
iG Sa aaa aa aa 
Os ot ot 
combining with 12.17 and dividing through by 
ds dA 


ap dv. ap ( dv 2) 
D ——— —_e 
Os ot 


—gpcosa—-—— = +O 
en os re Mat at 


and finally re-arranging gives 


1a av a 
Sg ee (12.18) 
p os os ot 


This is known as Euler’s equation for fluid flow. 
Since v = v(5, ft), 

dv dvds dvdt dv av 

dt asdt ardt as at 
the right-hand side of 12.18 may be written as 


dv 
dt 


12.15 Bernoullr’s equation 
If we consider the case for steady flow where the 
velocity at a given point does not change with 
time, Euler’s equation may be written 

1 dp dv 

—gcosa—— — =v— 

p ds ds 
the partial differentials have been replaced by 
total differentials because v is defined to be a 
function of s only. Multiplying through by ds and 
integrating gives 

dp ov” 

-| gcosads — | Tas + constant 
p 


now cosads = dz thus 


dp v* 

— +— + gz = constant 

p 2 
If p is a known function of p then the integral can 
be determined but if we take p to be constant we 
have 


pv 
~ +— + gz = constant (12.19) 
p 2 

this is known as Bernoulli’s equation. 

This equation is strictly applicable to steady 
flow of a non-viscous, incompressible fluid; it is, 
however, often used in cases where the flow is 
changing slowly. The effects of friction are usually 
accounted for by the inclusion of experimentally 
determined coefficients. As has already been 
mentioned, the effects of compressibility can 
often be neglected in flow cases where the relative 
speeds are small compared with the speed of 
sound in the fluid. 


SECTION B 
Two- and three-dimensional 
continua 


12.16 Introduction 

We are now going to extend our study of solid 
continua to include more than one dimension. In 
our treatment of one-dimensional tension or 
compression we did not consider any changes in 
the lateral dimensions. Although we are going to 
use three dimensions we shall restrict the analysis 
to plane strain conditions. By plane strain we 
mean that any group of particles which lie in a 
plane will, after deformation, remain in a plane. 
It is possible that the plane will be displaced from 
the original plane but will still be parallel to it. 

It is an experimental fact that a stress applied in 
one direction only will produce strain in that 
direction and also at right angles to the stress axis. 
If a specimen is strained within the x-y plane 
then, if the strain in the z direction is to be zero, 
there must be a stress in the z direction as well as 
in the x and y directions. Conversely, if stresses 
are applied in the x and y directions with a zero 
stress in the z direction, there will be a resulting 
Strain in the z direction as well as those in the x 
and y directions. The two-dimensional analyses 
presented later are based on the latter case. 


12.17 Poisson’s ratio 
If Hooke’s law is obeyed, then the transverse 
strain produced in axial tension will also be 
proportional to the applied load; thus it follows 
that the lateral strain will be proportional to the 
axial strain. The ratio 
transverse strain 
ee 
axial strain 


where vis Known as Poisson’s ratio. 
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If a uniform rectangular bar, as shown in Fig. 
12.8, is loaded along the x axis then 


€&, = 0,/E 
Ey = —v0,/E 
and «¢«,= —vo0,/E. 


12.18 Pure shear 

Figure 12.9 shows a rectangular element which is 
deformed by a change in shape such that the 
length of the sides remain unaltered. The shear 
strain yxy is defined as the change in angle 
(measured in radians) of the right angle between 
adjacent edges. This is a small angle consistent 
with our discussion of small strains. 


f 


Figure 12.9 


The loading applied to the element to produce 
pure shear is as shown in Fig. 12.10. This set of 
forces 1s in equilibrium, so by considering the sum 
of the moments of the two couples in the xy plane 


Fy dx — F, dy = 0 (12.20) 
The shear stress is defined as 
Txy = F,/(dydz) 
and 1, = Fy/(dxdz) 


Substitution into equation 12.20 gives 
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“ Fy 
t oS Fy 
dx 
$$$ X 
F, 
Figure 12.10 
Ete (12.21) 


This shows the equivalence of the complementary 
shear stresses. 

Again by MHooke’s law, 
proportional to the shear strain 


shear stress 1S 


(12.22) 


where G is known as the Shear Modulus or as the 
Modulus of Rigidity. 
¥ 


Txy = GYxy 





Figure 12.11 


Referring to Fig. 12.11 it is seen that the shear 
strain can be expressed in terms of partial 
differential coefficients as 


Yxy = ¥1 v 72 
du, duy 
= 1223 
Yxy ax ay ( ) 


12.19 Plane strain 
The rectangular element, shown in Fig. 12.12, has 
one face in the xy plane and is distorted such that 
the corner points A, B, C and D move in the xy 
plane only. 

The translation of point A is uw and that of point 
C is u+ du. For small displacements 


Ou, Ouy _ {a 0 . 
du=| a dx + as ay i+] arr ay) 
Ox oy Ox oy 








or in matrix form 
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Ou Ou 
du as dx 
“l= 12.24 
| = S ( 


du, 
Oly Oly 


ox oy 


Let us now introduce the notation 





Figure 12.12 
Ou, 
—— = Uy CIC: 
dy 


In this notation the strain in the x direction 


Exx = Ux.x 
similarly Eyy = Uy y 
and the shear strain Yxy = Uy x tly 


and equation 12.24 becomes 


iy _ | uxx ay 
du, — Uyx Uyy {| dy 


The square matrix can be written as the sum of a 
symmetrical and an anti-symmetrical matnx. By 
this means the shear strain can be introduced. 


7 
ian ie 2s, Ux x 2(Ux.y + Uy x ) 
~ )4 
Uy x Uy y 2(Ux y ay Uy x) Uy y 


ys 0 —3(y x ~ Ux y) | 
(Ux y aa Uy x) 0 
therefore 


duy 2¥xy Ey 


0 -2..]) fax 
a | S| ae 


where 2,, is the rigid body rotation in the xy 
plane given by 





Figure 12.13 
yy = 5 (3 Ss) 
2\0x oy 


(see Fig. 12.13). 
The 1/2 in the strain matrix spoils the simplicity 
of the notation therefore it is common to replace 


2Yxy by Exy- 


12.20 Plane stress 

The triangular elements shown in Fig. 12.14 are in 
equilibrium under the action of forces which have 
components in the x and y directions but not in 
the z direction. Note that the surface abcd has 
area dydzi and area abef has an area dxdzj; these 
are the vector components of the area e’f’c’d’. 
The sense of the stress component, shown on the 
diagram, is such that when multiplied by the area 
vector it gives the force vector. 





Figure 12.14 


Resolving in the x direction we obtain 


Fy = Ody dz+ ty dxdz 
Fy = Gy dxdz+ Ty dy dz 


or, in matrix form, 


ie Oxx od hee 
Fy} ty Fy IL dxdz 


Letting dydz = S, and dxdz = S, 


ete ue 
Fy Txy Fyy IL Sy 


In many texts 7,, is replaced by o,,. 


(12.26) 


12.21 Rotation of reference axes 

The values of the components of stress and strain 
depend on the orientation of the reference axes. 
In Fig. 12.15 the axes have been rotated by an 
angle @ about the z axis. 





Figure 12.15 
From the figure we have 
x = x'cos@é—y’sin@ 
y=y'cos6+x'sin@ 
which, in matrix form, becomes 
x cos@ —siné@ }} x’ 
* ~ ao cos 6 I 
or, in abbreviated form 
(x) = [T](x’). 
The matrix [7] is a transformation matrix. It is 
easily shown from the geometry or by matrix 


inversion that the inverse of this matrix is the 
same as its transpose. 
cos @ 


sin 8 
oO =(T|"= 
IT] IT] lens 7 
Writing equations 12.25 and 12.26 in abbrevi- 
ated form as 


(du) = {{e] + [Q]} (dx) 
and (F) = [o(S) 


(12.27) 
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they may now be transformed by use of the 
transformation matrix. 


12.22 Principal strain 
Since (du) = [7](du’) and (dx) = [T](dx’) we can 
write 
[T](du’) = {[e] + [Q]}[7](dx’) 
and pre-multiplying by [T]’ we obtain 
(du’) = [7]" {[e] + [Q]}[7](de’). 
The rotation [Q] is not affected by the change 


in axes because they are rotated in the xy plane. 
The transformed strain matrix is 


[e'] = [7] Te} [7] 
_ cos@é sin @ =~ * | 
—sin6 cos@ |léxy yy 
J g —sin 4 
sin@  cosé 
_ es isd 
E'xy Ey 


= £,,COS* 0+ Eyy sin? @ 
+ €&,y2cosOsin@ (12.28) 
E'yy = Eyy COS” 6+ €,, Sin” B 
— €xy2cos Osin@ (12.29) 
E'xy = (€yy — Exx) SiD Ocos 8 
+ Exy (cos” @— sin? 6) 


= (Ey, — Exx ) 


sin20+ €,,cos2@ (12.30) 


also (£’x,+ €' yy) = (Ex + Evy) (12.31) 


From equation 12.30 it is seen that it is possible 
to choose a value for @ such that ¢’,, =0. The 
value of 6 is found from 


Dey 


Exx — Eyy ) 


tan26 = (12.32) 


The axes for which the shear strain is zero are 
known as the principal strain axes. Let us 
therefore take our original axes as the principal 
axes, that is €,, = 0. The longitudinal strains are 
now the principal strains and will be denoted by «, 
in the x direction and by e, in the y. 
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From equations 12.28 and 12.29 we now have 


(E'xx— €'yy) _ (€1 — €2) cos26 


2 2 


and from equation 12.30 


(€, — €>)sin26 
eo ae 


A simple geometric construction, known as 
Mohr’s circle, gives the relationship between the 
strains and the angle @. Figure 12.16 shows a 
circle plotted with its centre on the normal strain 
axis, the ordinate being the negative shear strain. 
The location of the centre is given by the average 
Strain, and the radius of the circle is half the 
difference between the principal strains. It is seen 
that this diagram satisfies the above equations. 


shear* _. 
strain 


— = —1 
Ex = 2V xy 





Figure 12.16 


It can be seen that when @= 7/4 the shear 
strain is maximum and the normal strains are 
equal. If the circle has its centre at the origin then 
for 8 = 7/4 the normal strains are zero. So for the 
case of pure shear the principal strains are equal 
and opposite with a magnitude é,, = Yx,/2. 

In the case of uniaxial loading ¢2 = — ve, hence 
the radius of the circle is (€; + ve, )/2 which also 
equals the maximum shear strain at 0 = 7/4. 


SO ¥xny = €:(1 +2) = 9, (1+ vVE. 
12.23 Principal stress 


Equation 12.26 can also be written in abbreviated 
form as 


(F) = [o](S) 


and since the components of any vector can be 


expressed in terms of rotated co-ordinates we 
may write 


(F) = [T](F’) and (S) = [T](S’) 
thus [T](F’) = [o][TI(S’) 


so pre-multiplying by [7]* gives 
(F') = [T]"[o][T|(S’) 


therefore 
[o’] = [7] [ol [7] 
_ | cos@ = sin® |] Ox, Oxy 
7 a cos e2 ~ 
¥ haw —sin a 
sin?  cosé 
_ bs nd 
O'xy Fy 
where 


O" xx = Txx COS” O+ Oyy sin? 6 
+ Gxy2cos@sin@ (12.33) 


O' yy = Oyy cos’ 6+ o,, Sin? @ 
—Oxy2cosdsin@ (12.34) 


O' xy = (Gyy — Oxy) Sin Acos 6 ; 
+ Gy, (cos* @— sin* 6) 


(yy a Oxx) 


Senge sin26+0,,cos26 (12.35) 


also. (0’x,+0'y,) = (Oxx + Gy) 
From equations 12.33 and 12.34 we now have 


(O'xx—O' yy) — (0; — G2) CoS20 
2 Z 


and from equation 12.35 


t 


(co; — a7)sin2@ 
Oa 


2 


The form of these equations is the same as 
those for strain therefore a similar geometrical 
construction can be made, which is Mohr’s circle 
for stress as shown in Fig. 12.17. 

Because we have taken the material to be 
isotropic it follows that the principal axes for 
stress coincide with those for strain. This is 
because normal stresses cannot produce shear 
strain in a material which shows no preferred 
directions. 


shear 
stress 


~ Oxy = ~JVry 










normal 
Co 





Tx, + Ty, 


2 








Figure 12.17 


12.24 The elastic constants 
So far we have encountered three elastic 
constants namely Young’s modulus (£ ), the shear 
modulus (G) and Poisson’s ratio (v). There are 
three others which are of importance, the first of 
which is the bulk modulus. 

For small strains the change in volume of a 
rectangular element with sides dx, dy and dz is 


(Ex, dx) dydz+ (e,,dy )dzdx + (e,,dz) dxdy. 


The volumetric strain, also known as_ the 
dilatation, is the ratio of the change in volume to 
the original volume; thus the dilatation 


A= &q + by + Ez, 


It should be remembered that shear strain has no 
effect on the volume. 
The average stress 


Dave. = (Ox, + Gyy + 02, /3 
and the bulk modulus K is defined by 
Taye. = KA (12.36) 


(For fluids the average stress is the negative of the 
pressure p). 

The two other constants are the Lamé 
constants and they will be defined during the 
following discussion. 

In general every component of stress depends 
linearly on each component of strain. If we 
consider an element which 1s aligned with the 
principal axes of stress and strain, then each 
principal stress will be a function of each principal 
strain, thus 


GO, = ae, + be, + ce3. 
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Because of the symmetry 5 must be equal to c so 
we can write 


oO, = (6+ (a—b))e,+ ber + bo 
OT O, = b(€; + &2+6&3)+(a—b)e,. 


Let b = 4 and (a— b) = 2p where A and p are the 
Lamé constants, and introducing dilatation A, the 
sum of the strains, we have 


ao, =~ AA+2pe, (12.37) 
and again because of symmetry 

oy = AA+ 2peE>, (12.38) 

a3 = AA+ 2pe3. (12.39) 


N° 
\ 4 


45° 





Figure 12.18 


Let us now consider the case of pure shear, see 
Fig. $2.18. We have already seen that a, = —ty, 
02 = Ty, £1 = —€xy and &) = €,, So substituting 
into equations 12.37 and 12.38 we have 


t= AA Ope) 
and Txy = AA+ 2pe,,. 


Solving the last two equations shows that A = 0 
and 7,, = 2mé,y giving 


T. Tx 
=—* = =G (12.40) 

2Exy Yxy 
Now consider the case of pure tension, see 
Fig. 12.19, such that on.=0 and «,=—ve,. 


Substitution into equations 12.38 and 12.39 gives 
a, =AA+2pe_e, 
0 = AA—2pveE, 
from which ogo, = 2p(1+v)e, 


so o,/e; =E=2p(l+v)=2G(1+pv) (12.41) 
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4a, 


Figure 12.19 


If we add together the three equations 12.37 to 
12.39 we obtain 


3Gaye. = BAA + pA = (3A4+2p)A 


so K= a = \+2y/3. (12.42) 


(For an ideal fluid » = 0 and A = K). 
Using equation 12.28 it is seen that taking the 
OxOy axes as principal axes 


Ex, = €,COS” 6+ ensin’ 6 
and using equation 12.33 
Ox, = 0 COS? 0+ opin? 8. 
Substituting from equations 12.37 and 12.38 leads 
to 
= [AA + 2pe, ]cos” 0+ [AA + 2pe>] sin? 6 
= AA+2p[e, cos” 6+ e2sin* 6] 


= AA+ 2peé,,. 
In general we may write 
oO, = AA+ 2p6;; (12.43) 
and 7, = 2ue; ((4#/) (12.44) 
This can also be written in matrix form as 
{o] = AA[I] + 2z[e] 12.45) 


where [#7] is the identity matrix. 

Note that for a homogeneous isotropic elastic 
material there are only two independent elastic 
moduli. 


12.25 Strain energy 

If a body is strained then work is done on that 
body and if the body is elastic then, by definition 
of the term elastic, the process is reversible. 
Consider a unit cube of material so that the force 
on a face is numerically equal to the stress, and 
the extension is equal to the strain. For the case 
where only normal stresses are acting the increase 
in work done is 


dU = oy, de,, + ayy dey, + 0, de, 


For a linearly elastic material obeying Hooke’s 
law where stress is proportional to strain, the total 
energy may be found by applying the load in each 
direction sequentially rather than simultaneously. 
Applying the load in the x direction first the work 
done is the area under the stress-strain graph, so 
since the strain is due to a,, only 


Oxx Oxx 
Ze ke 


we now apply o,, slowly whilst o,, remains 
constant 


U, = 


Ov, o 
thus Uy = + oy4(— 1) 2 
and U, = + ox (- N= = + Fyy(— We 


The total energy due to normal stresses is 
U= 0,4 U, + 0; 


ee -& ~ (ox ag Oyy | 


Oxx Exx 


2 2 2 
In the case of pure shear strain the strain 
energy is simply 
Txy Yxy 
2 


and since the shear strains are independent the 
total strain energy can be written 


jy Cee en Oy 4 Czz Fez 
2 2 2 
2 2 2 


or 1n indicial notation 


U _ Oj; Eij 
Zz 
where summation is taken over all values of i and 
}. (Remember that ¢ = y/2., Eiji — &ji and Oij = Pi ) 


SECTION C 
Applications to bars and beams 


12.26 introduction 

The exact solution to the three-dimensional stress 
strain relationships are known for only a small 
number of special cases. So for the common 
engineering problems — involving prismatic bars 
under the action of tension, torsion and bending — 
certain simplying assumptions are made. The 
most important of these is that any cross-section 
of the bar remains plane when under load. This 
assumption provides very good solutions except 
for very short bars or ones which have a high 
degree of initial curvature. 


12.27 Compound column 

To illustrate the use of the simple tension/ 
compression formulae we shail consider a 
compound column as shown in Fig. 12.20. 





Figure 12.20 
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We assume that a light, rigid plate is resting on 
top of a tube which is concentric with a solid rod. 
The rod is slightly shorter than the tube by an 
amount e which is very small compared with the 
length L. 

The problem is to find the stresses in the 
component parts when the plate is axially loaded 
with a sufficiently large compressive force that the 
gap is closed and the rod further compressed. 

The solution is to consider equilibrium, 
compatibility and the elastic relationship. 

Equilibrium of the plate is considered with 
reference to the free body diagram depicted in 
Fig. 12.21 where P is the applied load and Pp and 
P+ are the compressive forces in the rod and the 
tube respectively. 


PR 


eV eel 
Figure 12.21 Pr 


The compatibility condition is that the final 
length of the tube shall be the same as that of the 
rod. So with reference to Fig. 12.22 we see that 
the compression of the tube is equal to the initial 
lack of fit plus the compression of the rod. 


€ 


Say or 


Figure 12.22 
by =e€+ dp (12.48) 


The application of Hooke’s law to the tube and 
rod in turn gives 


—PrlAry = —E+(6y/L) 
and —PplAr = — Ep (dp/L) 


(12.49) 
(12.50) 
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Substituting these last three equations into 
equation 12.47 gives 


P= 6; EArT/L = (6>- e)ERAR/L = 0 


LP—eEgA 
ee (12.51) 
E,Ar+ ErAr 
and from 12.48 
Si Gang (12.52) 


From equations 12.49 and 12.50 the forces in each 
component can be found and hence the stresses. 


12.28 Torsion of circular cross-section 
shafts 

As an example of the use of shear stress and strain 
we now develop the standard formulae for 
describing the torsion of a uniform circular 
cross-section shaft. Other forms of cross-section 
lead to more difficult solutions and will not be 
covered in tuis book. 





Figure 12.23 


Figure 12.23 shows a length of shaft, radius a 
and length L, under the action of a couple in a 
plane normal to the shaft axis. This couple is 
known as the torque. 

The following assumptions are to be made 


a) the material is elastic, 
b) plane cross-sections remain plane and 
c) the shear strain varies linearly with radius. 


From Fig. 12.23 and the definition of shear 
Strain the shear strain at the surface y, = a6/L and 
the shear stress at the surface 7, = Gy, = Ga6/L. 
Therefore at a radius r 


t= Gro/L (12.53) 


We can now form an expression for the torque 
carried by the shaft. Consider an elemental area 
of cross-section as shown in Fig. 12.24. The 
elemental shear force is 


dF = 7(rdédr) = (Gr6é/L)(rdédr) 


and the torque due to this is 


rdF = r°G(@/L)dédr. 


Figure 12.24 


For an annulus dé@ is replaced by 27 thus 
integrating over the radius from 0 to a gives the 
total torque 

Ta 


T = G(6IL) | r32ardr = G(at)| ) 


The integral fr°2adr = fr7dA, where dA is 
the elemental area, is known as the second polar 
moment of area and the usual symbol is J. 

The above expression for torque may now be 
written 


T = G(@L)J (12.54) 


Combining this with equation 12.53 we have 


(12.55) 


where 


T = torque 

J = second polar moment of area 
G = shear modulus 

6 = angle of twist 

L = length of shaft 

T = Shear stress 

r = radius at which stress is required. 


For a hollow shaft with outside radius a and inside 
radius b the second polar moment of area is 
a(a*— b*)/2. 


12.29 Shear force and bending moment 

in beams 

In the case of rods, ties and columns the load is 
axial, and for shafts we considered a couple 
applied in a plane normal to the axis of the shaft. 
In the case of beams the loading is transverse to 
the axis of the beam. In practice the applied 
loading may well be a combination of the three 
standard types, in which case for elastic materials 
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undergoing small deflections the effects are 
simply additive. 

A beam is a prismatic bar with its unstrained 
axis taken to be coincident with the x direction 
and usually loaded in the y direction. Figure 12.25 
shows an element of such a beam. 





Figure 12.25 

It is assumed that the angle that the axis of the 
beam makes with the x axis is always small. The 
lateral load intensity is w and 1s a measure of the 
load per unit length of the beam. The resultant 
force acting on the cross-section is expressed as a 
shear force V and a couple M known as the 
bending moment. The convention for a positive 
bending moment is that which gives rise to a 
positive curvature: concave upwards. Note that 
this does not follow a vector sign convention since 
the moments at the ends of the element are of 
opposite signs. 

Figure 12.26 shows the free body diagram for 
the element, note that the x dimension has been 
exaggerated. 


y 





Figure 12.26 


We resolve forces in the y direction and equate 
to zero since in this analysis dynamic effects are 
not to be included. 


dV 
So wdxt+ v-(v+<) = (0 
dx 


leads to — = 12.56 
sto Ww ( ) 
By taking moments about the centre of the 


element and again equating to zero 





has M — Vdx/2 (v+ Zar] =0 
dx dx =] 2 

dM 

—=V [257 
rs ( ) 
Substituting equation 12.57 into 12.56 gives 

dM dv 

dx? dx ( ) 


If the loading w(x) is a given function of x, then 
by integration 


V= | wadx (12.59) 


and M= || wdx dx = | Vdx (12.60) 

However in the majority of practical problems 
the loading is not of a continuous nature but 
frequently consists of loads concentrated at 
discrete points. In these cases it is often 
advantageous to use a graphical or semi-graphical 
method. These methods are especially useful 
when only maximum values of shear force and 
bending moment are required. 


W 


Figure 12.27 


As an example of the use of graphical 
techniques we will consider the case of a simply 
supported beam as shown in Fig. 12.27. 


WwW 


Ra Rg 


Figure 12.28 

The free body diagram for the beam is given in 
Fig. 12.28 from which, resolving in the y 
direction, 
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Ra+Rp-W=0 

and by moments about A (anticlockwise positive) 
Rp Ll—Wa=0 

therefore Ry, =Wb/L and Rg = Wa/L 


Figure 12.29 is the shear force and bending 
moment diagram for the beam and is constructed 
in the following way. 

The shear force just to the right of A is positive 
and equal to Ra. The value remains constant 
until the concentrated load W is reached, the 
shear force is now reduced by W to R, — W which 


Ra 


Rial = 


Figure 12.29 


is equal to —RKg. This value remains constant until 
reduced to zero by the reaction of point B. 

The bending moment is found by integrating 
the shear force which is, of course, just the area 
under the shear force diagram. Since the shear 
force is constant between A and C it follows that 
the bending moment will be linear. Because point 
A is a pin joint the bending moment is, by 
definition, zero. The rest of the diagram can be 
constructed by continuing the integration or by 
Starting from end B. The maximum bending 
moment is 


Raa = —Rp(—b) = Wab/L 


12.30 Stress and strain distribution 
within the beam 
Consider the element of the beam, shown in 
Fig. 12.30, under the action of a pure bending 
moment (i.e. no shear force). The beam 
cross-section is symmetrical about the yy axis and 
its area is A. It is clear that the upper fibres will be 
in compression and the lower fibres will be in 
tension, so there must be a layer of fibres which 
are unstrained. This is called the neutral layer and 
the z axis is defined to run through this layer. 

We shall now assume that plane cross-sections 
remain plane so that the strain in a layer y from 
the neutral layer (which retains its original length) 








Figure 12.30 


can be expressed as 
CD-AB_ (R—y)dé—Rdé 
| 7 
AB Rdé 


therefore the stress ao = Ee = —Ey/R (see Fig. 
12.31) 


—y/R 


(12.61) 


OT 7 


ay | oy 


OC 
Z 
where R is the radius of curvature of the beam. 
Note that in many texts, due to a choice of 
different sign convention, the above equation 
appears without the minus sign. 


E 
o=- 5 hy 


Pte E 
C= --- 
R? 


Figure 12.31 


The resultant load acting on the section normal 
to the surface is 


y=h> y=hz Eyb 
[°* abay——[" Bay 


yh yao R 


= =| bd 
Rl cD 


Since this must equate to zero as a pure couple 
has been applied 


y=hp 
| ybdy =0 
y=—-hy 

This is the first moment of area so by definition 
the centroid of the cross-section area lies in the 
neutral layer. 

If we now take moments about the z axis we 
obtain an expression for the bending moment 


y=h, F fy=h 
| yabdy == | y’ bdy 

yanhy R J y=-hy (12.62) 
The integral fy’?bdy = fy?dA is known as the 
second moment of area and denoted by /. Similar 
to moment of inertia, the second moment of area 
is often written as [= Ak* where A is the 
cross-section area and k is known as the radius of 
gyration. 

The parallel axes theorem relates the second 
moment of area about an arbitrary axis to that 
about an axis through the centroid, by the 
formula 


L, =I6gGt+Ah’ (12.63) 
where h is the distance between the xx and the 
GG axes. 


The perpendicular axes theorem states that for 
a lamina in the yz plane 


(12.64) 


The proofs of these two theorems are similar to 
those given for moments of inertia in section 6.3. 

Using the definition of second moment of area 
equation 12.62 becomes 


byx = Nyy = bez 


E 
M=—I 
R 
M E 
or —=—+ (12.65) 
I R 


and combining this with equation 12.61 we obtain 


o M E 
R (12.66) 


ee Ce a, 


y 


Where ais the stress at a fibre at a distance y from 
the neutral layer, M is the bending moment, / is 
the second moment of area, FE is Young’s 
modulus and R is the radius of curvature 
produced in the beam. 

Equation 12.66 is sometimes referred to as the 
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engineer’s theory of bending, and is widely used 
even for cases where the shear force is not zero as 
the effect of shear has little effect on the stresses 
as defined above. However the bending does have 
a significant effect on the distribution of shear 
stress over the cross-section. 


12.31 Deflection of beams 
The governing equation for beam deflection is 


M_E 


I R 
For small slope (i.e. dy/dx <1) the curvature 
1 d7y 
Rd? 
M dy 
eo —=-—5 12.67 
EL de? vad 
Integrating with respect to x we have 
dy M 
—=;} —dx 12.68 
dx | El ( 
M 
and = l| — dxdx. 12.69 
y EI (12.69) 


As an example of calculating the deflection of a 
beam we will consider the cantilever shown in 
Fig. 12.32. The loading is uniformly distributed 
with an intensity of w. 





wl 








bending 
moment 


wi 





2 
Figure 12.32 
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From the free body diagram the shear and 
bending at the fixed end are found to be wl and 
—wL7/2 respectively. We now use equations 12.59 
and 12.60 to evaluate the shear force and bending 
moment as functions of x. 


V= | (—w)dx + constant = —wx+wL 


M= | (—wx + wL)dx + constant 


2 
= ea +wLx+(-—wL7/2). 


Now using equations 12.68 and 12.69 


d 1 7 
ees | [S eli W712) a 
dx El 2 

+ constant 


tl 3 2 2 
ar —wx/6+ wx~*L/2 —wL*x/24+0 


the constant is zero since the slope is zero at the 
fixed end. 


1 
y= 7 | (—wx 7/6 + wx? L/2 — wL*x/2)dx 


+ constant 
1 
= El [—wx'r4 + wx3L/6—wLl?x7/44+ 0) 


The maximum deflection clearly is at the 
right-hand end of the beam where x = L 


1 
max = — WL*(—1/24+ 1/6 — 1/4 
y Bie ( ) 


wL4 


«SEI 


12.32 Area moment method 

The double integration of M/(EI) can _ be 
performed in a semi-graphical way by a technique 
known as the area moment method. Integrating 
equation 12.67 between the limits x, and x2 gives 


dy dy ["z 
—-— =9,-6,=| —dxr 
dx. dx, ~*~ | %Jx, El 


or 62—6, = area under the M/(EI) diagram as 
shown in Fig. 12.33. 
Now by definition 


(12.70) 


dy 
dx 


so integrating between limits 


= 6 


x4 


2 | dx 


x} 
and integrating by parts we obtain 


x2 x dé 
— [ox ax 
: | . at 





Y2-yi = OX 


We know that 


tee 
R dx\dx/ dx EI 
and by choosing x, as the origin we may write 


(x2-x1) M 
y2-y1 = @2(2~x1)— | x—dr (12.71) 
0 El 


The interpretation of the last equation can be 
seen in Figs 12.33 and 12.34. The difference in 
deflection between positions 1 and 2, relative to 
the tangent at point 2, is the moment of the area 
under the M/E diagram, between points 1 and 2, 
about the point 1. 

M F; centroid 


os of area 
El 
x 
Figure 12.33 
ae 
y 
AX ~~ 05 
we “a 
= = eee 1 
ae sees 
@) 2 
y 
Figure 12,34 


As a simple example of the use of the area 
moment method we will consider the case of a 
cantilever, length L, with a concentrated load at a 
distance a from the fixed end, as shown in Fig. 











Figure 12.35 


12.35. We wish to find the slope and deflection at 
the free end. 

The first step is to sketch the bending moment 
diagram which is linear from B to A and has a 
maximum value of — Wa at A. 

The change in slope between A and C is the 
area of the M/E] diagram thus 


Waa . 
é.—0 = —— <=, since 0, = 0. 
EI 2 


Applying equation 12.71 


—y, = 0 (es) (i )] 
Yo Va = Vara EI 2 a : 


As both y, and @, are zero 
: Wa? (L —a/3) 
: 2EI 


Discussion examples 
Example 12.1 


A circular cross-section rod, made from steel, has 
a length L and tapers linearly from a diameter D, 
at one end to a diameter of D, at the other. The 
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rod is subjected to a constant tension F. 

Assuming that the taper is slight so that the 
Stress distribution across the cross-section 1s 
uniform, derive an expression for the change in 
length of the rod. 


Figure 12.36 


Solution From Fig. 12.36 we see that the 
diameter at a position x is 


(D,—-D,)x 
L 


and the cross-section area A = mwd7/4. The stress 
o = F/A and the strain 


d= D,—- 


4F 
= Gf E = 
fT Oe En(D;—(D>—D,)x/LY 
0 
Now Pe ae 
ox dx 
Ld 4F fe dx 
SO u=| dx = -— | ae 
o dx Easo (a—bx) 
F 1 L 








~ EA/n b(a—bx) 
where a = D, and b= (D,—D,\/L 


0 


4F 1 ] 
hence “= — | ————_ - — 
ee — bL) | 
. AFL (D2.-—Dy,) 
TEA (D,—Dy,) D, dD, 
= 4FL 
7 EnD, D> 
Example 12.2 


A load washer is a device which responds to a 
compressive load, producing an electrical output 
proportional to the applied force. In order to 
make a load cell capable of registering both 
compression and tension it is precompressed by a 
bolt as shown on Fig. 12.37. The stiffness of the 
load washer is k and the bolt is made out of a 


234 Introduction to continuum mechanics 





Figure 12.37 P 
material whose Young’s modulus ts £. 


a) If the lead of the thread on the bolt is A 
determine the compressive load on the load 
washer if the nut is tightened by n turns. 


b) Also find the change in load on the washer as 
a fraction of the change in load on the load cell for 
a pre-tightening of m turns. 


Solution 
a) We will assume that the head of the bolt and 
the region covered by the nut have negligible 
distortion. In this case there is an initial lack of fit 
of nA, which means that in the assembled state the 
stretch in the bolt plus the compression of the 
washer must equal nA. Also, by equilibrium, the 
tensile force in the bolt must equal the 
compressive force in the washer. 

If the compressive force in the washer is Fy and 
the tensile force in the bolt is Fp then 


nA = Fw/k+FpRLi(AE) (i) 
since Fy = Fg 
na 


Fy =———_-_——~ 
Ww Uk +LI(AE) 


b) From the free-body diagram 
P= Fg- Fw 
substituting in (i) 
ndA = Fwlk+(P+ Fy )LIAE) 
; naAk — PKLI(AE 
eee a aie spre 
AFyw _ k 


[nUS) a Se 
AP AE/L+k 


The sensitivity of the load cell will be that of the 
load washer reduced by the ratio k/(AE/L +k). 


Note that the above equations are only valid 
whilst 


P<ndAAE/L 


Example 12.3 

A flat steel plate with dimensions a, b, c in the x, 
y, z directions is under the action of a uniform 
stress in the x direction only, see Fig. 12.38. Show 
from first principles that if Poisson’s ratio is 0.29 
then the longitudinal strain is zero when 
6 = 61.7°. 





Figure 12.38 


By drawing Mohr’s circles for stress and for 
strain confirm the previous result. Show also that 
the maximum shear stress and the maximum 
shear strain occur when @= 45°. By further 
consideration of the diagrams at @ = 45°, prove 
that FE = 2G(1+ vr). 


Solution In Fig. 12.38 the point P is situated a 
distance L from the origin of the axes, the line OP 
being at an angle @ to the x axis. The relative 
movement in the x direction is ¢,x and in the y 
direction it is —ve, y. Resolving along OP 


€,Xcos@— ve, ysin dé = e, L 


where «, is, by definition, the strain in the 
direction of L. Now x = Lcos@and y = Lsin@ so 


EL = €,[cos* @— vsin’ 6]. 


For €, = 0 
tan? 6 = 1/y = 1/0.29 
6= 61.7°. 


By measurement on the Mohr’s circle for 
strain, Fig. 12.39, zero normal strain occurs at 
approximately 62°. 


therefore 





Figure 12.39 


From the diagrams it is readily seen that the 
maximum shear stress occurs when 26 = 90° and 
has a value of o,/2. The maximum shear strain 
also occurs at 8 = 45° and has a value of (1+ v)e,. 

From the values just quoted 
tT a /2 I _F 1 
y (itv) & 21+v) 2114+») 


or E=2G(1+pr) 


O*x 





Example 12.4 

Using the same data as in example 12.3 evaluate 
the values of the shear modulus and the bulk 
modulus, given that Young’s modulus is 200 
GN/m? and Poisson’s ratio is 0.29. 


Solution From example 12.3 
_ E  _ 200x 10° 
21+v) 2(14+0.29) 


The change in volume 


= 77.5 GN/m* 





AV = ae, bc — bve,ac—cve,.ab 
= abce, (1 — 2p) 
thus the volumetric strain 
AV/V = €,(1 —2p) 


The mean pressure —p = —(average stress) 
= —o,/3 so by definition the bulk modulus 
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gs OE pe Oe 
AVIV «,(1—2v)  3(1—-2) 
200 x 10° 
= = 158.7 GN/m? 
3(1 —2 x 0.29) 


(Because all elastic moduli must be positive, it 1s 
clear from the general expression for K that 
p<0.5.) 


Example 12.5 

Obtain an expression for the strain energy per 
unit volume for an isotropic homogeneous 
material in terms of its principal stresses. Find 
also an expression for the strain energy associated 
with the change in volume, and hence find an 
expression for strain energy associated with 
distortion. 


Solution The total strain energy per unit volume 
can be found from the work done by the normal 
forces acting on the surface of a unit cube. 

The work done equals the total strain energy 


Z ibs E E 
O2 | 02 G3 C7 
Se en ee 
2 OE E E 
O3 | 03 O2 O71 
eS cage aa 
2 de E E 
1 s 4 

= Fale + o>° + 03 


—2v(0,03+030,+0,02)| 


The work done in changing the volume of the 
unit cube is 


1 AV 1p 
aloe te 
2 V 2K 
In the general case —p=the average stress 
= (0, +02+0;3)/3 
1(o,+0,+03) 
2 9K 
ot 
2X 9K 


U, = 





[o,7 + os" + a3 


+ 2(0203+ 030,+0;07)] 


The total strain energy is the sum of the 
volumetric strain energy and the distortional or 
shear strain energy, i.e. 
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U,= U,+ U, 
therefore 
U, = U,- U, 


1} /1 1 
(LA) eteegead 


2v 2 
(24 gp) iar 0205+ 0501) 


E "OK 
| E 
Now £ = 2G(1+ v) and K = ———— 
3(1 — 2p) 
a _ 2G(i +») 
3(1 — 2p) 


Substituting these values into the previous 
equation 
_ 1 2(1 + v) 
° 4G+v) 3 


[a7 + 057+ 037 
— (0, 02 + 0203+ 030; )| 


= tO 


5G 6 02)° + (02-03) + (03-0 ))"] 
Example 12.6 
The von Mises—Hencky theory of failure for 
ductile materials suggests that, under the action 
of multi-axial stresses, failure will occur when the 
maximum shear strain energy 1s equal to that 
which occurs when failure occurs in a simple 
tensile test. 
Show that this leads to the formula 


(a, — 02) + (a. —03)° + (03-0)? = 20,” 


where oa, = the yield stress. 


Solution From example 12.4 the expression for 
shear strain — 1S 
eb 7] 


rie G2)’ + (02-03) + (03- 


ms ~ 2G 6 


In a simple tensile test a, = a3 = 0, so 


1 1 
U, = DG [20,7] =——o0,? where o, = Oy 


6G 


therefore 


2 
(a; — 02)? + (02 -03)° + (03-01)? = 2a,” 

It is interesting to note that the shear strain 
energy in the simple tensile test is greater than 


that calculated from the maximum shear stress 


and strain which occur at 45° to the bar axis. The 
strain energy based on this calculation is 


= i 2 1 4 
The difference is due to the fact that in this 
situation the element is still being distorted, 
because the transverse stress is still zero even 
though the other two normal stresses are equal to 
each other. 


Example 12.7 

A thin-walled cylindrical pressure vessel shown in 
Fig. 12.40 contains a gas at pressure p. The 
diameter of the shell is 0.6 m and the thickness of 


/ 
f 
\ 
\ 


Figure 12.40 


the steel is 6mm. Given that the yield stress of 
steel is 300 MN/m7? find the maximum allowable 
pressure based on the stresses on the curved 
surfaces remote from the ends. 


Solution The material is under the action of a 
longitudinal stress and a hoop stress as shown in 
Fig. 12.41. We shall consider the equilibrium of a 
unit length of the cylinder. Resolving in the y 
direction 


oy 2mrt 





———_ 
pur 
Figure 12.41 
p2r—2toy, =0 


where oy, 1s known as the hoop stress therefore 


Considering the equilibrium of one part of the 
cylinder 


par? —o,,2nrt = 0 


so the longitudinal stress 


_pr 
Or 


As there is no shear on the element oy, and o, 
are by definition the principal stresses o, and o>. 
The third principal stress is taken to be zero, 
because with r>t it follows that a, and a> are 
much greater than p. Substitution into the von 
Mises—Hencky equation, 


OL 


r 2 
(=) (2-1)? + (1-0)? + (0—2)*] = 20,7 
or (~ ) (6) = 20,2 
giving 


_ 2ayt — 2x 300 x 10° x 0.006 
PV3r«V73x.0.300 


The corresponding hoop and_ longitudinal 
stresses are 


_ 6.9 10° x 0.300 





= 6.9 MPa 


= ———_———. = 173 MP 
eh 2 X 0.006 : 

_ 6.9x 10° x 0.300 ye aa 
7H 0.006 ~ : 


Note that oy>o,. This is because a high 
proportion of the strain energy is associated with 
a change in volume of the material while it is the 
shear strain energy which relates to failure. 


Example 12.8 

Figure 12.42 shows a simply supported beam 
carrying a uniformly distributed load of intensity 
w. The beam is made from a material with a 
Young’s modulus £ and the second moment of 
area of the beam cross-section is /. 





Figure 12.42 


Obtain an expression for the shear force, 
bending moment and deflection of the beam. Use 
the area-moment method to check the expression 
for the deflection at the centre. 


Solution The total load carried by the beam ts 
wL and by symmetry the reactions at the supports 
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wh 
2 
—wl 
wL? oe 2 
8 
Figure 12.43 


will be wL/2. The shear force at x = 0 1s therefore 
+wL/2. A sketch of the shear force diagram and 
of the bending moment diagram is shown in 
Fig. 12.43. 


x wl 
V= Vo= | (—w)dx = — — wx 
0 2 
and the bending moment 1s 
M = Mo+ | “Vide 
0 


wLhLx wx? 


= 0 ta ace 


2° 2 
The slope of the beam 
d d xM 
7 =~ 4 | dx 





dx dx JoEl 
dy rn 1 | wLx? wx? 
—dxy EI| 4 6 


and the deflection 
x dy 

=yjt| —dx 
¥Y = Yo i, dy 


dy 1 [whx? wx 
Yee —-— 
dig ei 42 24 


Now at x = L the deflection is zero, so 








dy lL fiwL* wl 
(2227 6 =e 
dx, EI| 12 24 
therefore 
dy _ _ wh’ 
dx)  24EI 
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Finally 


y= —Saea|be)-20z) {i} | 


The area moment method states that the first 
moment of the area under the M/E/ diagram 
about point 1 gives the change in deflection of the 
beam between points 1 and 2 relative to the 
tangent at point 2. In this case we may make use 
of the symmetry of the system from which it is 
seen that the slope at the centre is zero. Therefore 
the moment of the area between one end and the 
centre about the pin joint will equal the maximum 
deflection. 








Figure 12.44 


Figure 12.44 gives the standard properties of a 
parabola from which we can write the deflection 


21wWie” LAS Lb 
Yo Yu2 = —Yi2 = (= <= (2 <5 
_ SwL4 
384 





Example 12.9 

Figure 12.45 shows a uniform beam resting on 
simple supports with a load of 12 KN applied 4m 
from A. The second moment of area of the beam 
cross-section is 0.0004 m* and Young’s modulus is 
200 GN/m’. 





Figure 12.45 


Using the area moment method determine the 
deflection at the point C. 


Solution By taking moments about the point A 
the reaction at point B may be found 


Ral —Wa=0 


or Rg = Wa/L 

and by resolving vertically upwards 
Ra+Rg-W=0 

so Ra = Rg-W= Wbd/L 








Figure 12.46 


The shear force and bending moment diagrams 
may now be sketched as shown in Fig. 12.46. The 
peak bending moment is readily shown to be 
Wab/L = 12000 x 4 x 2/6 = 16000 Nm. 

The application of the area moment method is 
a little more difficult because we do not know the 
position for zero slope. We know that the 
deflection at B is zero, so the moment about B of 
the area under the M/E/ diagram between A and 
B will give the deflection at B relative to the 
tangent line at A. This deflection is also seen to be 
given by the product of the slope at A and the 
distance between A and B. 


_ Wab a a 2 Wab 
~ EIL 2 EIL 


2b 
3 





b 
YBN 5 


3 
16000 
~ 2x10" x 0.0004 
x (4x 2/24+4x4/6+2 x2 x 2/6) 
= 1.6x10-7m 


d 
Now —- = yan/L = 1.6 x 1072/6 
dx 


= 0.267 x 107? rad. 


The deflection at C relative to the tangent at A is 


Wab b 
i=— S(o+a3+¢}+2(26+¢)| 





~ EIL|2 
- 16000 
~ 2x 10!! x 0.0004 


4 2 
x|3(2+43+3]+5(2x29+3)| 


=3.4x10?m 
d 
Thus ye Vee — GEb +o) 
dxo 


= 3.4x 107° — 0.267 x 10°-7(4+2+4+3) 
yc = 1.00 mm 


Example 12.10 
A channel, the cross-section details of which are 
given in Fig. 12.47(a), is used for the beam shown 
in Fig. 12.47(b). This is loaded by a force parallel 
to the beam axis but offset by 0.3 m. 

Determine the maximum tensile and compres- 
sive stresses in the beam due to bending. 


Solution By taking moments about A, from the 
free-body diagram of Fig. 12.47(c) 


10000 x 0.3-—Re3 = 0 


Rc = 1000 N 
and resolving vertically upwards 
Ro+R, =0 
sO Ra = —1000N. 


The alternative separate free-body diagrams of 
Fig. 12.47(d) show that a couple of 3kNm is 
applied to the beam at B. 

The shear force and bending moment diagrams 
are shown in Fig. 12.47(e). Note that the shear 
force is constant along the beam which usually 
implies a constant slope to the bending moment 
diagram. However, the couple applied at B 
causes a step of 3000Nm into the bending 
moment diagram. 

From the diagram we see that the maximum 
positive bending moment is 1000Nm and the 
largest negative bending moment is —2000 Nm. 

We now require to find the position of the 
neutral axis and the second moment of area about 
this axis. This will be done by breaking the 
cross-section shape into two rectangles for which 
we know the geometric properties. The two 


Discussion examples 239 


st 


Dimensions 


inmm 


(a) 








(b) 
10 kN 
10 kN 
(c) 
Ra Rc 
10 kN 
10kN <—— 3kNm 
10 kN 
_—-—— _,; -- - (d) 
--—;--- 
3kNm 
YN 
———— 
M/Nm 
1000 
(e) 
—2000 
62 
xX 
Figure 12.47 
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50125 = 6250 = 62.5 


250 X25 = 6250 8 12.5 
12500 


M Yer 


flanges will be considered as a single one of twice 
the width, see Fig. 12.47(f). 

In the table below x is the position of the 
centroid of the individual parts from the XX axis. 
All dimensions are in mm. 

The intersection of the neutral layer with a 
given cross section is known as the neutral axis 
(NA). 

The position of the centroid 


_ 2AX — 468750 
~ XA 12500 
Using the parallel axes theorem 
Ina = Lyx — (ZA) XNA? 
= 33.85 x 10° — 12500 x 37.5° 
= 16.25 x 10° mm‘. 
Just to the right of B the maximum compressive 


stress occurs in the top layers where y = 87.5 mm 
SO 





= 37.5 mm. 


ANA 


M 1000 x 10° 

Ce eS eee 
I 16.25 x 10 

= —5 83 N/mm? = —5.38 MN/m? 


and the maximum tensile stress occurs at the 


87.5 


bottom fibres where y = —37.5 mm so 
1000 x 107 
oO, = -———— (— 37.5) = 2.31 MN/m?. 
16.25 x 10 


Just to the left of B the bending moment is twice 
the magnitude of, but of opposite sign to, that just 
to the right therefore the bending stresses are 
o. = 4.62 MN/m? 
and o, = 10.76 MN/m? 
In the section between A and B there is a 


tensile force of 10 KN so there is a uniform tensile 
stress of 


10000/12500 = 0.8 N/mm? = 0.8 MN/m2 


and this has to be added to the bending stresses, 
so finally 


o. = 4.62 —0.80 = 3.82 MN/m? 
and o, = 10.76+ 0.80 = 11.56 MN/m?. 


in the lower fibre 
in the upper fibres. 





390625 50x 1257/3 = 32.55 x 10° 
78125 250 25°/3 = 1.30x 10° 


468750 


33.85 x 10° 


Example 12.11 

A shaft 0.5 m long is required to transmit 80 kW 
at 300 rev/min. It is specified that the twist shall 
not exceed 0.25° and the shear stress is not to be 
greater than 36 MN/m7’. The shear modulus of the 
material is 85 GN/m?. 

Determine (a) the minimum diameter of a solid 
shaft to satisfy the specification; and (b) the inside 
and outside diameters of a hollow shaft to meet 
the specification. 

What is the weight ratio of the two designs? 


Solution The torque to be transmitted is 
found from 


power = torque X angular speed 
80 x 1000 
300 x 27/60 
and the allowable twist 
6 = 0.25 x 27/360 = 0.0044 rad. 


torque T = = 2546 Nm 








a) From 
T _ G0 _T 
JIL sf 
J D> T ~~ 2546 
fo —_ = = = 70.7 x 10° 
r Df 16 tr 36x10 
16 x 70.7 x 10° ]!3 
or p>jean = 71.1 mm 
TT 
TL 2546 x 0.5 
Also J>— a Be WhO MR — 3.4x 107° m* 
Ge 85x10" x 0.0044 
since J = 7D *+/32 
32 x 3.4x 107° 14 
EE ———— = 76.7 mm 
qT 


From the two calculations it is seen that the 
twist requirement is more demanding, hence a 
diameter of 76.7 mm will satisfy both criteria. 

Because we are dealing with inequalities some 
care must be exercised on the choice of equations. 
We must not choose expressions where both twist 
and stress appear together, since both criteria 
cannot be satisfied simultaneously. 


b) With two unknown diameters to be deter- 
mined it is possible to satisfy both criteria 
simultaneously. Denoting the outer diameter by 
D and the inner by d we may write 


36 x 10° x 0.5 


so D=96.2 mm 


Also 
TL 2564 x 0.5 
J == => = 3.43x 107 m4 
G@ 85x10’ x 0.0044 
D*—d* 
pa) 3 3x 10-6 
32 
32 x 3.43 x 10° 
D*-—d* = —————_- = 34.90 x 10° 
TT 
d = [0.09624 — 34.90 x 10-6] "4 
= 84.4 mm 


The ratio of the weights of the two designs is 
the same as the ratio of the cross-section areas 


76.77 
96.2° — 84.4 


Example 12.12 

A close-coiled helical spring, shown in Fig. 12.48, 
is loaded axially. The mean diameter of the coil is 
D and the diameter of the wire is d. The number 
of turns of the helix is N and G 1s the modulus of 
rigidity of the wire material. 


= 2.76 


Figure 12.48 


Derive (a) an expression for the stiffness of the 
spring; (b) an expression for the maximum axial 
tension; and (c) given the following data, 
determine the stiffness of the spring, the 
maximum tensile load and the extension at this 
load. 
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G = 85 GN/m”’, Tanyowable = 300 MN/m?, D = 15 
mm, d= 2mm and N= 8. 


Solution The implication of the term close- 
coiled is that the helix angle B is small, which in 
turn means that the strain due to bending is small. 
It will also be assumed that the index of the spring 
(D/d) is large and this allows us to neglect 
distortion due to the shear force. 

Consider the free-body diagram shown in Fig. 
12.49(a). The downward force at the section must 
be equal in magnitude to P, and the couple of 
magnitude P(D/2) about the axis perpendicular 
to the plane containing the two P forces ts 
required for equilibrium. If the force and the 
couple at the section are then resolved into axial 
and transverse directions for the wire, as shown in 
Fig. 12.49(b), we obtain 


Figure 12.49 (b) 
the torque 7 = P(D/2)cosB 
the bending moment M = P(D/2)sinB 
the axial force F = PsinB 
and the shear force S = PcosB. 


The full analysis is very complicated but very 
good agreement between theory and practice may 
be obtained for cases where B is small. We shall 
use a strain energy method and because of the 
assumptions stated only the strain energy due to 
torsion will be significant. 

a) The strain energy due to torsion in a small 
length ds of wire is 
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Tdé 
dU = —— 
2 
T dé 
but ae eee 
J ds 
T? 
therefore dU=—— 
2GJ 
Integrating over the whole length S of the wire 
_ T’S 
2GJ 


Now the length of the wire, for small B, is 7DN 
and the torque T = PD/2, so substitution gives 


_ P'D*aDN P°D°N _ 8P*D°N 
8GJ. 8Gd4/32.—-2Gd* 


Since the strain energy stored must be equal to 
the external work done it follows that 


P68 
U=— 
2 


8PD°N 
Gd* 

so the stiffness 

pee Gd* - 2 (2) 

5 8ND°> 8N\D 

b) The maximum allowable tensile load P is 
found from 

P PD/2 __ Tallowable 

FF d/2 

5 Ta 4 47, 1d */32 _ ad? 


ihe: PS 
oe Dd Dd 


c) Inserting the values given 


k = 6.3 N/mm 
P=62.8N 


and the extension 
6 = 62.8/6.3 = 9.98 mm 


As a check on the helix angle let us assume that 
initially the coils of the spring are touching so that 
the distance between the coils is d. It follows 
that the helix angle is arctan dl(aD) = 2.4°. After 
the application of the maximum load the coil 
separation will be increased by 6/N = 9.88/8 





hence 6= 





Tallowable 
8D 


= 1.24, therefore $8 = arctan((2+1.24)/(7D)) 
= 3.93°. This angle is still small. 

Example 12.13 

One common type of strain gauge is a small metal 
grid often formed from etched foil which is 
cemented to a surface for which the stress level is 
to be measured. To enable the principal strains 
and stresses to be determined three gauges may 
be arranged into a rosette as shown in Fig. 12.50. 
The change in resistance of the gauges when 
strained can be related to the strain along the 
gauge axis. 


7, 





Figure 12.50 


The rosette is cemented to the surface of a 
specimen and the specimen is then loaded. The 
strains indicated by the three strain gauges are 


€, = 700pe, &, = 200ue and e, = 100pue. 


Calculate the values of the principal strains and 
of the principal stresses, given that Young’s 
modulus E = 200 GN/m? and Poisson’s ratio 
y= (0.29. 


Solution Figure 12.51 shows a sketch of a 
Mohr’s circle for strain. The three strains, in this 
case all are positive, are laid out along the 
abscissa. Since gauges a and c are at 90° to each 
other the radit OA and OC will be at 180°, that 1s 
COA is a diameter of the circle the centre of 
which is at the mean of the two _ strains 
(700 + 100)/2 = 400ue. The angle 2@ must be 
chosen such that the projection of the radius OB 
on the abscissa is the strain read from gauge Db. 
From the geometry, OA = 300/cos(2@) and 
OB = 200/sin(2@) and since OA = OB it follows 
that tan(2@) = 200/300 giving 20 = 33.69° and 
@= 16.85°. The radius of the circle is 300/ 





Figure 12.51 


(cos26) = 360.56ue hence the principal strains 
are 


E, = 400 + 360.56 = 760.S56pe 
and e> = 400 — 360.56 = 39.44. 


To calculate the principal stresses we refer to 
Fig. 12.52 and note that, because the gauge is on 
the surface a3; = 0; this does not imply that ¢3 is 
necessarily zero. 


O2 


a 


07} (03 = 0) 


—)_ 86 


Figure 12.52 


and s=— 


1-1) 
E 
av) 
E 





therefore €,+ ve = 0, 


and Eo + VE; = OD 


leading to 


E 
a, = — > (€) + V2) 


(1-¥) 
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_ 200x 10° 


= ———— (700 + 0.29 x 100) 107° = 159 MN/m* 


(1 — 0.297) 


Oz = 75, (€2 + v1) 


(i) 


200 x 10° 
= ——_— (100 + 0.29 x 700) 107° 
(1 — 0.297) 


= 66.2 MN/m? 


Example 12.14 
Show that for a beam the strain energy stored due 
to bending is given by 
2 M2 

x=0 2EI 
Where M is the bending moment, x is the distance 
measured along the beam axis, F& is Young’s 
modulus and / 1s the second moment of area. 

Use this expression to show that the deflection 


of a simply supported beam with a central 
concentrated load W is 


ie WL? 

48EI 
Solution Consider a length of the beam, AL, 
under the action of pure bending. This implies 


that the only loading is that due to couples M 
applied at each end. The work done is 


U=fMdé 


where @ is the difference in rotation between the 
ends of the beam. 
From equation 12.67 


ai 











EI dx? dx\dx] dx 
so if M is constant 
M_ dé g 
El dx AL 
leading to 
pe | EI6 9 EI? _M*AL 
AL 2AL 2EI 


This expression is based on the assumption that 
the bending moment is constant, however if the 
strain energy due to shear distortion in a beam is 
negligible then this expression may be used for 
cases where the bending moment is a function of 
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x. Thus by replacing AL by dx we have 
£=f M2 
= [ 2EI 
For a simply supported beam with a central 
load the reaction at each end will be W/2, so 
between the end and the centre the bending 
moment is (W/2)x. The strain energy can be 


found for one half the beam and the result 
doubled thus 


‘esl os (W/2)°x? — (W/2)°(L/2)° 
“jo )=6CO DEI ti‘<éS‘CE*YTTZ 
W*L? 
~ 32x 3EI 


This must be equal to the work done by the 
applied load 


U = Wé/2. 
Equating these expressions gives 
WL? 
é= 
48FI 





Problems 


12.1 A hydraulic press exerts a force of 5MN. This 
load is carried by two similar steel rods supporting the 
upper head of the press. Calculate the diameter of each 
tod and find the extension of each rod in a length of 
2m. The safe stress is 85 MN/m?* and Young’s modulus 
is 200 GN/m’. 


12.2. A steel and a brass wire of 3m lengths and of 
diameter 2 mm and 2.5 mm respectively hang vertically 
from two points in the same horizontal plane and 
125mm apart. To the lower ends of the wires is 
attached a light rod which supports a weight of 0.45 KN 
hung midway between the wires. Find the angle at 
which the rod will set to the horizontal. Young’s 
modulus for brass is 85 GN/m* and that for steel is 
193 GN/m?. 


12.3 If the ultimate shearing stress of mild steel is 
340 MN/m*? calculate the force necessary to punch a 
26 mm diameter hole in a plate 13 mm thick. 


12.4 A square of material initially 160 mm x 160 mm 
is deformed to a rectangle 176 mm Xx 156 mm. 

Determine from first principles (a) the longitudinal 
strains along directions 0°, 30°, 45°, 60° and 90° to the 
longer edge; and (b) the shear strains corresponding to 
the directions in part (a). 


12.5 A flat plate of thickness ¢ tapers from a width of 
b, to a greater width b, over a length L. The plate is 


subjected to an axial tensile load P. Assuming that the 
stress distribution is uniform across the width and that 
the limit of proportionality is not exceeded, show that 
the modulus of elasticity of the material is 


E =———— In(bo/b 
bb) (b2/b;) 


where 6 1s the total extension. 


12.6 A short horizontal rigid bar is supported by a 
vertical steel wire in the centre and a vertical brass wire 
at each end. The wires are attached to a ngid sup- 
port and each has a cross-section area of 160 mm? and 
length 6m. A load of 20 KN is applied to the centre of 
the bar. 

Calculate (a) the stress in each wire; and (b) the 
extension of each wire. 
Take Ege) = 207 GN/m? and Ej;as; = 87 GN/m”. 


12.7 Calculate the thickness of a spherical steel vessel 
2m internal diameter to sustain an internal pressure 
of 2MN/m? with a tensile stress of 125 MN/m*. Also 
find the change of volume due to the pressure. 

Young’s modulus =210 GN/m* and _ Poisson’s 
ratio = 0.28. 


12.8 Acylinder is 2 m long and 0.75 m in diameter. Its 
wall thickness is 10 mm. It is closed at the ends by flat 
end plates and the end effects may be disregarded. 

The internal pressure is raised by 1 MN/m”, calculate 
for the cylinder (a) the increase in length; (b) the 
increase in diameter; and (c) the increase in volume. 
Take E = 200 GN/m’ and vp = 0.30. 


12.9 Sketch in good proportion the shear force and 
bending moment diagrams for the beams shown in Figs 
12.53(a) to 12.53(f). In each case state the maximum 
values of shear force and bending moment, also show 
the position of any points of contraflexure. 


12.10 Find the bending moment which may be 
resisted by a cast iron pipe 200mm external and 
150 mm internal diameter when the greatest allowable 
stress due to bending is 10 MN/m’. 


12.11 A beam of rectangular cross-section, width b 
and depth d, is freely supported at its ends. It is just 
sufficiently strong to support its own weight of w/unit 
length. If the length, width and depth are all halved, 
what uniformly distributed load/unit length would the 
beam now support in addition to the new self-weight? 


12.12 Evaluate the second moment of area about the 
XX axis through the centroid of the 7 section shown in 
Fig. 12.54. 


12.13 An J section beam has flanges 75 mm X 10 mm 
and web 125 mm x10 mm and rests on supports 4m 
apart. The beam carries a concentrated load W at its 
centre and a load W/2 one quarter of the way along. 
Calculate the magnitude of W if the maximum stress 
induced by bending is 60 MN/m’. 


50 KN 40kN 20kKN 





| 20 kN/m | 





(b) 


30 kN 40 kN 
20 kKN/m 
(_ 





Figure 12.53 


Dimensions in mm 
40 


95 





Figure 12.54 . 90 . 
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60 KN 60 kN 30 kN 





(d) 





(f) 


12.14 If the permissible stresses are 30 MN/m? in 


compression and 15 MN/m* in tension, evaluate the 


maximum uniformly distributed load which the beam of 
problem 12.13 can safely carry. 


12.15 A compound girder is built up of two 330mm 
deep rolled steel joists placed side by side and joined 
top and bottom by flange plates 350mm wide and 
12.5mm thick. Determine the safe uniformly distri- 
buted load for a simply supported girder on a span of 
6m when the working stress is 120MN/m*. The 
relevant second moment of area for one joist 1s 
0.0012 m*. 


12.16 A uniform cantilever of length L has a load W 
applied at a distance a from the fixed end. Show that 
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the slope and deflection at the end of the cantilever are 
given by, 

P Wa? 
@=Wat/(2EI) and 6=—[L-a/3]. 
2EI 


If the load is uniformly distributed, derive new 
expressions for the slope and deflection at the end of 
the cantilever. 


12.17 A cantilever of length L carries a concentrated 
load W at its free end and is propped at a distance a 
from the fixed end to the same level as the fixed end. 
Find (a) the load in the prop; and (b) the point of 
contrafiexure. 
(Hint: Consider the force P in the prop to be an 
externally applied load. Calculate the deflection at the 
prop due to W alone and then apply P such that the 
deflection at the prop is again zero.) 


12.18 A simply supported uniform beam, length L, 
carries a concentrated load W a distance b from the left 
hand end. Show that the maximum deflection occurs 
between 42.3% and 57.7% of the span of the beam as b 
varies from 0 to L. 


12.19 A uniform beam AB, length 2L, is simply and 
symmetrically supported at its ends on another uniform 
simply supported beam CD of length 4L. Beam AB 
carries a concentrated load W at its centre. If the 
second moment of area of CD is three times that of AB, 
derive an expression for the total deflection at the 
mid-point of AB. Both beams are of the same material. 


12.20 A hollow shaft is 125mm external and 75 mm 
internal diameter. Compare the torsional strength of 
this shaft with that of a solid shaft of the same weight 
per unit run, the maximum shearing stresses being 
equal. 


12.21. Find the least possible diameter of a solid shaft 
to transmit 7.46kW at 30000 rev/min, if the shearing 
stress is not to exceed 90 MN/m?. 


12.22 A solid alloy shaft 60mm diameter is to be 
coupled in series with a hollow steel shaft of the same 
external diameter. Find the internal diameter of the 
hollow shaft if its angle of twist is to be 80% of that of 
the alloy shaft for the same torque. Determine the 
power that can be safely transmitted at a speed of 800 
rev/min if the limits of shearing stress are 50 and 
80 MN/m? in the alloy and the steel respectively. The 
modulus of rigidity for steel is 2} times that for the 
alloy. 


12.23 Find the maximum axial load which may be 
applied to a helical spring having a wire diameter 
12.5 mm, a mean coil diameter of 75 mm and 18 turns if 
the maximum shear stress is not to exceed 420 MN/m”. 

Also find the corresponding deflection if the modulus 
of rigidity is 84 GN/m?. 


12.24 Two helical springs of the same height are made 
from the same 12.5 mm diameter circular cross-section 
wire and have the same number of turns. The mean 
diameters of the springs are 75 mm and 100 mm. They 
are nested together and are then compressed between 
two parallel planes. Determine the load in each spring 
for an applied load of 500 N. 


12.25 A strain gauge rosette is made from three 
equally spaced strain gauges a, b and c. The rosette is 
cemented on to the surface of a specimen, and when 
the specimen is loaded the individual gauge readings 
are 364, —300 and 364 micro strain respectively. 

Determine the magnitude and direction of the 
principal strains and the maximum shear strain. Find 
also the corresponding stresses. 


Appendix 1 
Vector algebra 


A vector in the context of mechanics is defined as a 
quantity having magnitude and a direction and 
therefore may be represented by a line segment. A 
vector V may be written as Ve where V is the scalar 
magnitude and e is a unit vector in the direction of V. In 
this book a distinction is made between the always 
positive modulus | V| and the scalar magnitude V which 
may be positive or negative. 


A.1 Addition of vectors 
By definition two vectors are added by the parallelo- 
gram law as shown in Fig. Al.1. 


Figure A1.1 


If i, fj and & are unit vectors in the x-, y- and 
z-directions respectively, then 


V=V,i+V,j+ Vik 





(A1.1) 


where V,, V, and V, are the scalar components of V. 
By Pythagoras’s theorem, 


lVl)=VV24+V4+V) (A1.2) 
From Fig. A1.1 it is seen that 
A+B =(A,+B,)it (Ay +B, )j 
+(A,+B,)k (A1.3) 
=B+A 
Since V= Ve, 
Vit Vit Vik 
w (A1.4) 


CS. Ee 
V(V,72+ V,24 V,7) 
=lit+mjt+ni 


where /, m and n are the direction cosines of the unit 
vector e relative to the x-, y- and z-axes respectively. 


A1.2 Multiplication of vectors 


B 
an 
A 
The scalar product of two vectors (Fig. A1.2) is defined 
as 


Scalar product 


Figure A1.2 


A-B=|A||B|cosa=B-A (A1.5) 
Hence i-i=j-j—k-k=1 
and i-j=j:-k=k-i=0 
therefore A:-B=A,B,+A,B,+ A,B; (A1.6) 
If one vector is a unit vector e, then 
A-e=(|Alcosa (A1.7) 


which is the component of A in the direction of e. 
The work done by a force F over a displacement ds is 


dW = F -ds (A1.8) 
and the power is 
ds 
F-— =F-v (A1.9) 
dt 
Vector product 
e 
B 
o 
A 
Figure A1.3 


The vector product of two vectors (Fig. A1.3) is defined 
as 


AXB=i{A\||Bl|sinawe = —BXxA (A1.10) 
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In Cartesian co-ordinates, 
i J k 
AXB= | A, Ay A; 
By By Bb, 


= i(A,B,—A,B,)+j(A,B,—A,B:) 
+k(A,B,—A,B,) (A1.12) 


(A1.11) 


If a body has an angular velocity of w then the 
velocity of a point A relative to a point O is 


(A1.13) 


VAjo — @ x TA/O 
The moment of a force F about a point O is 


rXF (A1.14) 


Triple scalar product 

The triple scalar product is written A-B XC and is the 
volume of the parallelepiped formed by the three 
vectors as shown in Fig. Al.4. The position of the dot 
and the cross may be interchanged provided that the 
same cyclic order is maintained. If the cyclic order is 
reversed then the sign of the result is changed. It is 
easily seen that if any two of the vectors are parallel 
then the product is zero. 


ot cg) 
C je] 
a 


The component of the moment of a force in the 
direction of e Is 


e-(rXF) (A1.15) 


If e is parallel] to r or F then the product is zero. 


Triple vector product 
The triple vector product A X (B x C) can be shown to 
be equal to 


B(A-C)—-C(A-B) (A1.16) 


The moment of momentum of a particle due to 
rigid-body rotation 1s 
rXmv=rX(mwxXr) 
= w(mr-r)—r(mr-@) (A1.17) 
If ris normal to w then the moment of momentum of 
the particle is 


wmr* (A1.18) 


A1.3 Differentiation of vectors with 
respect to time 
See Fig. Al.5. By definition 


dv. V(t+ At)— V(t) 
= = ine gh 


Al1.19 
dt At ( ) 


= limar>0—— 
At 


and is therefore a vector in the direction of AV. 





Figure A1.5 


The vector AV may be written as the vector sum of 
two orthogonal components: 


AV= (AV); €) + (AV )ne2 





so that 
dV ° (AV), ier 
— =limy,,, e, + ——e 
dt peed Ngee Re 


Note that the magnitude of V(t+ Ar) is (V+ AV), but 
AV#|AV|. 


Differentiation of a product of two vectors 
d 
—(AOB) 
dt 


(A +AA)O(B+AB)—AOB 
At 

aoe ete 
= lima; .0 —————___——— 


= LIM p+-0 


At 


dB dA 
=AO— +— OB (A1.20) 


dt 
The symbol © signifies either scalar or vector 
multiplication; in the case of the vector product it is 
essential that the order of multiplication be preserved. 


Appendix 2 
Units 


A physical quantity is expressed as the product of a 
pure number and a unit. Physical laws which exist 
between physical quantities are conveniently expressed 
in systems of consistent units such that the form of the 
equation is independent of the system of units chosen. 

Four systems will be listed here, namely the Systeme 
International d’Unités (SI); the centimetre, gram, 
second system (c.g.s.); the British absolute system 
based on the foot, pound and second (f.p.s.); and the 
British Engineering system based on the foot, slug and 
second (f.s.s.). 

In ail these systems F = ma and weight W=mg, 
where g is the gravitational field strength. A standard 
value of the field strength at the surface of the earth is 
given as 9.80665 N/kg (m/s*) or approximately 31.174 
ft/s? or pdl/Ib or Ibf/slug. 

By definition, 


1 slug = 32.174 lb 
Llbf = 32.174 pdl 


Note that these are exact relationships and do not 
vary with location as does g. 

Conversion of British units to SI units is achieved 
using the following exact conversion factors: 


1 ft = 0.3048 m 
1 lb = 0.45359237 kg 


Using these values, 


1 pdi fb 1k (= (*): 
= —— = a m — Tae, 
: s° q kg m/s 


= 1 kg 0.4536 m 0.3048 s~* 
= 0.1383 kgms~* 
= 0.1383 N 


lbf ibf \/ pdl 
1 Ilbf = 1| — |pdl =) tN 
pdl pdl/\ N 


= 1x 32.174 x 0.1383 N 





= 4.448N 

also 1lkgf = 9.80665 N 
Table A2.1 
Quantity Unit and symbol 

Sl C.g.S. f.p.s. f.s.s. 
Mass kilogram, kg gram, g pound, |b slug 
Length metre, m centimetre, cm __ foot, ft foot, ft 
Time second, s second, s second, s second, s 
Angle radian, rad radian, rad radian, rad radian, rad 
Force newton (kgms~*),N = dyne poundal, pd! pound force, Ibf 
a joule (m N), J erg foot poundal, ft pdl foot pound force 
Power watt (J s~'), W ergs ' ft pdi s7' ft lbf s7" 
Pressure pascal (N m7“), Pa dyne cm~* pdi ft~? 16f ft~? 
Moment of force Nm dyne cm pdl ft lof ft 
Moment of inertia | kgm? g cm? Ib ft? slug ft? 
Velocity ms! cms! fts”' fts' 
Acceleration ms? cms~? fts~? fts~? 


[1 micron = 10~® m, 1 litre = 1073 m%, 1 tonne = 10° kg, 1 bar = 10° Pal 
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Similarly for work and energy: 


1 ft pd! = 0.042 J 
1 ft lbf = 1.356 J 


also 1 h.p. = 550 ft lbf s~! = 745.700 W 
Other useful conversion factors are 


1 Ib ft~> = 16.0185 kg m~> 

1 Ibf in~? = 6894.76 N m~? (Pa) 

1 atmosphere (atm) = 1.01325 
x10 Nm? 


Density 
Pressure 


Note that in the above calculations the symbol for the 
unit is treated as if it were an ordinary algebraic 
quantity. 


Table A2.2 
Factor Prefix Symbol 
10'¢ tera T 
10° giga G 
10° mega M 
10° kilo k 
10° hecto h These 
10! deca da | multiples 
107% deci d are not 
10°? centi Cc encouraged 
10°° milli m 
10-° micro rm 
10-9 nano n 
107 '? pico p 
1907'° femto f 
10°” atto a 


The use of the prefixes is illustrated by the following: 


0.000001 m = 1 ym (micron) 
1000000 N = 1 MN (meganewton) 
0.1 m = 100 mm 
10* N = 10 kN 
10° kg = 1 Mg (not 1 kkg) 


Other systems of units are still seen in which the use 
of a mass unit is avoided by writing m = (W/g) so that 
F=(W/g)a. Alternatively the acceleration may be 
expressed as multiples of g to give F = W(a/g). 

The use of variable units of force such as the pound 
weight (Ib wt) and the gram weight (gmwt) is now 
moribund and must be discouraged. For practical 
purposes a force equal to the weight of the unit mass 
will often find favour in elementary applications, so the 
kilogram force (kgf), or its close equivalent 1daN, 
may continue to be used in non-scientific applications. 

Occasionally one sees the use of systems involving 
lbf, in, s; or kgf, cm, s. In these cases the corresponding 


unit masses are 386 Ib and 981 kg respectively. 

When labelling the axes of graphs or writing the 
headings for tables of values, the following scheme is 
unambiguous. 

The approximate value for the density of steel (p) is 
7850 kg/m°, so 


p = 7850 kg m~? 
= 7.85010? kg m3 
= 7.850 Mg m~? 


It follows that 





: f$— = 7850 
gm 
p 
10° kgm 
ve = 7.850 
£m 


The practice of heading a list of numbers in the manner 
p 10° kg m? leaves a doubt as to whether the 10° refers 
to the physical quantity or to its unit of measurement. 
However 


eae 
10° kg m?’ 


for example, has no such ambiguity. 


References 

For further information, the following booklets should 

be consulted: 

1. British Standards Institution, BS 5555: 1993 (incor- 
porating ISO 1000), specification for SI units and 
recommendations for use of their multiples and of 
certain other units. 

2. The Symbol Committee of the Royal Society, 
Quantities, units, and symbols 
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Approximate integration 


The trapezoidal rule 

The area under the curve shown shaded in Fig. A3.1 is 
divided into equal strips of width w and the ordinates 
are labelled a, to a,,. The curve is then approximated to 
straight lines between the ordinates. 


The area is 3w {(first + last ordinate) 
+ 2(remaining ordinates)} (A3.1) 


Simpson’s rule 

The area is divided into an even number of strips but 
this time the curve is approximated to a parabola 
between three consecutive ordinates. In terms of the 
ordinates, the area is 


3w [first + last + 4 (even) 
+ 2(remaining odd)] (A3.2) 


Figure A3.1 
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Conservative forces and potential energy 


Notes on conservative forces 

If the work done by a force in moving a particle from 
position 1 to postion 2 is independent of the path taken 
(see Fig. A4.1) then the force is said to be conservative. 


© 


A 





Figure A4.1 


2 2 1 
| F-ds = | F-ds = — | F-ds 
A’ l B/1 BJ 2 


2 I 
thus | F-ds+ | F-ds =0 
AJl B/2 


or the integral around a closed path is zero: 


$F-ds =0 (A4.1) 


x 


—+h+ 8 dy 





Figure A4.2 


For an element of path (Fig. A4.2), the work done 
along path ABC must equal that along path ADC, thus 


oF, 
F,dy + , +— ty) 
ay 


oF, 
=F, dr + ra dy 
xX 


OF, 
dy 
In polar co-ordinates (Fig. A4.3), 


F, 


0 
therefore —— = (A4.2) 
Ox 





Figure A4.3 


OF, 
Fedr+ | Fp a dr }(r+dr)dé 
r 





OF, 
= Fyrdé+ (r+ soar 
00 
OF OF, 
therefore Fy+(— J[r=— (A4.3) 
or 00 
Potential energy 
Potential energy is defined as 
V = —fF-ds+constant 
ay = — Jf F,dx — f F,dy + constant 
= —F-ds = —F,dx — F,dy 
But, from the theory of differentials, 
av oV 
dV =— dx+—dy 
Ox oy 
hence 
ov 
* ax 
and (A4.4) 
7 aV 


In polar co-ordinates, 


dV = —F.dr—F,rdo 


aVv oV 
but dV =—dr+—dé@ 
or 00 


aV 
hence F, = —— 
or 
and (A4.5) 


Lav 
r 00 


— 


@ 


Potential energy 253 


For a uniform gravitation field —gj, 
V = mgy + constant (A4.6) 


For an inverse-square-law field, —(p/r?)e, where 
ft = a constant, 


V = —~+-constant (A4.7) 
r 
For a linear spring with a stiffness k, 
V =hkS (A4.8) 


where 6 is the extension of the spring. 
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Properties of plane areas and rigid bodies 


Centroid 
The position of the centroid of a plane area is given by 
fxdA SydA 


= and = ——_ 
XG [dA y 


CO fda 


where dA is an elemental area and {dA is the 
area, A. 





(A5.1) 


Second moment of area 
The second moment of area about the x axis is 


lox = [x7dA = Ako,” (A5.2) 
Parallel-axes theorem 

lox = log + AX’ (A5.3) 
Perpendicular-axes theorem 

loz = Lox + Loy (AS5.4) 


Centre of mass 





Figure A5.1 


The position of the centre of mass G (Fig. A5.1) is 
defined by 





> Mil; 
or by the three scalar equations 
> mix; 
XG = a (AS.6a) 
ye (A5.6b) 


aa: DMZ; 


7 (A5.6c) 


£G 


Also >m;p;= 0 or, in scalar form, 


> Pri = 0, etc. 


Moment of inertia 





Figure A5.2 


In Fig. A5.2, the moment of inertia about the z-axis 1s 


Io, = Mko? = DL mi(x7 +7) (A5.7) 
loxy = a NiXiYi (A5.8) 
Parallel-axes theorem 
loz = Iqz+ M(XG’ + yc”) (A5.9) 
loxy = Toxy + MxGyc (AS. 10) 
Perpendicular-axes theorem 
For a thin lamina in the xy-plane, 
lo, = Tox + Toy (A5.11) 
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Table A5.1 
Centre 
Body of mass 
2 
Circular lamina 
x 
od 4a 
Semicircular lamina y ¥o=— 
31 
: : y 
Triangular lamina Yo =3h 
h 
XG | 
x 


Rectangular lamina 





Solid cylinder 





Solid sphere y 


Moment 
of inertia 
| ia 
Oz 9 
2 
lox = M— 
2 
lox = a. 
2 
a 
lo, = M— 
ma 4 
he 
lox = a, 
h2 
lea, = M— 
EAD 
le; = ges 
= 


M 
lex = 2 (3a? + i>) 


| _* Ma? 
= S 
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Second moment 
of area 


a? 
lop = ns 


ey aan 
FD 


256 Appendix 5: Properties of plane areas and rigid bodies 


Table A5.1 — continued 


Centre 
Body of mass 
; : 3 
Solid hemisphere ¥ vere a 
(Sn 
Rectangular bar y 





Moment Second moment 
of inertia of area 


2 
lop = lox = 5 Ma? 


M 
lez = — (a? +b? 
ae G5 ) 


M 
lax = 75 (a° + L*) 
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Summary of important relationships 


Kinematics 
a) Cartesian co-ordinates: 
v=xit+yj+zk (A6.1) 
a = Xi+ yj+ zk (A6.2) 
b) Cylindrical co-ordinates: 
v = Re, + Roe, + zk (A6.3) 
a= (R—6°R)e,+(R6+2R8O)eq + zk (A6.4) 
c) Path co-ordinates: 
v= Se, (A6.5) 
57 
a = Se,+—e, (A6.6) 
p 
d) Spherical co-ordinates 
v = re, + rbcos hep + rbeg, (A6.7) 
a= (Fr? —r6°cos’ pe, 
+ (récos b— 2rdgsin d + 27Ocos p) eg 
+ (rht 27rh+ rO*sindcos¢ Jeg (A6.8) 
Kinetics (Planar motion) 
> F, = Mk d 
" ¢ F=—(S mv) (A6.9) 
> Fs = Myc dt 
» Mo = 168 (A6.10) 
Work-—energy 
Kinetic energy: $/gw* +4Mv,? (A6.11) 
Potential energy: 
i) gravitational, mgy (A6.12) 
ii) strain, for simple spring, $k 5° (A6.13) 


Work done by non-conservative forces 
= (k.e. + p.e.).— (k.e. + p.e.); + ‘losses’ (A6.14) 


Free vibration of a linear damped system 
If the equation of motion is of the form 


mx +ex+kx =0 (A6.15) 
undamped natural frequency 
= w, =(k/m)"”" (A6.16) 

critical damping = Cert, = 2(km)*” (A6.17) 

damping ratio = € = c/Ccrit. (A6.18) 
Equation A6.15 may be rewritten 

¥4+2lw,% +0,°x = 0 (A6.19) 
For €<1, 

x=e ©"(Acoswytt+ Bsinwgt) (A6.20) 

where wy = w,(1- 2°)”. 

For (= 1, 

x=e °'(4A+Bt) (A6.21) 
For (>1, 


x = Aexp[—(-V(0’—1)] wat 
+ Bexp[— 24+ V(2— 1)J@gt (A6.22) 


or x =e $°*' {Acosh[w, V(2—1)]t 


+ Bsinh[w, V(2—1)]t} — (A6.23) 
Logarithmic decrement 
6=2nG(1-2)"” (A6.24) 
Steady-state forced vibration 
If the equation of motion is of the form 
mx +cx+ kx = Focosat (A6.25) 
or X*+2fw,x + w,°x = Re Fyexp (jor) (A6.26) 
then the steady-state solution is 
x = Xcos(wt— ¢) = XRe{exp[j(wt— ¢)]} 
where 
Folk 
= eee (A6.27) 
{{1— (ela)? P + 407 (w/o, )°T} 
and tand = 2f(@/w,)/[1 — (w/w, )? |” (A6.28) 
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Vibration of many degrees-of-freedom 
systems 
The general matrix equation is 


[m}(#) + [k](x) = (0) (A6.29) 
which has solutions of the form 

(x) = (A)e* (A6.30) 
The characteristic equation is 

Det [A*[m] + [k]] = 0 (A6.31) 
Principle of orthogonality 

(A, )[m](A2) = 0 (A6.32) 

and (A,)[k](A,) =0 (A6.33) 


Stability of linear system 
Systems up to the fifth order, described by an equation 
of the form 


(a;D° +.a,D* + 4,D? + a,D* +a,D +a9)x = f(t) 
where D = d/dt, are stable provided that 

as>0, a,>0, ay>0a,>0, ag>0, as>0 

4,a,;>a3a, and 


(a5a9 + a34))a,;>a,;"a,+a3"a) (A6.34) 


Differentiation of a vector 


dV/dt = dV/dt+w@xV (A6.35) 


where @ is the angular velocity of the moving frame of 
reference. 


Kinetics of a rigid body 
For a body rotating about a fixed point, 

Mo = dL o/dt = dLo/ot+ @ X Lo (A6.36) 
also Mo = dL,/dt = dL,g/dt+ axle (A6.37) 


Referred to principal axes, the moment of momen- 
tum is 


L=1,,0,i+ 1, ojtl,,o,k (A6.38) 
Euler’s equations are 
M, = 1,,.@,— (hy, — 1,) @, @, 
My = Ly @ — Uz — Lex) (A6.39) 
M, = [,,@, - (Tex - Ty) @, Wy 
Kinetic energy 
For a body rotating about a fixed point, 
k.e. = t@-Lo 
= Hw} "[I]{o} (A6.40) 


Referred to principal axes, 


k.e. = 31,0,’ + Hy w, + 1,0, (A6.41) 
In general, 
k.e. = 2@ . Lg + 2NVG "UG (A6.42) 
Continuum mechanics 
Wave equation 
ort a, OU (A6.43) 
ax?” ar? 
Wave speed 
c= V(E/lp) (A6.44) 
Continuity equation 
Am dp 
i -ds + | —dV=0. A6.45 
At | S oe v ot ( ) 
Equation of mouSn for a fluid 
: P 
F= Mar s07 
0 
= | po(o- ds) + | I?) ay (A6.46) 
S vot 
Euler’s equation 
lo dv av 
—gcosa epee (A6.47) 
p os os at 
Bernoulli’s equation 
pv 
—+ a + gz = constant (A6.48) 
p 
Plane stress and strain 
E' ey = Ex, COS" O+ Es sin’ 6 
+ &,2cos@sind (A6.49) 
’ 2 oe 
E',, = &,,COS* 0+ e€,,81n* 6 
ap — &,,2cos@siné (A6.50) 


E' vy = (€yy — Exx) SIN OCOS B 
+ &,,(cos* @— sin’ @) 


E565) 


sin26+ €,,cos20 (A6.51) 


i 


O" yx = Ox, COS? 0+ Oyy sin? @ 
+ 0,,2cos@sin@ (A6.52) 


yy = Gyy COS? 0+ oy, sin* 8 
—d,,2cos6sin@ (A6.53) 


og 


O' xy = (Gyy — Fy) SIN OCOS O 


+ Oxy (cos 6— sin’ 6) 


(a, os Oxx) 


= 4 sin26 + €,,COS26 


a, = AA+ 2pe, 
on = AA+ 2peE, 
o3 = AA+ 2pe3 
Elastic constants 
E=2p(1+v)=2G(1+v) 
K=A+2p/3 = E/3(1 —2v) 
Strain energy 


ie OxxExx  TDyyEyy T2222 


2 2 Zz 


4 Txy Yxy ci Tyz Yyz 4 Txx Vzx 
Z Z Z 


Torsion of circular cross-section shafts 


(A6.54) 


(A6.55) 
(A6.56) 
(A6.57) 


(A6.58) 
(A6.59) 


(A6.60) 


(A6.61) 
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Shear force and bending moment 
V=fwdx 
and M=ffwdxdx = fVdx 


Bending of beams 


Deflection of beams 
d M 
ae 
dx El 

M 
and y= || — dxdx 
El 

Area moment method 
dy dy _ | x M 
dx, dx, Jx,El 

M 


(x2—%}) 
— yy = 0:(%2—-x1,)- x— dx 
Very 4 2 ( 2 i) [. EI 


(A6.62) 
(A6.63) 


(A6.64) 


(A6.65) 


(A6.66) 


(A6.67) 


(A6.68) 


Appendix 7 
Matrix methods 


A7.1 Matrices 

A matrix is a rectangular array of numbers. A matrix 
with m rows and n columns is said to be of order m Xn 
and is written 


Qi} Qin... eee 
a21 ar? 
Se =|] 
Qin} as : amn 
Special matrices 


a) Row matrix 
[ay az..- an | = [A] 
b) Column matrix 


ay 


= {A} 
am 
c) Square matrix, one for which m =n 


d) Diagonal matrix, a square matrix such that 
non-zero elements occur only on the leading diagonal: 


ay] 0 0 ; 0 
0 a7 0 
0 
Ann 


e) Unit matrix or identity matrix, where 
4) =n =...=4,, = 1, 
all other elements being zero. 
e.g. | 1 0 0 
0 1 0 
0 0 1 


[7][A] = [A][7] = [A] 


= [7]; 


N.B. 


f) Symmetric matrix, where Ay = Aj 


g) Null matrix, [0], all elements are zero 


A7.2 Addition of matrices 
The addition of matrices of the same order is defined as 
the addition of corresponding elements, thus 


[A] +[B] = [B+ [A] 


(ay, + 54) (4,2 + by) 


aan bad) 
(A7.1 
A7.3 Multiplication of matrices 
If [C} = [A][B] then the elements of [C] are defined by 


Ci = 2 Fix Dy 


where k equals the number of columns in [A], which 
must also equal the number of rows in [B]. This is 
illustrated by the following scheme which can be used 
when evaluating a product. 


oeeve 


bi Diz bi3: Dig 


square by, by bys! bo, | =[B] 
bs, sy | B33: Bsa 
aie a MS] Fen ee Ei 
Bs a22 tal “ Cr ce mi 
4} 
[A] [C] = [A][B] 
(A7.2) 


€.2. C13 = 411013 + 412523 + 43533 


In general, [A][B]4[B][A] 

A7.4 Transpose of a matrix 

The transpose of a matrix [A], written [A], is a matrix 
such that its ith row is the ith column of the original 
matrix 


e.g. T a4 a>) 
ayy Q)2 Qy43 
= | 42 a2 
a2, a7 473 
413 a3 | (A7.3) 
A7.5_ Inverse of a matrix 


The inverse of a matrix [A], written [A] ', is defined by 


[A][A]* = [4] 
[A}*[A] = [7] 


The inverse can be defined only for a square matrix 
and even for these matrices there are cases where the 
inverse does not exist. In this book we need not be 
concerned with the various methods for inverting a 
matrix. 


(A7.4) 


A7.6 Matrix representation of a vector 
By the definition of matrix multiplication, the vector 


V=0,i+v,j+ ok 


may be written as either 


[vx vy ww]]7 | = (VI te} 
k 
Vx 

or fi y kl] |v} =lel{V} 
vz 


Thus, noting that |V| = {V}?, 


V = {V}" {e} = fe}* {V} (A7.5) 
A7.7 Change of co-ordinate system 

A vector may be represented in terms of a set of 
orthogonal unit vectors i’, j’, and k’ which are 
orientated relative to a set i, 7, and k; thus 


i 


V=[x, % v%] fa | =v} fe} 
k 

=[v,' v' oF} [a] =(V 3%} 
: 


The unit vectors of one set of co-ordinates is 
expressible in terms of the unit vectors of another set of 
co-ordinates; thus 


i’ = Q;;§+ QJ + a,3k 
J = €,414+ Arf + ark 
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k= 43,1 + A32J + 033k 


where for example a, , @,2, and a@,3 are the components 

of the unit vector i’ and are therefore the direction 

cosines between i’ and the x-, y-, z-axes respectively. 
In matrix notation, 


i ayy Qj? ai3|| 1 
a ; 
J = 1 42 a9 4231] J 
k’ a3} 32 a33|| k (A7.6) 


or e'} = [A]{e} 

If we assume {V’} =[Q]{V}, where [Q] is some 
transformation matrix, then 

V={V'}" {e}' = {V}" {e} 
{V}"[Q]"[A]{e} = {V}" {e} 


and because this is true for any arbitrary {V} it follows 
that 


since 


[OQ] [A] = [7] 
or [Q]"=[4]” 


The magnitude of a vector is a scalar independent of 
the co-ordinate system, so 


V-VaV={V}T{V} = (VV) 
= {V}"[a]"(@l{v} 
thus [Q]"[Q]=[7] or [@]’=[@]' 
(A7.7) 


showing that the inverse of [Q] is its transpose. Such 
transformations are called orthogonal. From equations 
A7.6 and A7.7 we see that 


(A7.6) 


[A]"'=[@]° or [A] =[Q] (A7.8) 
Summiarising, we have 

{e’} =[A]{e} {V'} =[A]{V} 

{e} =[A]*{e'} {V} =[A]"{V} 
From equation A7.6 

i'-i’ =a,’ +a,’ +a,3" =1 (A7.9) 

with similar expressions for j’-j' and k’ -k. 

Also, from equations A7.6 and A7.9, 

Uj" = Gy, An, + 42497 + 213023 = 0 (A7.10) 


with similar expressions for j’-k’ and k'-i’. 
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Rotation about the z-axis 
From Fig. A7.1, it is seen that 


x' =xcos@+ysin@ 


y’ = —xsin@+ ycos@ 
z'= z 
x’ cos@? = sin@ Oj] x 
or {V’}= | y’|=]-sin@ cos@ O]ly 
’ 0 0 1]]}z 
(V’} =[A]{V} (A7.11) 


A7.8 Change of axes for moment of 
inertia 
In this section [J] will be used for moment of inertia, to 
avoid confusion with the identity matrix [/]. 

The kinetic energy of a rigid body rotating about a 
fixed point (or relative to its centre of mass) is given by 
equation 11.83 which can be written as 


Ha} "[J]{o} = t{eo'} "J ']{o'} 


This is a scalar quantity and therefore independent of 
the choice of axes so 


if {w'} =[A]{@} 


then {e'}"[J']{@’} = {ew} "[A]" [J ']A{o} 
= {o} "J ]{o} 


thus [J] =[A]'[y7’][A] 
or [J’] = [A}[J}IA]* 


If the x’- and the y’-axes have direction cosines of J, 
m,nand Il’, m', n' respectively, 


(A7.12) 





by multiplication 


bi a WJ, —mdJ,,—nJ 
bi = —U, + mJ, — ny 
by3 as —U,,+mJ,,+ nd, 


and J,,’ =17J,,+m Jy + n’J,, 


—2,,lm+J,,In+J,,mn) (A7.14) 
Jey) = —(U'T,. + mm'J,, + nn'T 2) 

+ (im'+ ml’), + (in' + nl’ Vy, 

+(mn'+nm')J,, (A7.15) 


A7.9 Transformation of the components 
of a vector 
a) Cylindrical to Cartesian co-ordinates: 


a cos 6 —sin@ 0 Ve 
cos? 0 Vo 

V, 0 0 1 V, 
{V}o i [A]Jo{V poy, 


b) Spherical to cylindrical co-ordinates (see Figs 1.5 
and 1.6(a)): 


VY, =~ siné 


(A7.16) 


Vr cos@ 0 —sing V. 
Vo = 0 1 0 Vo 
v sin@ 0 cos@ V4 


(Vio os [A]¢ {V} sph. (A7.17) 


Using the following multiplication scheme: 
[A]* 


A7.9 Transformation of the components of a vector 


c) Spherical to Cartesian co-ordinates: 


Vc [Alo 
VU VU 

V~.. cos 8 —siné QO 
Vy} =| sin@ cos@ 0 
V~ 0 0 1 

cosh@ 0 —singd V, 

x 0 1 0 Va 

snd 0 cos@} | Vy 

ar at 

(Als Vv } sph. 

cos @cos d —sin#@ —cos @sing | | V, 

=| sin@écos@ cos 6 —sin @sin Vo 

sind 0 cos dh Va 


at 
[Ales = [AlofAle 
{V}ec a [Ales {V } sph. (A7.18) 
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Appendix 8 


Properties of structural materials 


Our attention here is centred mainly on ferrous and 
non-ferrous metals. However the principles apply to 
other solid materials. 


A8.1 Simple tensile test 

In principle the tensile test applies an axial strain to a 
standard specimen and measurements are taken of the 
change in length between two specified marks, defined 
as the gauge length, and also of the resulting tensile 
load. Alternatively, the test could be carried out by 
applying a dead load and recording the subsequent 
strain. 


<g— 





cross-sectional 
area A 





L, 
gauge length 


Figure A8.1 


Figure A8.1 shows a typical specimen where A is the 
original cross-section area. Figure A8.2 shows the 
load-extension plot for a mild steel specimen. Note that 
load/original-cross-section area is the nominal stress 
and extension/gauge length is the strain so the shape of 
the stress-strain curve is the same. The extension axis Is 
shown broken since the extensions at e and f are very 
much greater than that at points a to d. 


load 


ferrous metal 


extension 





Figure A8.2 


The point a@ is the limit of proportionality, i.e. up to 
this point the material obeys Hooke’s law. Point 6 is the 
elastic limit, this means that any loading up to this point 
is reversible and the unloading curve retraces the 
loading curve. In practice the elastic limit occurs just 
after the limit of proportionality. After this point any 
unloading curve is usually a straight line parallel to the 
elastic line. Point c is known as the yield point, 
sometimes called the upper yield point. Point d is called 
the lower yield point. If the test is carried out by 
applying a load rather than an extension then the 
extension will increase from point c without any 
increase in load to the point c’. Further straining will 
cause plastic deformation to take place until the 
maximum load is reached at point e. This is known as 
the ultimate tensile load. After this a ‘neck’ will form in 
the specimen resulting in a large reduction in the 
cross-section area until failure occurs at point f. 


load © 
a 


non-ferrous metal 


extension 


Figure A8.3 shows a similar plot for a non-ferrous 
metal where it is noticed that no well-defined yield 
point appears. At the point c the stress is known as a 
proof stress. For example a 0.2% proof stress is one 
which when removed leaves a permanent strain of 
0.002. 

A strain of 0.002 can also be referred to as 2 
milli-strain (me) or as 2000 micro-strain (j€). 

Both the above cases are for ductile materials and the 
degree of ductility is measured either by quoting the 





Figure A8.3 


A8.1 Simple tensile test 265 


final strain in the form of a percentage elongation, or in For brittle materials failure occurs just after the 
the form of the percentage reduction of area at the elastic limit there being little or no plastic deformation. 
neck. 


Answers to problems 


1.11 
1.12 
1.13 
1.14 
1.15 


2.1 


ZL 


2.3 
2.4 


2.5 
2.6 


aot 


2.8 


2.9 
2.10 


3.1 
3.2 


0.80 + 0.537 + 0.27k 
(4i+ 47+ 2k) m 
(7,2,6)m 
(0.87 + 0.357 + 0.35k) 
(—3i-—4j—k)m, 
(3i+4j7+k)m 
(3i-—j—k)m, 

(0.90: — 0.307 — 0.30k) 
(0,2,8)m 

(3, 2.8, 2.8) m, 

(4.104 m, 43.03°, 2.8 m) 
(16.25, 10.84, 4.33) km, 
(19.53 km, 33.7°, 4.33 km) 
75.6°, 128.3°, 41.9° 
79.62° 

3m, 2.92m 

9.2m, 8.6m, 7.8m 
8.17 m, 97.7° 


(—27i + 223j) m, 
(—24i + 216j) m/s, 
(—10i + 144) m/s? 
(6.25i+ 11.177) m, 
(3i+ 10j) m/s 

5 m/s” 

(8.66 + 5.0j) m/s, 
(—10i+ 17.327) m/s” 
7.368 knots, W 16° 19’ N 
(—0.384i + 2.667) m/s, 
(—15.83i+ 2.417) m/s? 
(6.62i + 4.66j) m/s, 
(—11.83i+ 8.41j) m/s’, 
8.09 m/s, 14.51 m/s” 
(2.01 + 3.457) m/s, 
(—0.12i + 5.58j) m/s 
17.89 m/s 

a) 0.6 m/s*, 17.8 m, 

b) 0.8 m/s’, 12.0m 

a) 1.0 m/s, 

b)1.6s 


(—8.33i+ 3.337) m/s 
5.08 m/s, 2.18 m/s 


3.3 


3.4 
3.5 
3.6 
3.7 


3.19 
3.20 


4.1 
4.2 
4.3 
4.4 
4.5 
4.7 


4.8 
4.9 


4.10 


4.12 


a) V[2Rox,/mi, 

b) V[Rox1/mii, 

c) V[3Rox1/(2m)]i, 
d) V[2Rox1/(3m)]i 
(617+ 197) m/s 
(320i — 1607)N 

64 m/s, 320 m 

a) No motion, 

b) 0.657 m/s”, 

c) 2.55 m/s” 

3.29 m/s’, 15.52 kN 
14.82 N 

0.163 m/s”, 6.5 m/s, 260 m 
1.24 m/s” 

24.05 

6.4 m/s 

0.65 

17.58, 1in 7, 0.91 m/s? 
41.5 m/s”, 39.5 m/s 
544m 

1.385 m/s”, 0.436 m/s? 


87.0 N m anticlockwise 


39 N, 22 N, tension, 0.92 N m 


21.0 KN, 3.49 KN, 14.4 kN 
a) (—210i + 5050j) N, 

b) 5830 N, compression 
a)190N & 52°, 

b) 285 N m clockwise 

—30 kN, (-10i+ 307) Nm 
228.8 N, 102 Nm, 192Nm 
363.3 N m, 9323 N m, 

a = 62.63°, B = 88.81%, 

y = —27.39° 

b) (46% + 207+ 30k) N, 

c) e.g. (1.433, 1.667, 0) 
500 N, 1500 N, 120Nm, 
1700 N m 

a) (29.32j— 10k) N, 

0.4iN m, 


b) 0.59 N m, 28.5 N m, 394N, 


29.3N 


4.13 


4.14 
4.15 


5.1 


5:2 


5.3 


5.4 


5.5 
5.7 


5.8 


5.14 
5.15 


6.4 

6.10 
6.11 
6.12 


F, = (—2i+247.5f) N, 
Fg = (—252.5j—11.9k) N, 
Fo = (5f+1.9k) N 

4204 N 

7000 kg, 69.4 kN 


—6.64k rad/s, —0.998: m/s, 
(—0.898i + 0.3997) m/s 
3.71 m/s, 

4.47 rad/s anticlockwise 

v = —esin@w, 

a = —ecos Ow" 

a) 3.95 anticlockwise, 

b) 0.934 m/s > 

900 rad/s” anticlockwise 
a) (—7.807) m/s, 
(—6.75i+ 7.57) m/s, 
(—75.8k )rad/s, 

b) (—3980i ) m/s”, 
(—3590i — 1360/) m/s”, 
(12900k) rad/s” 

Vo = 30.8: m/s, 

Ve = —24.2i m/s, 

ac = 3080i m/s’, 

a; = —4630i m/s? 

a) 0.5 rad/s anticlockwise, 
b)1.02m/s X 73°, 

c) 15 rad/s 

7.3 m/s ——» 8°, 

910 m/s* “as. 20° 

39k rad/s, 3330k rad/s”, 
2.15 m/s, 150k rad/s, 
—1450 rad/s” 

a) 0.72 rad/s anticlockwise, 
b) 2.39 rad/s’, anticlockwise 
25k rev/s 

walap = —9.68 


(6.67, 14.17) mm 
220 N, 1133 N 

a) 297 KN, b) 204 KN 
a) 17.68N, 

1.25 N m clockwise 


6.13 
6.14 


6.15 
6.16 
6.19 
6.20 


6.21 
6.22 
6.23 
6.24 
6.25 


6.26 


6.27 


6.28 
6.29 


6.30 
6.31 


7.1 
7.2 
das 


7.4 
7.5 
7.6 
7.10 


7.11 


7.13 
7.14 
7.16 
7.17 


308.2 rad/s 

2.077 m/s*, 5.194 kN, 
4.616 kN 

18.0m 

15.46 m/s (tipping) 

3.94 m/s 

a) 42.86 m/s”, 

b) 7637 N 

20.44 kN 

a) 2.81 KN, b) 98.0 N—> 
b) 1804 Nm 

(2348i — 5407 + 3924k) N 
a) 0.518V (g/l), zero, 

b) Tao1 = 1.268 cmg/(b +c), 
Tgo2 = 1.268 bmg/(b+c) 
a) 11.4 kN, 

b) 209 N m anticlockwise 
a) (—11.31i+ 4.69j) m/s”, 
(23.4k) rad/s’, 

b) (—54.47+ 0.257) N, 
(9.3714 12.57) N 

263.2 KN/m 

a) 99 kg m’, 

c) (—12.60i + 12.12j) m/s’, 
3.464k rad/s, 3.465k rad/s” 
1.776 mg 

(17.32% — 107) N, 

(4.731 — 6.097) N 


0.45 m 

1.01 m/s 

a) 3.52 m/s, 

b) (—0.44i+ 3.96k) N 
5668 m/s 

a) 593.1 m/s, b) 166.7 m/s 
93.7 rad/s 

a) 1ISk Nm, b)2.356kW, 
c) -10kNm 

107.8 rad/s? 


1 
— 
27 


i" — 1){mg/r+k,(n—-1)} | 
(mr*/2){n? —2n +2} 

where n = R/r, 

1 ka? — mgcos30° 1/2 

la ml2/3 

a) 0.0105 m/s’, b) 26.8 m/s 

10.9 N m clockwise 


0.268 g/l, zero 
54.2Nm 


7.19 
7.21 
1.22 
7.23 


8.1 
8.4 
8.5 
8.7 
8.8 
8.9 
8.10 
8.11 
8.16 
8.17 


9.1 


10.1 
10.2 


70.0° 

0.056 m (stable) 

+ 108.6° from vertical 

k, > 30; gi,, 
k+k,>(sm+my,)gl, 
[k+k,—(@m+m,)gl]| X 
[ky — army gl, |>ky° 


2.25m 

Ua +mR?*)woll a 
(mvoa/T)k 

2.154 m/s, 28.3 J 

84.24 N, 231.5 N,18.0m 
31.76N 

433. N, 750 N, 100 Nm 

a) 2pR°w— , b) 2pR*a 
9880 kg, 194.2 m/s 

176.7 m/s, 1392 m, 2933 m 


a) (1/277) V (k/m), 

b) (1/27)V (k/m) 
mgal(27v)? 

(al2mb)V (k/m) 

a) (1/2m)V (4k/m), 

b) (1/27)V (4ka7/Io) 

0.37 Hz, 1.47 m/s 

(1/2m)V [5ga7/7(R — a)] 
25/2a Hz, 22.2 mm 

2.08 mm 

80 Hz, 49° 
mcwl[1+(cw/m)*],c = mw 
25 mm 

2.9 mm, 2.79 m/s? 

1.6° 

20% 

0.37 mm 

LaDy 

0.17 V 

2[ a + 2Bo/(2a9 — Bo)}V (i/k) 
a) 0.94s, b) 0.02 Nm 

13.47 Hz, 66.89 Hz 

1.79 Hz, 0.60 Hz 

59.22 kN/m, 30.8 Hz, 80.8 Hz 
0.136V (g/L), 0.365V (g/L) 
Hz 

92 wm, 41.5 wm, 6.0 Hz, 11.3 
Hz 


G/(1+ GH) 

(ABC + 1)@, = 6. > Cy. 
(ABC ate 1)x = Ab; + AC,, 
(ABC + 1)w = AB@; 

+ ABCy, 

(ABC + 1)z = AB@,— y, 
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10.4 


10.6 
10.7 


10.10 
10.11 
10.14 


10.15 
10.16 


10.17 


10.18 


10.19 


10.20 
10.22 


10.23 


10.24 


10.25 


(ABC + 1)6, = ABC6, — Cy 
a) [Um+f.)D?+ CD + 
K, K2]8. = K, K26, 
(C!2){Um + 1.)Ki Ko)", 
b)[Um+ [,)D?+CD+ 
K, K,]6, = K, K26;—- QL, 
(C/2)[Um + 1.) Ki Ko)”, 
c) {(n71,, + 1,)D? + CD + 
nK, K>] = nK,K6,, 
(C/2){(n7 In + IL)nK Kz)" 
bl, (+h Wak) 
A= A,/A> where A, = LC, 
A> ae l C+S(, + Lyk, 
T= CUA +h (KA2), 
i C/k 
4N m/rad, 0.8 rad 
t= 1s, 0.147 rad/s” 
a) 0.94 s, 
b) 0.1 rad 
zero, zero, 2A Up +1 V/K 
a) [Zale D? + Cia + I; )D? 
+ SI,D?+SCD]6,4 = 
[IgD*+CD+S]Q, 
b) [f4/, D* + CU, + 1p )D° 
+ (SI, + KI, )D* + 
C(K+S)D+SK]@, = 
K(IpD?+CD+5S]6@, 
a) Tg = 6+0.01w,, 10s, 
b) 156 rad/s 
360 N m, 
(0.6D? + 4.9D + 36)a, 
= 8640 
4,47 = 4943, 
(1/27) V (apap) 
gBO/(A—g) 
a) 10.46, 
b) 25 
50 
10(1 + 0.2ja) 
jo 
5 

yy 

jo(1 + 0. 1jw) 
a) 3543 Nm/rad, 
b) infinity, 
c) 0.42 
a) Parallel to (@—j+k), 
120°, (b) No 
5.457 km, 21.50°, 32.13°, 
—98.24 m/s, 


7.092 x 107? rad/s, 
3.890 x 1077 rad/s, 


a) 


+ 
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7.422 m/s’, 
~2.604 x 10~* rad/s’, 
1.618 x 107? rad/s’ 

11.3 (6.9281 + 37+ 4k) m/s, 
(15.3591 + 153.56j — 
158.56k) m/s” 

11.4 a) (ra, — aw, )ji- bwaj, 
b) (ry — aw, + bw’ )i 
+(2rw, Wy = bar i 
aw” \i- ra, k, 

C) wyJtwak, 
—wrdyit @ jt oak 

11.5 (3.584j+ 1.369k) m/s, 
(51.37i— 1.745j — 0.667k) m/s” 

11.6 a) m{(0* + ¢)rcos 6i 
+ r0*sin 6j + (ad? 
—26drsin@)k}, 

b) m{[(07 + ¢* )rcos 6 
cos + (ad? — 26¢grsin 6) 
sind JJ +r? sin AJ — 

[((7 + *)rcos Osind 
—(ad* — 20prsin 6) 
cos ¢ | k} 

11.7 (4¢-—2j) m/s, 2.4 m/s, 
—(3.2i+ 6.47 + 2.4k) rad/s 

11.9 w, = wr[brsin@cosé 
+ (b? + 27) cos 6|/(I7z) 

w, = wr{—brcos* é 
+z sin6|/(17z) 

w, = wr[r+bsin ey? 
w, = —[ag(rsin6+ b) 
+ w*rzsin 0 Vl? 

w, = [agrcosé+ 

w* rzcos 6/1? 

@, = w*rbcos oll? 

11.10 (0.52i— 1.047 — 0.78k) m/s, 
(—0.31i-0.167+ 
1.2k) rad/s, 

(2.2i— 4.37 — 3.2k) m/s? 

14.11 M(b?+c’)3, 
M(a?+c’)/3, 

M (a? +b*)/3, 
Mab/4, Mac/4, Mbc/4 

11.12 11pa?/3, par/2, pa°/2 

11.14 11pa°0,,/3, 

V 2pa3 (0.7 + 0,4)*7/2 

11.15 0.0112 kg m?, 
—0.0167 kg m*, 1.222 Nm, 
1.853 Nm 

11.16 1.41K Nm,3.50Nm 

11.18 1.425 kN 

11.19 46.1s 

11.20 C, = 4MR7dW+ mr 


11.22 


12.1 
12.2 
12.3 
12.4 


12.6 


12.7 
12.8 


12.10 
12.11 
12.12 
12.13 
12.14 
12.15 
12.16 


12.17 
12.19 
12.20 
12.21 
12.22 
12.23 
12.24 
12.25 


(id? — 2rdyp), 

C, = MR’ 6/4, 
C,=3MR*b+mr 

(id — rs) where M = 1R?p 
and m = nd7p/4 

a) 6i m/s, zero, 

3(—j +k) rad/s, 

b) —36k m/s’, 

c) 148.2 N (tension) 


193 mm, 0.85 mm 
Q.231° 

0.36 MN 

a) 0.100, 0.069, 0.038, 0.006, 
~—().025, 

b) 0.000, —0.11, —0.12, 
—0.11, 0.00 

a) Op = 28.54 MN/m?, 
os = 67.93 MN/m’, 

b) 1.97 mm 

8mm, 5.39 x 107? m? 
a) 0.075 mm, 

b) 0.12 mm, 

c) 314.8 x 10-6 m? 


Max B.M. 
a 190 
b 71.1 
Cc 132 
d 90 
e 64.17 
f —bM/L(a<b) 
5.39 kNm 
w’ = w/4 
2.49 x 10° mm‘ 
5.61 kN 
10.086 KN/m 
75 kN/m 
@= WL7/(6EI), 


5 = WL?/(8El) 

P= W(3L/a—1)/2, a/3 
§ = —7TWL*/(6Icp) 
Ratio = 1.7 

5.1mm 

50.5 mm, 142 kW 

4.3 kN, 127.6mm 

352 N, 148N 

€, = 500z at 30° toa, 
€2 = —300p, y = 800z, 
a, = 9.02 MN/m*, a2 = —2.86 
MN/m7, 

7 = 5.94 MN/m? 


oint O 
contraflexure 





Index 


Acceleration 8 

Acceleration diagrams 57 
Acceleration, centripetal eq. 2.12 10 
Acceleration, coriolis 12 

Angular velocity 54, 184 
Automatic gearbox 60 

Axes, rotating 188 

Axes, translating 188 


Beams, deflection 231 

Beams, deflection, area moment 
methods 232 

Bending moment 43, 229 

Bernoulli’s equation 220 

Block diagram 158 

Bode diagram 167 

Boundary layer 215 

Bulk modulus 225 

Buoyancy 44 


Centre of mass 25,75 
Chasles’s theorem 184 
Closedloop 159 

Closed loop system 165 
Coefficient of restitution 112 
Column, short 227 
Conservative force 92 
Continuity 218 

Control action 158 

Control volume 217 
Coordinates 1 

Coordinates, cartesian 1, 2,9, 186 
Coordinates, cylindrical 2, 187 
Coordinates, path 10, 187 
Coordinates, polar 1,11 
Coordinates, spherical 2 
Coriolis’s theorem 189 
Coulomb damping 131 
Couple 38 

Critical damping 129 


D’Alembert’s principle 99 
Damping 128 

Damping ratio 129 
Damping, width of peak 138 
Decibel 167 

Degrees of freedom 54 
Density 215 

Dilatation 225 
Displacement 8 


Elastic constants 225 

Epicyclic gears 58 

Equilibrium 40 

Error, system 157 

Euler’s angles 196 

Euler’s equation, fluid flow 219 

Euler’s equation, rigid body 
motion 195 


Euler’stheorem 184 
Eulerian coordinates 216 


Feedback 159 

Finite rotation 183 

Fluid stream 113 

Force 23 

Force, addition 37 

Force, conservative 92 
Force, moment of 37 
Force, non conservative 93 
Founer series 133 
Fourier theorem 133 
Four barchain 55, 62, 207 
Frames of reference 24 
Frame 40 

Free body diagram 26 
Frequency 127 

Friction 23 


Geneva mechanism 71 
Gravitation 24 
Gyroscope 197 


Helical spring 241 
Hooke’slaw 217 


Impact 112 

Impulse 28, 111 
Instantaneous centre 56 
Integral action 162 


Jetengine 115 


Kineticenergy 29 
Kinetic energy, rigid body 91, 198 


Lagrangian coordinates 216 
Lamé constants 225 
Logarithmic decrement 130 


Mass 21 

Metacentre 44 

Modulus of rigidity 221 

Mohr’s circle 224 

Momentum 21 

Momentum, conservationof 111 
Momentum, linear 111, 192 
Momentum, moment of 111, 192 
Moment of force 37 

Moment ofinertia 76, 193 
Moment of inertia, principal axes 195 
Motion, curvilinear 54 

Motion, rectilinear 54 


Newton, laws 21 
Normal modes 141 
Nutation 197 
Nyquist diagram 166 


Openloop transfer function 165 
Orthogonality 141 
Output velocity feedback 160 


Parallel axestheorem 76 
Pendulum 127 

Periodic time 127 
Perpendicular axes theorem 77 
Phase plane 131, 174 

Phasor diagram 134 

Pinjoint 40 

Poinsot’s central axis 184 
Poisson’s ratio 221 
Potentialenergy 92 

Power 29 

Precession 197 

Pressure 43 

Principal mode shape 140 
Principal natural frequency 140 
Proportional plus derivative action 160 


Quick return mechanism 65 


Ramp input 132 

Relative, motion 12 

Resonance 128 

Rigid body 54 

Rocket 113 

Rotating out of balance masses 136 
Rotation 54 

Rotation, finite 183 

Routh Hurwitz 163 


Shear force 43, 229 
Shear modulus 221 
Simple harmonic motion 27 
Slider crank chain 66, 190 
Specific loss 130 

Spur gears 57 

Stability 97 

Steady state error 161 
Stepinput 132 

Strain 216 

Strain energy 93, 226 
Strain gauge 242 

Strain, plane 221 

Strain, principal 223 
Strain, volumetric 225 
Streamlines 218 

Stress, plane 222 

Stress, principal 224 


Tension 216 

Top 197 

Top, sleeping 198 
Torsion 228 
Transfer operator 158 
Translation 54 
Transmissibility 137 


2/0 Index 


Triple scalar product 42 
Twisting moment 43 


Units 22 
Unity feedback 165 


Vectors 2 

Vectors, addition 3 

Vectors, components 3 
Vectors, scalar product 4 
Vectors, triple scalar product 42 


Vectors, unit 3 

Vectors, vector product 37 
Velocity 8 

Velocity diagrams 55 
Velocity image 56 
Velocity transducer 145 
Velocity, angular 54, 184 
Vibration absorber 142, 143 
Vibration level 128 
Vibration, amplitude 127 
Virtual work 96 


Vircosity 215 

Viscous damper 129 

Von Mises-Hencky, theory of 
failure 236 


Wave equation 217 
Weight 24 

Work 29 

Work, virtual 96 


Young’s modulus 217 


